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:H SURYLGH D QHZ GHnQLWLRQ IRU WKH FRQFHSW RI VNHZ LQ SDUDOOHO DV\QFKURQRXV FRP�
PXQLFDWLRQV LQWURGXFHG LQ >�@� 7KH QHZ GHnQLWLRQ H[WHQGV DQG VWUHQJWKHQV SUHYLRXVO\
NQRZQ UHVXOWV RQ VNHZ� :H JLYH QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU FRGHV WKDW FDQ
WROHUDWH D FHUWDLQ DPRXQW RI VNHZ XQGHU WKH QHZ GHnQLWLRQ� :H DOVR H[WHQG WKH UHVXOWV
WR FRGHV WKDW FDQ WROHUDWH D FHUWDLQ DPRXQW RI VNHZ DQG GHWHFW D ODUJHU DPRXQW RI VNHZ
ZKHQ WKH WROHUDWLQJ WKUHVKROG LV H[FHHGHG�

� ,QWURGXFWLRQ

,Q >�@� WKH FRQFHSW RI VNHZ LQ SDUDOOHO DV\QFKURQRXV FRPPXQLFDWLRQV ZDV LQWURGXFHG� :H
UHSHDW KHUH VRPH RI WKH EDVLF GHnQLWLRQV DQG WKH SUREOHP GHVFULSWLRQ� )RU GHWDLOV� WKH UHDGHU
LV UHIHUUHG WR >�@�
$VVXPH WKDW ZH KDYH Q SDUDOOHO FKDQQHOV� DQG ZH FDQ WUDQVPLW WUDQVLWLRQV LQ HDFK RQH RI WKHP�
$ WUDQVLWLRQ UHSUHVHQWV D RQH� ZKLOH WKH DEVHQFH RI D WUDQVLWLRQ UHSUHVHQWV D ]HUR� :KHQ WKH
VHQGHU WUDQVPLWV D YHFWRU RI OHQJWK Q� KH VHQGV WUDQVLWLRQV LQ WKH FKDQQHOV FRUUHVSRQGLQJ WR
RQHV LQ WKH YHFWRU� 7KH WUDQVLWLRQV DUULYH DW WKH RWKHU HQG UDQGRPO\ DQG DV\QFKURQRXVO\�
7KH UHFHLYHU VHHV D VHTXHQFH A=  [ � � [ � � [ � � � � �� ZKHUH [ � � I�� �� � � � � QJ LQGLFDWHV WKDW WKH
L�WK WUDQVLWLRQ KDV DUULYHG LQ FKDQQHO [ � � )RU LQVWDQFH� DVVXPH WKDW Q  �� WKH WUDQVPLWWHU
VHQGV WKH YHFWRU ����� �SRVVLEO\ IROORZHG E\ RWKHU YHFWRUV� DQG WKH UHFHLYHU VHHV WKH VHTXHQFH
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A=  �� �� �� � � �� 7KLV PHDQV WKDW WKH nUVW WUDQVLWLRQ DUULYHG LQ FKDQQHO �� WKH VHFRQG RQH LQ
FKDQQHO �� DQG WKH WKLUG RQH LQ FKDQQHO �� $W WKDW SRLQW� WKH UHFHLYHU GHFLGHV WKDW YHFWRU
����� ZDV WUDQVPLWWHG� +RZ GRHV KH NQRZ WKDW KH GRHV QRW QHHG WR ZDLW IRU PRUH WUDQVLWLRQV
WR DUULYH" 7KLV SUREOHP LV VROYHG E\ XVLQJ XQRUGHUHG FRGHV >�@� )RU LQVWDQFH� FRQVWDQW ZHLJKW
FRGHV DUH XQRUGHUHG FRGHV� 7ZR ELQDU\ YHFWRUV RI OHQJWK Q DUH XQRUGHUHG ZKHQ WKHLU VXSSRUWV
�L�H�� VHWV RI QRQ�]HUR FRRUGLQDWHV� DUH XQRUGHUHG� $ FRGH LV XQRUGHUHG ZKHQ HYHU\ SDLU RI
GLVWLQFW FRGHZRUGV LV XQRUGHUHG�
8QRUGHUHG FRGHV DUH D JRRG VROXWLRQ WR WKH SUREOHP RI SDUDOOHO DV\QFKURQRXV FRPPXQLFDWLRQV
ZKHQ WKHUH LV QR VNHZ EHWZHHQ WKH WUDQVPLWWHG FRGHZRUGV� :H VD\ WKDW WKHUH LV VNHZ LQ WKH
WUDQVPLVVLRQ ZKHQ WUDQVLWLRQV QRW EHORQJLQJ WR WKH FXUUHQW FRGHZRUG DUULYH EHIRUH WUDQVPLV�
VLRQ RI WKH FXUUHQW FRGHZRUG KDV EHHQ FRPSOHWHG� )RU LQVWDQFH� OLNH LQ WKH SUHYLRXV H[DPSOH�
DVVXPH WKDW ����� ZDV WUDQVPLWWHG� EXW WKH UHFHLYHU VHHV WKH VHTXHQFH A=  �� �� �� �� � � ��
7KHUHIRUH� WKH WKLUG WUDQVLWLRQ DUULYHV LQ FKDQQHO � DQG GRHV QRW EHORQJ LQ WKH FXUUHQW FRGH�
ZRUG� ZKRVH VXSSRUW LV I�� �� �J� $QRWKHU PDQLIHVWDWLRQ RI VNHZ LV WKURXJK UHSHDWHG DUULYDOV�
)RU LQVWDQFH� LQ WKH VDPH H[DPSOH� LI WKH UHFHLYHU VHHV WKH VHTXHQFH A=  �� �� �� �� � � �� WKH
WKLUG WUDQVLWLRQ JLYHV D UHSHDWHG DUULYDO LQ FKDQQHO �� $JDLQ� VNHZ KDV RFFXUUHG� VLQFH WKH
WKLUG WUDQVLWLRQ GRHV QRW EHORQJ LQ WKH FXUUHQW FRGHZRUG�
+RZ WR DYRLG VNHZ" 7KH REYLRXV VROXWLRQ LV� EDVHG RQ WKH SUREDELOLVWLF DUULYDO PRGHO� WR
VSDFH HQRXJK LQ WLPH WKH WUDQVPLVVLRQ LQWHUYDOV EHWZHHQ XQRUGHUHG FRGHZRUGV VXFK WKDW
WKH SUREDELOLW\ RI VNHZ LV H[WUHPHO\ ORZ� $OWHUQDWLYHO\� D EDFN FKDQQHO EHWZHHQ UHFHLYHU DQG
VHQGHU PD\ EH LPSOHPHQWHG VXFK WKDW DQ DFNQRZOHGJPHQW LV VHQW IURP UHFHLYHU WR VHQGHU RQFH
WKH FXUUHQW FRGHZRUG KDV EHHQ UHFHLYHG� $V VRRQ DV WKH VHQGHU VHHV WKH DFNQRZOHGJPHQW� KH
WUDQVPLWV WKH QH[W FRGHZRUG� 7KH DGYDQWDJH RI WKHVH WZR VROXWLRQV LV WKDW WKH\ DUH HDV\ WR
LPSOHPHQW DQG XQRUGHUHG FRGHV KDYH IDLUO\ ORZ FRPSOH[LW\� 7KH GLVDGYDQWDJH LV WKDW ZDLWLQJ
WLPHV PD\ EH ORQJ� DQG DFNQRZOHGJPHQW GRHV QRW DOORZ IRU SLSHOLQHG WUDQVPLVVLRQ�
$Q DOWHUQDWLYH WR ORQJ WUDQVPLVVLRQ LQWHUYDOV DQG WR DFNQRZOHGJPHQW LV WR DOORZ D FHUWDLQ
DPRXQW RI VNHZ WR RFFXU� DQG WR XVH FRGHV �DQG D GHFRGLQJ DOJRULWKP� WKDW DUH FDSDEOH RI
WROHUDWLQJ WKDW DPRXQW RI VNHZ� 7KLV KDV WKH DGYDQWDJH RI UHGXFLQJ WKH LQWHUYDO RI WUDQVPLV�
VLRQ DQG WR DOORZ IRU SLSHOLQHG XWLOL]DWLRQ RI WKH FKDQQHO� +RZHYHU� WKH FRGHV ZLOO EH PRUH
FRPSOH[ WKDQ PHUH XQRUGHUHG FRGHV� DQG DOVR WKH GHFRGLQJ DOJRULWKP ZLOO KDYH WR PDNH PRUH
FKHFNV WKDQ YHULI\LQJ LI� DIWHU DUULYDO RI D WUDQVLWLRQ� WKH UHVXOWLQJ YHFWRU EHORQJV LQ WKH FRGH
RU QRW� %XW EHIRUH nQGLQJ DGHTXDWH FRGHV� ZH QHHG D SUHFLVH GHnQLWLRQ RI VNHZ� ,Q >�@� ZH
XVHG WZR SDUDPHWHUV� W � DQG W � � WR FKDUDFWHUL]H WKH VNHZ RI D FRGHZRUG ; ZLWK UHVSHFW WR D
UHFHLYHG VHTXHQFH A=� 7KH SDUDPHWHU W � UHSUHVHQWV WKH QXPEHU RI WUDQVLWLRQV UHPDLQLQJ LQ ;

ZKHQ D WUDQVLWLRQ QRW LQ ; DUULYHV �E\ D WUDQVLWLRQ QRW LQ ;� ZH LQFOXGH UHSHDWHG DUULYDOV��
7KH SDUDPHWHU W � UHSUHVHQWV WKH QXPEHU RI WUDQVLWLRQV QRW LQ ; DUULYLQJ EHIRUH UHFHSWLRQ
RI ; LV FRPSOHWH� ,Q WKLV FDVH� ZH VD\ WKDW WKH VNHZ RI ; ZLWK UHVSHFW WR A= LV �W � � W � � �D
������VNHZ LQGLFDWHV QR VNHZ��
)RU H[DPSOH� DVVXPH WKDW Q  �� DV DERYH� ;  ����� LV WKH WUDQVPLWWHG FRGHZRUG� DQG WKH
UHFHLYHU VHHV WKH VHTXHQFH A=  �� �� �� �� � � �� $V ZH FDQ VHH� WKH VHFRQG WUDQVLWLRQ DUULYHV LQ
FKDQQHO �� ZKLFK GRHV QRW EHORQJ WR ;� 7KXV� WKHUH DUH WZR WUDQVLWLRQV OHIW LQ ; ZKHQ WKLV
WUDQVLWLRQ QRW EHORQJLQJ LQ ; DUULYHV� WKHUHIRUH� W �  �� 6LPLODUO\� VLQFH RQO\ RQH WUDQVLWLRQ
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QRW EHORQJLQJ LQ ; KDV DUULYHG EHIRUH UHFHSWLRQ RI ; LV FRPSOHWHG �DQG WKLV RFFXUV ZKHQ
WKH IRXUWK WUDQVLWLRQ LQ FKDQQHO � DUULYHV�� WKHQ W �  �� 6R� ZH VD\ WKDW WKH VNHZ RI ; ZLWK
UHVSHFW WR A= LV ������
7KLV EULQJV XV WR WKH IROORZLQJ TXHVWLRQ� LV WKHUH VRPHWKLQJ ZH FDQ GR WR WROHUDWH VNHZ"
&DQ ZH FKDUDFWHUL]H LQ WHUPV RI GLVWDQFH� FRGHV WKDW FDQ WROHUDWH VNHZ QRW H[FHHGLQJ �W � � W � �"
7KH DQVZHU LV \HV� DQG WKH SUREOHP ZDV VROYHG LQ >�@�
%HIRUH VWDWLQJ WKH PDLQ WKHRUHP LQ >�@� ZH QHHG VRPH QRWDWLRQ� :H VD\ WKDW D FRGH & LV
�W � � W � ��VNHZ WROHUDQW �67� LI� JLYHQ D WUDQVPLWWHG FRGHZRUG ; �SRVVLEO\ IROORZHG E\ RWKHU
FRGHZRUGV� DQG D UHFHLYHG VHTXHQFH A=� VXFK WKDW WKH VNHZ RI ; ZLWK UHVSHFW WR A= GRHV QRW
H[FHHG WKH SDUDPHWHUV W � DQG W � � WKHQ� E\ H[DPLQLQJ A=� WKH UHFHLYHU FDQ FRUUHFWO\ FRQFOXGH
WKDW ; ZDV WKH WUDQVPLWWHG FRGHZRUG�
*LYHQ WZR YHFWRUV ; DQG < � ZH GHQRWH E\ 1�;� < � WKH QXPEHU RI ORFDWLRQV ZKHUH ; LV
� DQG < LV �� )RU LQVWDQFH� LI ;  ����� DQG <  ������ ZH KDYH� 1�;� < �  � DQG
1�<� ;�  �� 1RWLFH WKDW 1�;� < � w � DQG ;  < LI DQG RQO\ LI 1�;� < � 1�<� ;� ��
&OHDUO\� 1�;� < ��1�<� ;�  G � �;� < �� ZKHUH G � GHQRWHV +DPPLQJ GLVWDQFH� $OVR� QRWLFH
WKDW LI 1�;� < �  �� WKHQ WKH VXSSRUW RI ; LV FRQWDLQHG LQ WKH VXSSRUW RI < � DQG ZH VD\
WKDW ; LV FRQWDLQHG LQ < � $ SDLU RI YHFWRUV ; DQG < LV XQRUGHUHG LI DQG RQO\ LI 1�;� < � ! �
DQG 1�<� ;� ! �� 7KH PDLQ UHVXOW LQ >�@ LV WKH IROORZLQJ�

7KHRUHP ��� /HW & EH D FRGH� WKHQ & LV �W � � W � ��67 LI DQG RQO\ LI� IRU HYHU\ SDLU RI GLVWLQFW
FRGHZRUGV ; DQG < ZLWK 1�;� < � � 1�<� ;�� DW OHDVW RQH RI WKH IROORZLQJ WZR FRQGLWLRQV
RFFXUV�

�� 1�;� < � w � � PLQIW � � W � J�

�� 1�;� < � w � DQG 1�<� ;� w W � � W � � ��

)RU D SURRI RI WKLV UHVXOW WRJHWKHU ZLWK D GHFRGLQJ DOJRULWKP� VHH >�@� 2EVHUYH WKDW WKH
FKDUDFWHUL]DWLRQ RI 67 FRGHV JLYHQ E\ 7KHRUHP ��� LV V\PPHWULF RQ W � DQG W � �
2QH RI WKH SXUSRVHV RI WKLV SDSHU LV SUHVHQWLQJ D QHZ GHnQLWLRQ RI VNHZ� WKDW GHSHQGV RQ RQH
SDUDPHWHU RQO\� :H WKHQ ZLOO JLYH DQG SURYH QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU FRGHV
WROHUDWLQJ WKH VLQJOH SDUDPHWHU VNHZ� :H ZLOO VKRZ WKDW WKH QHZ GHnQLWLRQ RI VNHZ LV PRUH
QDWXUDO WKDQ WKH RQH GHSHQGLQJ RQ WZR SDUDPHWHUV� DQG ZH ZLOO VKRZ WKH FRQQHFWLRQ EHWZHHQ
WKH QHZ UHVXOWV DQG WKH ROG RQHV�
7KH QHZ GHnQLWLRQ RI VNHZ LV URXJKO\ DV IROORZV� DVVXPH� DV XVXDO� WKDW D YHFWRU ; LV
WUDQVPLWWHG DQG WKH VHTXHQFH A= LV UHFHLYHG� 2QFH WKH ODVW WUDQVLWLRQ LQ ; DUULYHV� ZH ORRN
DW SUHYLRXV DUULYDOV LQ A= DQG ZH FRXQW KRZ PDQ\ WUDQVLWLRQV KDYH DUULYHG VLQFH WKH nUVW
WUDQVLWLRQ QRW EHORQJLQJ LQ ; KDV DUULYHG� 7KLV QXPEHU ZLOO EH FDOOHG WKH VNHZ RI ; ZLWK
UHVSHFW WR A=� DQG ZLOO EH GHQRWHG E\ 6�;� A=�� )RU LQVWDQFH� LQ RXU FDQRQLFDO H[DPSOH� ZH
KDG WKDW ;  ����� DQG A=  �� �� �� �� � � � ZDV UHFHLYHG� :H VHH WKDW WKH VHFRQG WUDQVLWLRQ
DUULYHV LQ FKDQQHO �� WKXV� LW GRHV QRW EHORQJ LQ ;� 5HFHSWLRQ RI ; LV FRPSOHWHG ZKHQ WKH
IRXUWK WUDQVLWLRQ DUULYHV LQ FKDQQHO �� /RRNLQJ EDFN� WKHUH ZHUH D WRWDO RI WZR WUDQVLWLRQV
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VLQFH WKH nUVW WUDQVLWLRQ QRW LQ ; KDV DUULYHG� VR� WKH VNHZ RI ; ZLWK UHVSHFW WR A= LV �� :LWK
WKH QHZ QRWDWLRQ� 6�;� A=�  ��
,Q JHQHUDO� ZH ZLOO VD\ WKDW D FRGH & LV W�VNHZ�WROHUDQW �67� LI� ZKHQHYHU; � & LV WUDQVPLWWHG�
SRVVLEO\ IROORZHG E\ RWKHU FRGHZRUGV� DQG A= LV UHFHLYHG VXFK WKDW 6�;� A=� � W� WKHQ� E\
H[DPLQLQJ A=� WKH UHFHLYHU FDQ FRUUHFWO\ GHWHUPLQH WKDW ; ZDV WKH WUDQVPLWWHG FRGHZRUG�
,Q WKH QH[W VHFWLRQ ZH JLYH SUHFLVH PDWKHPDWLFDO GHnQLWLRQV RI WKH QHZ FRQFHSW RI VNHZ� DQG
ZH SURYH WKH QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU FRGHV WR EH W�67� ,Q 6HFWLRQ �� ZH H[WHQG
WKH FRQFHSW WR FRGHV WKDW FDQ WROHUDWH VNHZ XS WR W� DQG GHWHFW VNHZ ZKHQ WKH VNHZ H[FHHGV
W EXW QRW W� V� :H HQG WKH SDSHU ZLWK VRPH FRQFOXVLRQV�

� 6NHZ�7ROHUDQW &RGHV

,Q WKLV VHFWLRQ� ZH SUHVHQW IRUPDOO\ WKH FRQFHSWV GLVFXVVHG LQ WKH SUHYLRXV VHFWLRQ�
1RWLFH WKDW ELQDU\ YHFWRUV FDQ EH UHSUHVHQWHG E\ WKHLU VXSSRUWV� ,Q WKH VHTXHO� ZH ZLOO
UHSUHVHQW ELQDU\ YHFWRUV HLWKHU E\ WKHLU QDWXUDO YHFWRU UHSUHVHQWDWLRQ RU E\ WKHLU VXSSRUWV�
ZLWKRXW DQ H[SOLFLW GLVWLQFWLRQ EHWZHHQ WKH WZR�
/HW ; EH D VXEVHW RI I�� �� � � � � QJ� /HW A=  [ � � [ � � [ � � � � � EH D VHTXHQFH� ZKHUH HDFK [ � �
I�� �� � � � � QJ� /HW = � t I�� �� � � � � QJ EH WKH VHW I[ � � [ � � � � � � [ � J �UHPHPEHU WKDW LQ D VHW�
UHSHDWHG HQWULHV DUH HTXLYDOHQW WR VLQJOH HQWULHV�� /HW

U�;� A=�  PLQIP � ; t = � J ���

,Q ZRUGV� U�;� A=� GHQRWHV WKH LQGH[ RI WKH DUULYDO RI WKH ODVW WUDQVLWLRQ LQ ;� )RU LQVWDQFH� LQ
RXU FDQRQLFDO H[DPSOH� ZH KDG WKDW;  ����� DQG A=  �� �� �� �� � � � ZDV UHFHLYHG� 7KHUHIRUH�
VLQFH WKH ODVW WUDQVLWLRQ LQ ; WR DUULYH LV WKH IRXUWK WUDQVLWLRQ� ZH KDYH WKDW U�;� A=�  ��
:KHQ WKH FRQWH[W LV FOHDU� ZH GHQRWH U  U�;� A=�� ,I = � � ; IRU DOO P� ZH GHnQH U  ��
1H[W ZH JLYH D IRUPDO GHnQLWLRQ RI VNHZ�

'HnQLWLRQ ��� $VVXPH WKDW ; LV WKH WUDQVPLWWHG YHFWRU DQG A= WKH UHFHLYHG VHTXHQFH� :H
GHnQH WKH VNHZ RI ; ZLWK UHVSHFW WR A= DV W� GHQRWHG 6�;� A=�  W� DV IROORZV�

�� ,I U  M;M� WKHQ W  � �L�H�� QR VNHZ��

�� ,I M;M � U � �� WKHQ W LV WKH ODUJHVW VXFK WKDW�

�D� = ����� ��� �
	 t ;� DQG

�E� HLWKHU [ ����� �� ; RU [ ����� � = ����� ��� �
	 �

�� ,I U  �� WKHQ W  ��
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/HW XV ORRN PRUH FORVHO\ DW 'HnQLWLRQ ���� 7KH nUVW FRQGLWLRQ VD\V WKDW = �  ; DQG� VLQFH
M;M  U� WKHUH DUH QR UHSHDWHG DUULYDOV� 7KXV� QR VNHZ KDV RFFXUUHG� 7KH VHFRQG FRQGLWLRQ
UHYHDOV WKH SUHVHQFH RI VNHZ� VLQFH M;M � U� WKHQ HLWKHU VRPH WUDQVLWLRQ QRW LQ ; KDV DUULYHG
EHIRUH UHFHSWLRQ RI ; LV FRPSOHWHG� RU ZH KDG D UHSHDWHG DUULYDO� 1RWLFH WKDW WUDQVLWLRQV
�� �� � � � � U b �W � �� DUH DOO LQ ;� ZKLOH WUDQVLWLRQ U b W LV HLWKHU QRW LQ ; RU LW LV D UHSHDWHG
DUULYDO� :KHQ WUDQVLWLRQ U b W DUULYHV� LW LV HLWKHU D UHSHDWHG DUULYDO RU LW GRHV QRW EHORQJ LQ
;� 6NHZ KDV RFFXUUHG DQG WKH PDJQLWXGH RI WKLV VNHZ LV JLYHQ E\ WKH QXPEHU W� 7KH WKLUG
FRQGLWLRQ VLPSO\ GHnQHV WKH VNHZ DV LQnQLWH ZKHQ ; LV QHYHU UHFHLYHG�
7KH QH[W H[DPSOH LOOXVWUDWHV 'HnQLWLRQ ����

([DPSOH ��� /HW ;  I�� �� �J t I�� �� �� �� �� �J�
,I A=  �� �� �� �� �� �� � � �� WKHQ� VLQFH M;M  �  U� 6�;� A=�  ��
,I A=  �� �� �� �� �� �� � � �� WKHQ M;M  � � �  U� 6LQFH = � � �  I�� �J t ; DQG [ � � �  � �� ;�
WKHQ 6�;� A=�  ��
,I A=  �� �� �� �� �� �� � � �� WKHQ M;M  � � �  U� 6LQFH = � � �  I�J t ; DQG [ � � �  � � = � � � �
WKHQ 6�;� A=�  ��

1H[W� ZH GHnQH VNHZ�WROHUDQW FRGHV�

'HnQLWLRQ ��� /HW & I;� <� � � �J EH D FRGH� :H VD\ WKDW & LV W�VNHZ WROHUDQW �67� LI� IRU
HDFK ; � & DQG VHTXHQFH A= VXFK WKDW 6�;� A=� � W� WKHQ 6�< � A=� ! W IRU DOO < � &� < � ;�

'HnQLWLRQ ��� PHDQV WKDW LI ; LV D WUDQVPLWWHG FRGHZRUG IROORZHG E\ RWKHU FRGHZRUGV� A=
LV WKH UHFHLYHG VHTXHQFH DQG 6�;� A=� � W� WKHQ� E\ H[DPLQLQJ A=� WKH UHFHLYHU FDQ FRUUHFWO\
FRQFOXGH WKDW ; ZDV WKH WUDQVPLWWHG FRGHZRUG� 7KLV FRUUHFW LGHQWLnFDWLRQ RFFXUV ZKHQ WKH
U�WK WUDQVLWLRQ DUULYHV� L�H�� ZKHQ = � LV H[DPLQHG�
1RZ� ZKDW LV WKH UHODWLRQVKLS EHWZHHQ W�VNHZ DV JLYHQ E\ 'HnQLWLRQ ��� DQG �W � � W � ��VNHZ DV
GHnQHG LQ >�@" 2EVHUYH WKDW LI ; LV D WUDQVPLWWHG FRGHZRUG IROORZHG E\ RWKHU FRGHZRUGV� A=
LV WKH UHFHLYHG VHTXHQFH DQG WKH VNHZ RI; ZLWK UHVSHFW WR A= ZKHQ GHnQHG E\ WZR SDUDPHWHUV
LV HTXDO WR �W � � W � �� WKHQ 6�;� A=� W � � W � b �� ([SOLFLWO\�

&RUROODU\ ��� /HW & EH D W�67 FRGH� 7KHQ� & LV �W � � W � ��67 IRU HDFK W � � W � VXFK WKDW W � � W � �
W b �� ,Q SDUWLFXODU� LI D FRGH LV ��W b ���67� LW LV DOVR �W� W��67� DQG D FRGH LV ��67 LI DQG
RQO\ LI LW LV ������67�

7KH IROORZLQJ WKHRUHP LV RQH RI RXU PDLQ UHVXOWV� ,W JLYHV QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV
FKDUDFWHUL]LQJ W�67 FRGHV� ,WV SURRI ZLOO EH D VSHFLDO FDVH RI WKH SURRI RI WKH IRUWKFRPLQJ
7KHRUHP ���� ZKLFK JLYHV PRUH JHQHUDO FRQGLWLRQV IRU FRGHV FRPELQLQJ VNHZ�WROHUDQFH DQG
VNHZ�GHWHFWLRQ�

7KHRUHP ��� $ FRGH & LV W�67 LI DQG RQO\ LI� IRU HYHU\ ;� < � &� ; � < � ZLWK 1�;� < � �
1�<� ;�� WKH IROORZLQJ FRQGLWLRQ LV VDWLVnHG�

1�;� < � w � DQG �1�;� < � �1�<� ;� w �W� � ���

�



%HORZ ZH JLYH VRPH H[DPSOHV RI WKH FRQGLWLRQV WKDW FRGHZRUGV LQ D W�67 FRGH & VDWLVI\ IRU
� � W � � DFFRUGLQJ WR 7KHRUHP ���� ,Q DOO FDVHV� ZH DVVXPH WKDW ;� < � &� ; � < DQG
1�;� < � � 1�<� ;��

& LV ��67 LI DQG RQO\ LI

�� 1�;� < � � DQG 1�<� ;� w �� RU

�� 1�;� < � w ��

& LV ��67 LI DQG RQO\ LI

�� 1�;� < � � DQG 1�<� ;� w �� RU

�� 1�;� < � w � DQG 1�<� ;� w ��

& LV ��67 LI DQG RQO\ LI

�� 1�;� < � � DQG 1�<� ;� w �� RU

�� 1�;� < � � DQG 1�<� ;� w �� RU

�� 1�;� < � w ��

&RQQHFWLQJ 7KHRUHPV ��� DQG ���� ZH FDQ REWDLQ D VWURQJHU YHUVLRQ RI &RUROODU\ ��� ZKHQ
W � � W � � ([SOLFLWO\�

&RUROODU\ ��� /HW W � � W � w � DQG PD[IW � � W � J � �PLQIW � � W � J b � � �W� 7KHQ� LI D FRGH & LV
W�67� LW LV DOVR �W � � W � ��67�

3URRI� $VVXPH WKDW & LV W�67� DQG W � � W � w �� PD[IW � � W � J � �PLQIW � � W � J b � � �W� 6LQFH
7KHRUHP ��� LV V\PPHWULFDO RQ W � DQG W � � ZH PD\ DVVXPH WKDW W � w W � � WKHUHIRUH

W � � �W � b � � �W� ���

/HW ;� < � & ZLWK 1�;� < � � 1�<� ;�� :H KDYH WR VKRZ WKDW DW OHDVW RQH RI WKH WZR
FRQGLWLRQV LQ 7KHRUHP ��� LV VDWLVnHG� ,I 1�;� < � w W � ��� WKHQ FRQGLWLRQ � LQ 7KHRUHP ���
LV VDWLVnHG� VR DVVXPH WKDW

1�;� < � � W � � ���

�



7KXV�

1�<� ;� w �W b �1�;� < � � �

w �W � � �W � b ��b �W � � � �E\ ��� DQG ����

w W � � W � � ��

7KXV� ; DQG < VDWLVI\ FRQGLWLRQ � LQ 7KHRUHP ���� FRPSOHWLQJ WKH SURRI� (

)RU LQVWDQFH� D ��67 FRGH LV ������67� ������67 DQG ������67� 7KLV ORRNV OLNH D SDUDGR[� +RZ
FDQ D ��67 FRGH EH ������67 LI D VNHZ HTXDO WR ����� FRUUHVSRQGV WR D VNHZ HTXDO WR �" 7KH
DQVZHU LV� D ������67 FRGH FDQ WROHUDWH VNHZ QRW H[FHHGLQJ ������ EXW QRW RWKHU W\SHV RI VNHZ�
OLNH D VNHZ HTXDO WR ������ ZKLFK FRUUHVSRQGV WR D VNHZ HTXDO WR ��
:H QH[W JLYH D GHFRGLQJ DOJRULWKP IRU W�67 FRGHV� :H ZLOO SURYH LQ WKH $SSHQGL[ WKDW
WKH DOJRULWKP FRUUHFWO\ GHFRGHV WKH WUDQVPLWWHG FRGHZRUG ZKHQ FRQGLWLRQ ��� LV VDWLVnHG IRU
HYHU\ SDLU RI GLVWLQFW FRGHZRUGV LQ WKH FRGH�

$OJRULWKP ��� �'HFRGLQJ $OJRULWKP IRU W�67 &RGHV� /HW WKH UHFHLYHG VHTXHQFH EH
A=  [ � � [ � � � � � � [ � � � � �� 7KHQ�

5(6(7� 6HW WKH LQLWLDO FRQGLWLRQV L��� ;��� %��� : �� DQG I[� J  � IRU M � ��

67$57� 6HW L�L� � DQG : �
r

: b I[ � ��� ��� �
	 J
s

> I[ � � � J�

,I [ � � ; WKHQ�
,I M%M  W RU [ � � %� WKHQ GHFODUH DQ XQFRUUHFWDEOH HUURU DQG 6723�
(OVH� VHW %�% > I[ � J DQG JR WR 67$57�

(OVH� VHW ;�; > I[ � J�
,I ; b $ �� & IRU DQ\ $ t : b % WKHQ JR WR 67$57�
(OVH� RXWSXW ; b $� ZKHUH $ t : b % DQG ; b $ � &�

,I $ > % � &� WKHQ RXWSXW $ > % DQG VHW $�� DQG %���

6HW A=�[��� � [��� � � � � � [��� � [ � � � � [ � � � � � � �� ZKHUH I[��� � [��� � � � � � [��� J  $ > %�
M � � M � � � � � � M � � DQG JR WR 5(6(7�

/HW XV ORRN PRUH FORVHO\ DW $OJRULWKP ���� 7KH LQGH[ L FRXQWV WKH QHZ DUULYDOV DQG WKH VHW
; UHJLVWHUV WKH LQFUHPHQWDO YHFWRUV� 7KH VHW : UHSUHVHQWV D EXmHU VWRULQJ WKH ODVW W DUULYDOV�
LI DQ\� $W VWHS 67$57� D QHZ DUULYDO [ � LV UHJLVWHUHG� 7KHQ� WKH ROGHVW DUULYDO LV GLVFDUGHG
IURP WKH EXmHU : DQG WKH DUULYDO SUHYLRXV WR WKH FXUUHQW RQH LV LQFRUSRUDWHG LQWR : � 7KH
VHW % NHHSV WUDFN RI WKH UHSHDWHG DUULYDOV� LI DQ\� ZKLOH WKH VHW $ DWWHPSWV WR nQG WKRVH
WUDQVLWLRQV WKDW DUH QRW LQ WKH FXUUHQW FRGHZRUG�
7KH PDLQ VWHS RI WKH DOJRULWKP FKHFNV� IRU HDFK UHFHLYHG [ � � LI WKH VHW = � PLQXV RQH RI WKH
�
� �	� 
��

VXEVHWV RI I[ � ��� � [ � ��� � � � 	 � � � � � [ � � � J b % �LQFOXGLQJ WKH HPSW\ VHW� LV LQ WKH FRGH &�
:KHQ DQG LI LW GRHV� WKHQ WKH UHVXOWLQJ YHFWRU LV JLYHQ DV RXWSXW RI WKH DOJRULWKP� WKH VHW
$ > % LV UHVHUYHG DV WKH LQLWLDO DUULYDOV RI WKH QH[W FRGHZRUG DQG WKH SURFHVV LV UHVWDUWHG�

�



$V ZH PHQWLRQHG DERYH� WKH SURRI RI WKH LI SDUW RI 7KHRUHP ���� LV D VSHFLDO FDVH RI WKH LI
SDUW RI 7KHRUHP ���� WR EH JLYHQ LQ 6HFWLRQ �� :H HQG WKLV VHFWLRQ ZLWK DQ H[DPSOH RI WKH
H[HFXWLRQ RI $OJRULWKP ����

([DPSOH ��� &RQVLGHU WKH FRGH & I;� <� =J� ZKHUH ;  ���������  I�� �� �� �� �J�
<  ���������  I�J DQG =  ���������  I�� �� �� �� �� �J� 6LQFH 1�;� < �  � DQG
1�<� ;�  �� 1�;� =�  � DQG 1�=� ;�  � DQG 1�<� =�  � DQG 1�=� < �  �� FRGH & LV
��67� $VVXPH WKDW WKH IROORZLQJ VHTXHQFH KDV EHHQ UHFHLYHG�

A=  �� �� �� �� �� �� �� �� �� �� �� �� � � � �

7KH IROORZLQJ WDEOH JLYHV WKH H[HFXWLRQ RI $OJRULWKP ����

L A= [ � ; : % $ ; b $ 2XWSXW

� �� �� �� �� �� �� �� � � � � �
�� �� �� �� �� � � �

� � I�J � � � I�J
� � I�� �J I�J � � I�� �J

I�J I�J
� � I�� �� �J I�� �J � � I�� �� �J

I�J I�� �J
I�J I�� �J

I�� �J I�J ���������

� �� �� �� �� �� �� � � � � �
�� �� �� �� �� � � �

� � I�J � � � I�J
� � I�� �J I�J � � I�� �J

I�J I�J
� � I�� �� �J I�� �J � � I�� �� �J

I�J I�� �J
I�J I�� �J

I�� �J I�J
� � I�� �� �� �J I�� �J � � I�� �� �� �J

I�J I�� �� �J
I�J I�� �� �J

I�� �J I�� �J
� � I�� �� �� �J I�� �J I�J
� � I�� �� �� �� �J I�J I�J � I�� �� �� �� �J
� � I�� �� �� �� �� �J I�� �J I�J � I�� �� �� �� �� �J

I�J I�� �� �� �� �J ���������

�



L A= [ � ; : % $ ; b $ 2XWSXW

� �� �� �� �� �� �� � � � � � � � �
� � I�J � � � I�J
� � I�� �J I�J � � I�� �J

I�J I�J
� � I�� �� �J I�� �J � � I�� �� �J

I�J I�� �J
I�J I�� �J

I�� �J I�J
� � I�� �� �� �J I�� �J � � I�� �� �� �J

I�J I�� �� �J
I�J I�� �� �J

I�� �J I�� �J
� � I�� �� �� �� �J I�� �J � � I�� �� �� �� �J

I�J I�� �� �� �J
I�J I�� �� �� �J

I�� �J I�� �� �J
� � I�� �� �� �� �� �J I�� �J � � I�� �� �� �� �� �J ���������

/HW XV UHPDUN WKDW $OJRULWKP ��� GHDOV ZLWK VNHZ EHWZHHQ DGMDFHQW FRGHZRUGV RQO\� +RZ�
HYHU� WKH FRQGLWLRQV DUH PRUH JHQHUDO� WKH VNHZ FDQ FRPH IURP DQ\ FRGHZRUG DV ORQJ DV WKH
W FRQVWUDLQW LV QRW EURNHQ� ,Q RUGHU WR FRUUHFW VNHZ FRPLQJ IURP QRQ�DGMDFHQW FRGHZRUGV�
ZH KDYH WR PRGLI\ VOLJKWO\ $OJRULWKP ���� E\ WDNLQJ LQWR DFFRXQW UHSHDWHG DUULYDOV FRPLQJ
IURP QRQ�DGMDFHQW FRGHZRUGV� ,Q LWV SUHVHQW IRUP� $OJRULWKP ��� VWRSV DQG GHFODUHV DQ XQ�
FRUUHFWDEOH HUURU ZKHQ D UHSHDWHG DUULYDO DSSHDUV PRUH WKDQ RQFH� )RU VLPSOLFLW\� ZH RPLW
KHUH WKH FRPSOHWH DOJRULWKP�

� 6NHZ�7ROHUDQW DQG 6NHZ�'HWHFWLQJ &RGHV

,Q WKLV VHFWLRQ ZH H[WHQG WKH UHVXOWV RI WKH SUHYLRXV VHFWLRQ WR FRGHV WKDW FDQ GHWHFW VNHZ
DQG DOVR WR FRGHV WKDW FDQ VLPXOWDQHRXVO\ WROHUDWH DQG GHWHFW VNHZ ZKHQ WKH WKUHVKROG RI
VNHZ�WROHUDQFH LV H[FHHGHG� :H VWDUW ZLWK VRPH GHnQLWLRQV�

'HnQLWLRQ ��� /HW & I;� <� � � �J EH D FRGH� :H VD\ WKDW & LV V�VNHZ GHWHFWLQJ �6'� LI� IRU
HDFK ; � & DQG VHTXHQFH A= VXFK WKDW 6�;� A=� � V� WKHQ 6�< � A=� ! � IRU DOO < � &� < � ;�

'HnQLWLRQ ��� VWDWHV WKDW ZKHQ D FRGHZRUG ; LV WUDQVPLWWHG� SRVVLEO\ IROORZHG E\ RWKHU
FRGHZRUGV� JLYLQJ D UHFHLYHG VHTXHQFH A=� WKHQ� E\ H[DPLQLQJ A=� LI WKHUH LV QR VNHZ RI ;

ZLWK UHVSHFW WR A=� L�H�� 6�;� A=�  �� WKHQ ; ZLOO EH FRUUHFWO\ GHFRGHG� EXW LI WKHUH LV VNHZ
QRW H[FHHGLQJ V� L�H�� � � 6�;� A=� � V� WKHQ WKHUH LV QR FRGHZRUG GLmHUHQW IURP ; WKDW
FDQ EH JLYHQ DV RXWSXW RI WKH GHFRGHU� ,Q IDFW� WKH VNHZ ZLOO EH GHWHFWHG ZKHQ ZH KDYH D
UHSHDWHG DUULYDO�

�



&RGHV WKDW DUH �V � � V � ��6' ZHUH VWXGLHG LQ >�@� $JDLQ� KHUH ZH DUH UHSODFLQJ ERWK SDUDPHWHUV
ZLWK RQO\ RQH� 7KH QH[W WKHRUHP FKDUDFWHUL]HV V�6' FRGHV�

7KHRUHP ��� $ FRGH & LV V�6' LI DQG RQO\ LI & KDV PLQLPXP GLVWDQFH G w V � � DQG LW LV
XQRUGHUHG�

8QRUGHUHG HUURU�FRUUHFWLQJ FRGHV ZHUH VWXGLHG LQ >�@� :H UHIHU WKH UHDGHU WR WKDW SDSHU IRU
HpFLHQW FRQVWUXFWLRQV� 7KHRUHP ��� LV D VSHFLDO FDVH RI WKH IRUWKFRPLQJ 7KHRUHP ����
7KH QH[W VWHS LV VWXG\LQJ FRGHV WKDW FDQ WROHUDWH D VNHZ QRW H[FHHGLQJ W� DQG WKDW FDQ GHWHFW
D VNHZ H[FHHGLQJ W EXW QRW W � V� ,Q >�@� FRGHV WKDW DUH �W � � W � ��67 �W � � V � � W � � V � ��6' ZHUH
VWXGLHG� $JDLQ� RXU SXUSRVH LV REWDLQLQJ VLPLODU UHVXOWV E\ XVLQJ RXU QHZ GHnQLWLRQ RI VNHZ�

'HnQLWLRQ ��� /HW & I;� <� � � �J EH D FRGH� :H VD\ WKDW & LV W�VNHZ WROHUDQW �W� V��VNHZ
GHWHFWLQJ �W�67 �W � V��6'� LI� IRU HDFK ; � & DQG VHTXHQFH A= VXFK WKDW 6�;� A=� � W � V�
WKHQ 6�< � A=� ! W IRU DOO < � &� < � ;�

1RWLFH WKDW 'HnQLWLRQ ��� H[WHQGV 'HnQLWLRQV ��� DQG ���� ,Q HmHFW� D W�67 FRGH LV D W�67
�W � V��6' FRGH ZLWK V  �� ZKLOH DQ V�6' FRGH LV D W�67 �W � V��6' FRGH ZLWK W  �� 7KH
IROORZLQJ WKHRUHP FKDUDFWHUL]HV W�67 �W� V��6' FRGHV�

7KHRUHP ��� $ FRGH & LV W�67 �W � V��6' LI DQG RQO\ LI� IRU DQ\ ;� < � &� ; � < � ZLWK
1�;� < � � 1�<� ;�� HLWKHU

� � 1�;� < � � W � � DQG �1�;� < � �1�<� ;� w �W� V� �� ���

RU

1�;� < � w W� � DQG 1�;� < � �1�<� ;� w W� V � �� ���

:H SURYH 7KHRUHP ��� LQ WKH $SSHQGL[�
1RWLFH WKDW� ZKHQ V �� FRQGLWLRQV ��� DQG ��� EHFRPH

� � 1�;� < � � W � � DQG �1�;� < � �1�<� ;� w �W� ��

RU

1�;� < � w W � � DQG 1�;� < � �1�<� ;� w W � ��

7KH VHFRQG RQH LV HTXLYDOHQW WR �1�;� < � � 1�<� ;� w W � � � 1�;� < � w �W � �� VR
FRQGLWLRQV ��� DQG ��� UHGXFH WR FRQGLWLRQ ��� LQ 7KHRUHP ����
2Q WKH RWKHU KDQG� PDNLQJ W �� WKH\ JLYH

��



1�;� < � � DQG �1�;� < � �1�<� ;� w V� ��

RU

1�;� < � w � DQG G 1�;� < � �1�<� ;� w V� ��

7KH nUVW RQH RI WKHVH HTXDWLRQV JLYHV 1�;� < � � DQG
G 1�;� < � �1�<� ;� w V� �b 1�;� < � V� �� VR ERWK RI WKHP UHGXFH WR WKH FRQGLWLRQ
LQ 7KHRUHP ���� 7KXV� 7KHRUHP ��� LQ IDFW JHQHUDOL]HV 7KHRUHPV ��� DQG ���� %HORZ DUH WZR
H[DPSOHV RI WKH FRQGLWLRQV RI W�67 �W� V��6' FRGHV DFFRUGLQJ WR 7KHRUHP ���� ,Q DOO FDVHV�
;� < � &� ; � < DQG 1�;� < � � 1�<� ;��

& LV ��67 ��6' �L�H�� W �� V �� LI DQG RQO\ LI

�� 1�;� < � � DQG 1�<� ;� w �� RU

�� 1�;� < � � DQG 1�<� ;� w �� RU

�� 1�;� < � w � DQG 1�<� ;� w ��

& LV ��67 ��6' �L�H�� W �� V �� LI DQG RQO\ LI

�� 1�;� < � � DQG 1�<� ;� w ��� RU

�� 1�;� < � � DQG 1�<� ;� w �� RU

�� 1�;� < � � DQG 1�<� ;� w �� RU

�� 1�;� < � � DQG 1�<� ;� w �� RU

�� 1�;� < � w ��

:H FDQ FRQQHFW W�67 �W� V��6' FRGHV ZLWK �W � � W � ��67 �W � � V � � W � � V � ��6' FRGHV VLPLODUO\ WR
&RUROODU\ ���� 6LQFH WKH QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU �W � � W � ��67 �W � �V � � W � �V � ��6'
FRGHV DUH TXLWH FRPSOLFDWHG >�@� ZH RPLW WKLV UHVXOW�
,Q RUGHU WR FRQVWUXFW W�67 DQG W�67 �W� G��6' FRGHV� ZH FDQ XVH XQRUGHUHG HUURU�FRUUHFWLQJ
FRGHV >�@� RU WKH PRUH VRSKLVWLFDWHG UHVXOWV RI >�@� +RZHYHU� EHWWHU FRQVWUXFWLRQV PLJKW EH
REWDLQHG E\ IXOO\ XVLQJ WKH FRQGLWLRQV RI 7KHRUHPV ��� DQG ����

��



� &RQFOXVLRQV

:H VWXGLHG WKH SUREOHP RI SLSHOLQHG WUDQVPLVVLRQ LQ SDUDOOHO DV\QFKURQRXV FRPPXQLFDWLRQV
DOORZLQJ D FHUWDLQ DPRXQW RI VNHZ� :H JDYH D QHZ GHnQLWLRQ RI VNHZ GHSHQGLQJ RQ RQO\ RQH
SDUDPHWHU� DV RSSRVHG WR SUHYLRXV GHnQLWLRQV GHSHQGLQJ RQ WZR SDUDPHWHUV� :H SUHVHQWHG
QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU FRGHV WROHUDWLQJ D FHUWDLQ DPRXQW RI VNHZ XQGHU WKH
QHZ GHnQLWLRQ� :H H[WHQGHG WKH UHVXOWV WR VLPXOWDQHRXV WROHUDQFH DQG GHWHFWLRQ RI VNHZ�
0RUH UHVHDUFK LV QHHGHG WR FRQVWUXFW HpFLHQW VNHZ�WROHUDQW DQG VNHZ�GHWHFWLQJ FRGHV XQGHU
WKH QHZ GHnQLWLRQ RI VNHZ�

$FNQRZOHGJHPHQW� :H ZLVK WR WKDQN 7RP 9HUKRHm IRU KLV QXPHURXV FRPPHQWV DQG
VXJJHVWHG LPSURYHPHQWV�

� $SSHQGL[

3URRI RI WKH ?RQO\ LI� SDUW RI 7KHRUHP ���� $VVXPH WKDW FRGH & LV W�67 �W � V��6'
DQG WDNH ;� < � &� ; � < � VXFK WKDW 1�;� < � � 1�<� ;�� *LYHQ DQ DUELWUDU\ VHW 6� OHW A6
GHQRWH D VHTXHQFH RI HOHPHQWV RI 6 WUDQVPLWWHG LQ VRPH RUGHU �ZLWK QR UHSHDWHG DUULYDOV��
2EVHUYH nUVW WKDW; DQG < PXVW EH XQRUGHUHG �L�H�� 1�;� < � w ��� 2WKHUZLVH� LI; t < � DQG
WKH VHTXHQFH A=  A;� A< LV UHFHLYHG� WKHQ� DFFRUGLQJ WR 'HnQLWLRQ ���� 6�;� A=� � 6�<� A=��
WKHUHIRUH WKH UHFHLYHU FDQQRW GHFLGH ZKLFK YHFWRU ZDV WUDQVPLWWHG nUVW� ZKHWKHU ; RU < �
7KLV FRQWUDGLFWV WKH DVVXPSWLRQ WKDW & LV W�67 �W� V��6' �'HnQLWLRQ �����
1H[W GHnQH WKH IROORZLQJ VHWV� &  ; ? < � $ ; b < � DQG % < b ;� 1RWLFH WKDW
M$M 1�;� < � DQG M%M 1�<� ;�� 2EVHUYH DOVR WKDW

G � �;� < � 1�;� < � �1�<� ;� w W � V� �� ���

,Q HmHFW� LI WKH VHTXHQFH A=  A&� A$� A% LV UHFHLYHG� WKHQ� DFFRUGLQJ WR 'HnQLWLRQ ���� 6�;� A=� �
DQG 6�<� A=� M$M� M%M b � 1�;� < � �1�<� ;�b �� 6LQFH & LV W�67 �W� V��6'� DFFRUGLQJ
WR 'HnQLWLRQ ���� ZH PXVW KDYH 1�;� < � �1�<� ;�b � w W� V� �� SURYLQJ ����
,Q RUGHU WR SURYH FRQGLWLRQ ���� DVVXPH WKDW � � 1�;� < � � W� �� %\ ����
M%M w W � V b 1�;� < � � �� WKXV� ZH FDQ SDUWLWLRQ % DV % % � > % � � ZKHUH % � ? % �  �
DQG M% � M W � V b 1�;� < � � � �WKXV� M% � M ! � DQG % � � ��� ,I % �  �� WKHQ V � DQG
1�;� < � W � � � 1�<� ;�� 7KXV� �1�;� < � � 1�<� ;� w ��W � �� � �W � �� ! �W � ��
VDWLVI\LQJ ��� ZKHQ V �� 6R� DVVXPH WKDW % � � � DQG WKH IROORZLQJ VHTXHQFH A= LV UHFHLYHG�

A=  A&� A% � � A$� A% � � � � � ���

$FFRUGLQJ WR 'HnQLWLRQ ��� DQG ����

��



6�;� A=� M% � M� M$M b � �W � V b 1�;� < � � �� �1�;� < �b �  W� V� ���

ZKLOH

6�< � A=� M$M� M% � M b � 1�;� < � � M% � M b �� ����

6LQFH & LV W�67 �W � V��6'� E\ ���� ���� DQG 'HnQLWLRQ ���� ZH PXVW KDYH WKDW
1�;� < �� M% � M b � w W��� RU� M% � M w W b 1�;� < �� �� 7KHUHIRUH� XVLQJ WKLV UHVXOW WRJHWKHU
ZLWK WKH FDUGLQDOLW\ RI % � � ZH REWDLQ

1�<� ;�  M%M M% � M� M% � M

w �W � V b 1�;� < � � �� � �W b 1�;� < � � ��

 �W� V� �b �1�;� < ��

SURYLQJ FRQGLWLRQ ����
,Q RUGHU WR SURYH FRQGLWLRQ ���� DVVXPH WKDW M$M 1�;� < � w W � �� :H FDQ SDUWLWLRQ $ DV
$ $ � > $ � ZLWK $ � ? $ �  �� M$ � M W DQG M$ � M 1�;� < � b W �LQ SDUWLFXODU� $ � � � DQG
$ � � ��� 0RUHRYHU� OHW E � % �QRWLFH WKDW M%M w M$M w �� WKXV� % b IEJ � ���
$VVXPH WKDW WKH IROORZLQJ VHTXHQFH A= LV UHFHLYHG�

A=  A&� A$ � � E� A$ � � A�% b IEJ�� � � � ����

$FFRUGLQJ WR 'HnQLWLRQ ��� DQG ����� 6�;� A=� M$ � M W� ZKLOH

6�< � A=� M$M� M%M b � 1�;� < � �1�<� ;�b � ����

6LQFH & LV W�67 �W � V��6' DQG 6�;� A=� W� E\ 'HnQLWLRQ ���� 6�< � A=� w W � V � � DQG�
E\ ����� FRQGLWLRQ ��� IROORZV� FRPSOHWLQJ WKH SURRI RI WKH QHFHVVDU\ FRQGLWLRQV� (

,Q RUGHU WR SURYH WKH ?LI� SDUW RI 7KHRUHP ���� ZH ZLOO DVVXPH WKDW ZH DUH XVLQJ $OJRULWKP ���
IRU WKH GHFRGLQJ� :H VWDUW ZLWK WZR OHPPDV DQG WKHQ ZH XVH WKHP WR SURYH WKH WKHRUHP
LWVHOI�

/HPPD ��� $VVXPH WKDW ; DQG < DUH GLVWLQFW FRGHZRUGV LQ D FRGH & DQG WKHUH LV D
� � M � W VXFK WKDW

1�;� < � � M � � DQG 1�<� ;� � ��W b M� � V� ����

7KHQ� ; DQG < GR QRW VDWLVI\ FRQGLWLRQV ��� RU ����

��



3URRI� 1RWLFH WKDW; DQG < FDQQRW VDWLVI\ ���� VLQFH PLQI1�;� < �� 1�<� ;�J � M�� � W���
6R� DVVXPH nUVW WKDW 1�;� < � � 1�<� ;�� 7KHQ�

�1�;� < � �1�<� ;� � ��M � �� � ��W b M� � V �W � V� ��

VR ; DQG < FDQQRW VDWLVI\ ����
$VVXPH QH[W WKDW 1�;� < � ! 1�<� ;�� WKHUHIRUH� E\ ����� LQ SDUWLFXODU 1�<� ;� � M� 7KLV
IDFW� WRJHWKHU ZLWK ����� JLYH

�1�<� ;� �1�;� < �  1�<� ;� �1�<� ;� �1�;� < �

� ���W b M� � V� � M � �M � ��

 �W � V� ��

VR ; DQG < FDQQRW VDWLVI\ ��� LQ WKLV FDVH HLWKHU� (

/HPPD ��� $VVXPH WKDW ; DQG < DUH GLVWLQFW FRGHZRUGV LQ D FRGH & DQG WKHUH LV D M ! W

VXFK WKDW

1�;� < � � M � � DQG 1�<� ;� � W� V b M� ����

7KHQ� ; DQG < GR QRW VDWLVI\ FRQGLWLRQV ��� RU ����

3URRI� $VVXPH nUVW WKDW PLQI1�;� < �� 1�<� ;�J w W � �� 7KHQ� FRQGLWLRQ ��� FDQQRW
RFFXU� DQG� E\ �����

1�;� < � �1�<� ;� � �M � �� � �W� V b M� W� V� ��

VR FRQGLWLRQ ��� FDQQRW RFFXU HLWKHU�
6R� DVVXPH WKDW PLQI1�;� < �� 1�<� ;�J � W � �� WKHQ� FRQGLWLRQ ��� FDQQRW RFFXU� ,I
1�;� < � � 1�<� ;�� VLQFH W b M � �� E\ ����� ZH KDYH�

�1�;� < � �1�<� ;� � ��W � �� � �W � V b M� � �W � V� ��

VR FRQGLWLRQ ��� FDQQRW RFFXU� 6R� DVVXPH WKDW 1�;� < � ! 1�<� ;�� WKXV 1�<� ;� � W � ��
7KHQ� E\ �����

�1�<� ;� �1�;� < �  1�<� ;� �1�<� ;� �1�;� < �

� �W� V b M� � �W� �� � �M � ��

 �W � V� ��

��



VR FRQGLWLRQ ��� FDQQRW RFFXU� (

3URRI RI WKH ?LI� SDUW RI 7KHRUHP ���� $VVXPH WKDW IRU HYHU\ SDLU RI GLVWLQFW FRGHZRUGV
;� < LQ & ZLWK 1�;� < � � 1�<� ;� RQH RI FRQGLWLRQV ��� RU ��� LV VDWLVnHG� :H KDYH WR
VKRZ WKDW WKH FRGH LV W�67 �W� V��6' DFFRUGLQJ WR 'HnQLWLRQ ���� /HW < EH WKH WUDQVPLWWHG
FRGHZRUG DQG A= WKH UHFHLYHG VHTXHQFH� DQG DVVXPH WKDW � � 6�< � A=� � W�V� :H ZLOO DWWHPSW
WR GHFRGH < XVLQJ $OJRULWKP ���� /HW U  U�< � A=� EH DV GHnQHG E\ ���� ,I 6�< � A=� � W�
WKHUH LV D VXEVHW $ t I[ ����� � [ � ��� � � �
	 � � � � � [ ��� � J VXFK WKDW = � b $  < � 7KXV� WKH DOJRULWKP

ZLOO nQG < ZKHQ [ � DUULYHV� 2Q WKH RWKHU KDQG� LI W � 6�< � A=� � W�V� $OJRULWKP ��� FDQQRW
SURGXFH < DV RXWSXW� ,W UHPDLQV WR EH SURYHQ WKDW XQGHU FRQGLWLRQV ��� DQG ��� QR FRGHZRUG
GLmHUHQW IURP < PD\ UHVXOW DV RXWSXW RI WKH DOJRULWKP�
$VVXPH nUVW WKDW WKHUH LV DQ L w � DQG D ' VXFK WKDW ' t I[ � � � ��� � [ ��� � ��� � � � 	 � � � � � [ ��� � � � J
DQG = � � � b ' � &� ZLWK = ��� � b ' � < � 7KLV PHDQV� D FRGHZRUG = ��� � b ' LV SURGXFHG
DV RXWSXW RI WKH DOJRULWKP HLWKHU ZKHQ [ � KDV DUULYHG RU EHIRUH [ � KDV DUULYHG� &HUWDLQO\
L � W� V� LI QRW� = � � � b ' t < FRQWUDGLFWLQJ FRQGLWLRQV ��� DQG ��� �PDLQO\� WKH FRGH PXVW
EH XQRUGHUHG��
/HW

' �  ' ? I[ ��� � ��� � [ � � � ����� � � � � � � [ ����� � � � � J

' �  ' ? I[ ����� � � � [ ����� � � � � � � � � � [ ��� � � � J

7KHUHIRUH� ' �  � RU M' � M � L b V LI V � L� DQG M' � M � W� V b L�
1RWLFH WKDW� VLQFH < b �= ��� � b '� t ' > I[ ����� � � �
	 � [ ����� � � � 	 � � � � � [ � J� WKHQ

1�<� = � � � b '� � L � M' � M� M' � M

� L �PD[I�� L b VJ� M' � M ����

DQG� VLQFH �= ��� � b '�b < t I[ ����� � � � [ ����� � � � � 	 � � � � � [ ��� � J b ' � � ZH KDYH

1�= ��� � b '� < � � � � W � V b L b M' � M� ����

1RZ� OHW

W � V b L b M' � M  M� ����

1RWLFH WKDW M w �� :H KDYH WZR FDVHV� � � M � W DQG M ! W�
$VVXPH nUVW WKDW � � M � W� 7KHQ� E\ ����� L b V� M' � M w �� DQG E\ ���� DQG ����� ZH KDYH

��



1�<� = ��� � b '� � L �PD[I�� L b VJ� M' � M

� L � �L b V� M' � M� � M' � M

 ��W b M� � V ����

%\ ����� ���� DQG ����� ZH KDYH 1�= ��� � b '� < � � M � � DQG 1�<� = � � � b '� � ��W b M� � V�
ZKHUH � � M � W� FRQWUDGLFWLQJ ��� DQG ��� E\ /HPPD ����
$VVXPH QH[W WKDW M ! W� ,Q SDUWLFXODU� E\ ����� WKLV LPSOLHV WKDW L b V � � DQG� E\ ����
DQG �����

1�<� = � � � b '� � L � M' � M V b �M b W�� ����

1RZ� E\ ����� ���� DQG ����� ZH KDYH 1�= ��� � b'� < � � M�� DQG 1�<� = ��� � b'� � W�Vb M�
ZKHUH M ! W� FRQWUDGLFWLQJ ��� DQG ��� E\ /HPPD ����
)LQDOO\� DVVXPH WKDW WKH DOJRULWKP SURGXFHV D FRGHZRUG DIWHU < KDV DUULYHG� )RU WKLV WR
KDSSHQ WKH VNHZ PXVW H[FHHG W� L�H�� W � 6�< � A=� � W � V� 2WKHUZLVH� $OJRULWKP ��� ZRXOG
KDYH SURGXFHG < � DQG� E\ WKH nUVW SDUW� ZRXOG KDYH QRW SURGXFHG DQ\ RWKHU FRGHZRUG� 7KXV�
WKHUH LV DQ L ! � DQG D ' VXFK WKDW ' t I[ � � � ��� � [ � � � ��� � � �
	 � � � � � [ � � � � � J DQG = � � � b ' � &�
ZLWK = � � � b ' � < � &HUWDLQO\ L � W� LI QRW� < t = � � � b ' FRQWUDGLFWLQJ FRQGLWLRQV ���
DQG ����
/HW ' �  '?I[ � � � ��� � [ � � � ��� � � � � � � � [ � J� ,Q SDUWLFXODU� M' � M � WbL��� 6LQFH < b�= � � � b'� t
' � � WKHQ

1�<� = � � � b '� � M' � M ����

DQG� VLQFH

�= � � � b '�b < t I[ ��� � ��� � [ ��� � ��� � � � � � � � [ � � � ��� � � J > �I[ � � � ��� � [ � � � ��� � � � � � � � [ � J b ' � � >

I[ � � � � [ � � � � � � � � [ � � � J�

ZH KDYH

1�= � � � b '� < � � �L � V� � �� � W b L b M' � M� � L

 ��W b �M' � M b ��� � V b �W b L� �b M' � M�

� ��W b �M' � M b ��� � V� ����

WKH ODVW LQHTXDOLW\ VLQFH W b L � �b M' � M w �� 0DNLQJ M  M' � M b � �QRWLFH WKDW � � M � W��
ZH KDYH� E\ ���� DQG ����� 1�<� = � � � b '� � M � � DQG 1�= � � � b '� < � � ��W b M� � V� %\
/HPPD ���� WKLV FRQWUDGLFWV FRQGLWLRQV ��� DQG ���� FRPSOHWLQJ WKH SURRI� (

��
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