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Abstract: Storing multiple copies of filesis crucial for ensuring quality of service for data storagein
mobile networks. This paper proposes a new scheme, called the K-out-of-N file distribution scheme, for
the placement of files. In this scheme files are splitted, and Reed-Solomon codes or other maximum
distance seperable (MDS) codes are used to produce file segments containing parity information. Multiple
copies of the file ssgments are stored on gateways in the network in such away that every gateway can
retrieve enough file segments from itself and its neighbors within a certain amount of hops for
reconstructing the orginal files. The goal isto minimize the maximum number of hopsit takes for any
gateway to get enough file segments for the file reconstruction.

We formulate the K-out-of-N file distribution scheme as a coloring problem we call diversity coloring.
A diversity coloring is defined to be optimal if it uses the smallest number of colors. Upper and lower
bounds on the performance of diversity coloring for general graphs are studied. Diversity coloring
algorithms for several special classes of graphs—trees, rings and tori—are presented, all of which have
linear time complexity. Both the algorithm for trees and the algorithm for rings output optimal diversity
colorings. The algorithm for tori guarantees to output optimal diversity coloring when the sizes of tori are
sufficiently large.
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Thiswork was supported in part by the Lee Center for Advanced Networking at the California
Institute of Technology.



|. INTRODUCTION

The Internet is not only an infrastructure for data transmission, but also an important source of
information for more and more users. With the increasingly wide sharing of data among users everywhere,
thereisatrend to allocate files adaptively according to network structures. In mobile networksit's
important to store files in such a way that mobile users (hosts) can retrieve files from the network
anywhere anytime with good quality of service. Fig. 1 shows atypical model of mobile network. Gateways
with wirelss or wired channels among them form the backbone of the network. Here gateways not only
serve as routers but also store files. The channels between gateways and mobile hosts are wireless. A
mobile host can move anywhere, contact a nearby gateway (called its access point), and ask for some files
on the network. An example is shown in Fig. 1, where mobile host U asks its access point, gateway A, for a
file stored on gateway C. It takes two hops to transmit the file from C to A before A forwardsit to U. The
network in Fig. 1 can be seen as a highly-distributed storage system for mobile users.
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Storing multiple copies of filesin different parts of the network isaclassical solution to Quality of
Service (QoS) for datain large networks [1] [12] [21] [22] [23] [38] [39] [41]. It reduces response time and
flow, and improves the network’ s fault-tolerant ability, at the cost of increased memory capacity and
complexity of file-consistency control.

This paper studies how to distribute files to different gateways so that no matter which gateway mobile
hosts choose as access points, they can get the desired file from data stored on gateways within a certain
amount of hops from the access point. Limiting the maximum amount of hops an access point takes to get
the file ensures low response time (file transmission and queueing delay) effectively, especialy if the
channels among gateways are wireless, because the limited channel capacity, high error rate and instability
of wireless channels make the number of hopsin a path a most important factor in determining the delay.

Traditionally there have been two classes of techniques for solving the above problem. The first classis
placing multiple copies of each file without segmentation on gateways [1] [12] [21] [22] [23] [25] [38] [39]
[41]. That isaclassical multicenter resource allocation problem, and many techniques including integer
programming, approximation and combinatorial analysis have been developed for solving it [9] [11] [12]
[14] [15] [18] [19] [20] [21] [25] [26] [27] [36] [44]. It aso belongs to the well studied file assignment
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problem (FAP). For agood survey of FAP, see[12].

The second class of techniques are called file segmentation [12] [21] [32] [38]. In this method, each
fileis split into segments, and multiple copies of each segment are distributed onto gateways. File
segmentation relaxes some constraints on multicenter resource allocation and thus can be seen asiits
generalization.

In this paper we study how to combine file distribution with coding theory to achieve better
performance. The scheme is named K-out-of-N file distribution. Reed-Solomn (RS) codes and other
maximum-distance-seperable (MDS) codes are used. Combining coding theory with data storage on disks
(e.0. RAID) has existed for along time[2] [7] [10] [16] [17] [29] [30] [33] [34] [35], and in recent yearsits
application on server clusters has also emerged [5] [8] [24] [37] [43], where the purpose is mainly to
increase fault-tolerant capability and balance load. To combine coding theory with file distribution in
networks according to network structures, however, was proposed only recently by Naor and Roth in [28],
which studied how to disperse information of afile among all nodes of a network such that every node
could reconstruct the original file by accessing the memory of its own and its adjacent nodes (nodes within
1 hop). Related research in this field has been very limited.

Asanalysed in Section V, K-out-of-N file distribution scheme is able to more effectively reduce delay
and flow, balance load, and improve fault-tolerant capability compared to the multicenter resource
allocation scheme and file segmentation scheme. Below we briefly introduce the concept of K-out-of-N
file distribution and its abstration—the diversity coloring problem.

A. K-ouUT-OF-N File Distribution Scheme

Let K and N be two positiveintegers, N K. Given afile of length L, use Reed-Solomn (RS) codes or
other MDS codes to encode the file and get N file segments—called segment S;, S,  , Sy —each of
which has length % Because of the maximum-distance-seperable property of RS codes and other MDS

codes, the file can be recovered by decoding any K of the N file segments.

Example1.1: Let K 2andN 4. Split afileof L bitsinto 4 parts—part A, B, C and D. Each partisa
string of L bits. See Fig. 2 (a).
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Now use B-code [42], a class of MDS code, to encode the 4 parts and get 4 file segments—segment S,
S, Ssand S, asshown in Fig. 2 (b). The operation* * shown in Fig. 2 (b) means ‘exclusive-OR’. Clearly
each file segment contains - bits.

The original file can be reconstructed by using any 2 of the 4 file segments. For example, suppose we
haveS; and S;. ThensinceB B C C,andD A D A ,wecanrecover A B, C, D and get the
original file. The decoding uses the simple exclusive-OR operation and thusis very efficient.

Now given a network and afile, use the above method to get N segments for the file, and distribute
multiple copies of each segment onto gateways. Distribute the segments in such away that each gateway
can find at least K different segments on gateways within a certain amount of hops. That is called the
K-out-of-N file distribution scheme.

RS codes and many other MDS codes have efficient decoding algorithms, and are widely used in data
storage systems. For more details of RS and MDS codes, see [2] [4] [31] [40] [42].

B. Diversity Coloring

Let’s abstract the K-out-of-N file distribution scheme as a graph problem. Represent the network with
agraph G V,E , with each vertex representing a gateway. There exists an edge between two vertices if and
only if there is a channel between the two corresponding gateways. Define C 1,2, ,N tobeasetof
N colors, with each color in C representing one of the N file segments—S;, S,, , Syv—for thefile. And
we give the definition of ‘Neighborhood of Radius m’ below:

Definition 1.1: Let G V,E beagraph, and let v be avertex in graph G. * The neighborhood of v of
radiusm’ are all the vertices that are at most m hops away from v, including v itself. Here mis a positive



integer.
Now we define the diversity coloring problem.

Definition 1.2: Diversity Coloring Problem

Instance: PositiveintegersK and m. Graph G V,E .

Question: Given N colors, how to assign one color to each vertex in graph G, such that for any vertex v
in graph G, the neighborhood of v of radius m has at least K different colors? What' s the smallest value for
N to make such a coloring possible?

Please note that throughout this paper, K, N and mwill always have the meaning asin Definition 1.2.
The diversity coloring problem corresponds to the K-out-of-N file distribution scheme where on each
gateway exactly one file segment is placed.

In diversity coloring problem, we are interested in the minimum number of colorsthat is necessary for
diversity coloring a graph for two reasons. Firstly, in the K-out-of-N scheme, when we are using RS codes
or other MDS codes to encode afile to get the N file segments, the number N cannot be infinitely
large—the upper bound for N is determined by the code. So it’simportant to know if N—which is also the
number of colors used—is no less than the minimum number of colors needed, in order to determine
whether afeasible diversity coloring exists. Secondly, small N usually means |low decoding compl exity.
For example, when RS codes are used, if N issmall, we can use a code over asmall field, and then for the
mobile host (or its access point), when it reconstructs the original file by decoding K different file
segments, the decoding complexity becomes low. Also, when systematic codes—which are so far the most
popular codes employed in data storage—are used, among the N file segments, K of them are *information
segments’, which are just parts of the original file and need no decoding to get. Then the proportion of file
segments a mobile host (or its access point) gets that are information segments is approximately % and
the average number of segments that need to be got by decoding is proportional to 1 % So the smaller N
is, the less decoding work is needed. In order to minimize the decoding complexity, we usually want to use
asfew colors as possible.

Definition 1.3: Given graph G V,E and parameters K and m, adiversity coloring on G iscalled
‘optimal” if it uses the smallest number of colors.

Below we give two examples of diversity coloring.

Example 1.2: Fig. 3 shows adiversity coloringona6 6 torus.



Fig. 3: Diversity Coloring on a 6 6
torus. K=5, N=6, m=1.

It can be checked that in Fig. 3 every neighborhood of radius m contains K different colors. Two
example neighborhoods in the torus are highlighted. The neighborhood in the upper-left corner contains 5
different colors—color 5, 2, 6, 4 and 1. And the neighborhood of the most down-right vertex also contains
5 different colors—color 1, 4,2,6and 3. Infact withK 5, m 1andG V,E beinga6 6 torus, any
diversity coloring uses at least 6 colors. Therefore the coloring in Fig. 3 isoptimal.

Example 1.3: Fig. 4 shows adiversity coloring on atree.

Fig. 4: Diversity Coloring on atree. K=4, N=4,
m=2.

In the tree, the neighborhood of vertex A of radiusm 2, whichisvertex set A,B,C,D , has4

colors—color 4, 3, 1 and 2. It can be checked that every neighborhood of radius 2 has 4 different colors.
The coloring in Fig. 4 isaso optimal.

The main contributions of this paper are:



Properties of diversity coloring on general graphs are studied, and a tight upper bound on the
minimum number of colors needed for diversity coloring is given. A fast diversity coloring algorithm for
general graphsis presented.

An efficient diversity coloring algorithm on trees with complexity linear in the size of thetreeis
presented. That algorithm can aways be used to give optimal diversity coloring on trees. The necessary
and sufficient condition for atree to have a diversity coloring, as well as the exact value of the minimum
number of colors needed for adiversity coloring on atree, follow the algorithm.

Diversity coloring on rings and tori is studied. For rings, the optimal coloring algorithm is given.
For tori, the coloring algorithm achieves optimal performance when the tori are sufficiently large
compared to the size of a neighborhood, as well asin some other cases.

The rest of the paper is organized as follows. In Section |1, diversity coloring on general graphsis
studied. In Section 111, diversity coloring on treesis studied. Diversity coloring on rings and tori is studied
in Section V. In Section V we discuss the performance of the K-out-of-N file distribution scheme and
summarize the paper.

1. DIVERSITY COLORING ON GENERAL GRAPHS

In this section we study diversity coloring on general graphs. First we' Il define several terms that will
be used extensively in this paper.

Definition 2.1: Givenagraph G V,E and any two verticesu, vin G, defined® u,v to be the distance
between u and v, namely, the number of hops (or edges) in a shortest path in G connecting u and v. By
convention d® u,u 0.

Definition 2.2: Given agraph G V,E and apositive integer m, let v be a vertex in G. Denote “the
neighborhood of v of radiusm” by § v . Thatis, §v ww V,d®wyv m.

Definition 2.3: Given parameters K, N, mand graph G V,E , Giscalled ‘colorable’ if there existsa
diversity coloring on G with those parameters.

Definition 2.4: Given parameters K, mand graph G V, E , the minimum number of colors needed for
diversity coloring G isdenoted by Nmin.

The following two propositions are self-evident.
Proposition 2.1: Given parameters K, N, mand graph G V,E , if Giscolorablethen K min | $ v |.
vV
Here | § v |isthe cardindity of neighborhood § Vv .

Proof: If G iscolorable, then every neighborhood of radius min G should have at least K verticesin
order to have K colors.



Proposition 2.2: Given parametersK, mand graph G V,E ,if K min | § v |, then there exists an
vV
integer Nmin (K Nmin V] st. Giscolorableif andonly if N Npin.
Proof: Clearly Nmin K. If K min| § v |, then by assigning |V| different colorsto the |V| verticesin
vV

G, we make each neighborhood contain at least K different colors. SO Nmin  |V]. If graph G can be
diversity colored with N i colors, then G can also be diversity colored with N i 1 colors.

Asdiscussed in Section |, for adiversity coloring problem, we are always interested in determining the
value of Nmin, and want to color the graph with N, the number of colors used, as close to Npin as possible.
By proposition 2.2, Nmin K. Then can Npin always be small if K is small? The answer is negative. The
following theorem showsthat Nmin isnot bounded by functions of K for general graphsif K m 2.

Theorem 2.1: Let K and mbe positiveintegers, K m 2. For general graphs, Nmin can be arbitrarily
greater than K.

Proof: We prove this theorem by constructing agraph G V,E for which Npin can be arbitrarily
greater than K.

First we consider thecase K 3, m 1. Let Kx be acomplete graph with X vertices. Call the X
verticesin Kx vi,V2, , Vvx. Now for any two of those X vertices, say vertex viand v; (i ), adda
new vertex called ui; to the graph, and add two new edges: edge v;,u;; andedge vj,uij . Thereare

( >2< ) ways to select two vertices out of those X vertices. As aresult we get a graph, denoted by G V,E ,

withvertexsetV. vi|1 i X u; |1 1 X1 j X i J andedgeset
E Vi, Vj |1 i X, 1 j X, i j Vi,Uij , Vj,Uij |1 i X, 1 j X, i j .
uj V.|l Suj|l 3 Ko vi V| §Svi|] 2X 1 Let'smake X 2 sothat

min| $w| K 3 andthus Nmn exists. Now for any diversity coloringonG, vi V,v; V
w V

(i j), viand v; areinneighborhood $ ujj which contains only 3 vertices, so v; and v; must have
different colors. Therefore all the X vertices— v1, vo,  , vx —must have different colors, SO Npin X If
we make X arbitrarily large, Nmin also becomes arbitrarily large. So for thecase K 3andm 1, Npmin
can be arbitrarily greater than K for general graphs.

Now we extend the above technique to general cases. Let K and mbe positiveintegers, K m 2. Let
Kx be acomplete graph with X vertices, X being sufficiently large. Call the X verticesin Kx vi,Vv2,
vx. For every K mvertices out of those X vertices, add a linear array with m vertices, and connect those
K myverticesto the same end vertex of that array. As aresult we get a graph with X m( me ) vertices,
whichwecall graphG V,E . For example, if X 5, K 4, m 2, thengraph Kx and G will beasin
Fig. 5:



(a) K, (b) G(V,E)

Fig.5: Graph K, and graph G(V,E)
when X =5, K=4 and m=2

The smallest neighborhoodsin G are the neighborhoods of those end vertices of arrays far from
vertices originally in Ky, and their cardinality ismin | § w | K. For any diversity coloring on G,

w VvV
vi Vv V, (1 i X1 | Xi J)viandy;arecontainedin atleast one same neighborhood of
cardinality K, so they must have different colors. Therefore all the X vertices— vi, v,  , vx —must have

different colors. Again we have Npmin  X. By making X arbitrarily large, we see that Nmin can be
arbitrarily greater than K for general graphswhen K m 2.

Very interestingly, when K m 1, the conclusion becomes totally different from that in Theorem
2.1, aswill be seen in Theorem 2.2. The proof of Theorem 2.2 requires results obtained in Section 11,
Diversity Coloring On Trees, so we leave that proof in Section I11.

Theorem 2.2: Let K and mbe positiveintegers, K m 1. For any graph G V,E , either Nyin K, or
Gisnot colorable—whichmeansmin | $v| K.
vV
Below we present two diversity coloring algorithms for general graphs. They reduce the diversity
coloring problem to a vertex coloring problem.

Algorithm 2.1: Diversity coloring on general graph G V,E
Input: Graph G V,E , positive integers K, N, m.
Output: A diversity coloring on G.
Prerequisite:. min| $v|] K.N K. N max| $,v]
vV vV
Algorithm 2.1.A: Arbitrarily select an uncolored vertex vV, assign to v a color that isn’t contained
in $, v .Repeat that step until all verticesin graph G are colored.



Algorithm2.1.B: Let H V,E" beagraph with EX v |Ju V,v V,u v,d®uv 2m.

Do vertex coloring on H, and let ¢ v denote the color of vertex vinH. vV inG, assigncolor c v to
V.

Proposition 2.3: Both Algorithm 2.1.A and Algorithm 2.1.B are correct.

Proof: Let’sfirst prove the correctness of Algorithm 2.1.B. For any two verticesuand vin V, they are
adjacentinH if and only if d® u,v  2m—which meansif and only if u and v are in the same
neighborhood of radiusmin G. For a vertex coloring on H, any two adjacent verticesin H have different
colors. So when we do the same coloring on G, for any neighborhood  § v in G, al verticesin it have
different colors, thereforeit contains| & v | K different colors. Soit’sadiversity coloring on G, and
Algorithm 2.1.B is correct.

Now let'slook at Algorithm 2.1.A. If welet H V,E” have the same definition asin Algorithm 2.1.B,
then Algorithm 2.1.A issimply utilizing the well known greedy algorithm of vertex coloring, which uses
maximum degree plus 1 colors [pp. 147, [6]], to vertex color H—notice that the maximum degree of H is
max | $,v| 1 It'seasyto verify that when Algorithm 2.1.A isfinished, for every neighborhood of

vV

radiusmin G, colorsinit are all different. Now it’s easy to see the coloring on G isadiversity coloring.
Also note that there are enough colorsto use in the algorithm.

Algorithm 2.1.A has computational complexity linear in the size of the graph, but it could use much
more than Nmin colors. Itisin fact aspecial case of Algorithm 2.1.B. Algorithm 2.1.B could use fewer
colors, but its complexity may increase.

The following theorem gives an upper bound for Nmin for general graphs, which is better than the upper
bound |V| as shown in Proposition 2.2. It’s especially useful for graphs whose vertex degrees are rel atively
‘evenly’ distributed.

Theorem 2.3: K and m are fixed positiveintegers. G V,E isagraphwith min| $v| K. Thenfor
vV
graph G, Npin max | $, v |. Further more, defineH V,E"  to be a graph with edge set
vV

EH wv |[u V,v V,u v, d®uv 2m.If Hisneither acomplete graph nor an odd cycle,
thenfor graph G, Nmin max | $,v| 1
vV

Proof: Theideaissimilar to that in the proof of Proposition 2.3. Define  H to be the maximum
degreeof graphH. Then H max | $,v| 1. By thewell-known greedy vertex-coloring method [6],
vV

there exists avertex coloringon H usingnomorethan H 1 max | §, v | colors. And further more,
vV

if H is neither a complete graph nor an odd cycle, there exists a vertex coloring on H using no more than
H colors[See Theorem 3, pp. 148-149, [6]]. As shown in the proof of Proposition 2.3, any vertex
coloring on H isadiversity coloring on G.

10



The following two simple examples show that the upper bound for Npmin in Theorem 2.3 istight.

Example2.1: LetK 3, m 1,G V,E bearingwith5 vertices. Clearly max | $,v| 5,and
vV

Nmin 5. Therefore the bound in Theorem 2.3 ismet here.

Example2.2: LeteK 3, m 1, G V,E bearingwith 7 vertices. Let
EH uv |[u V,v V,u v,d®uv 2m , thengraphH V,E" isneither acomplete graph nor
anoddcycle.Clearly max | $,v| 1 4. It'seasytofindoutthat for G, Nmn 4. Again the bound in
vV

Theorem 2.3 is met.

Let’s end this section by discussing the relationship between diversity coloring and vertex coloring.
Generally speaking, the diversity coloring problem is totally different from the traditional vertex coloring
problem. The only goal of diversity coloring isto color agraph in such away that every neighborhood of
radius min G contains no less than K different colors, and it doesn’t care if two adjacent vertices have the
same color or not. But in vertex coloring, the only goal isto make every pair of adjacent vertices have two
different colors. However, for a special class of graphs—graphs all of whose neighborhoods have the same
cardinality, if K equalsthe cardinality of a neighborhood, then the diversity coloring problem is equivalent
to avertex coloring problem, as Proposition 2.4 shows. The proof of Proposition 2.4 is omitted because it’s
similar to that of Proposition 2.3.

Proposition 2.4: Let K, N and mbe positiveintegers, N K. G V,E issuchagraphthat v V,
Sv| K.HV,E" isagraphwith EM wv |[u V,v V,u v,d®uv 2m .Definea
functionc v ,wherev  V, cv colorset 1,2, ,N .Thenthefunctionc v isadiversity coloring

on Gif and only if it'savertex coloring on H.

[11. DIVERSITY COLORING ON TREES

In addition to being one of the popular forms of network structures, trees are al'so used by many
network algorithms as spanning graphs. In this section we’ll show that trees have a very special property of

diversity coloring—given K, mand atreeG V,E ,if K min| v | thenNmn K; otherwise Gis
vV

uncolorable.

Given atree G V,E and parameters K, N and m, how to color the tree G? Naively, since the goal is
that after coloring, every neighborhood of radius min the tree has at least K different colors, we might
want to use the following greedy algorithm:

Naive Algorithm 1: Giventree G V,E and parameters K, N and m, color vertices of the tree ‘from top
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to bottom’, beginning with the root. Whenever avertex vV isto be colored, assign a color that isnot in
G v tovertex v. If al colorsareaready in  $ v beforev iscolored, then either color vertex v
arbitrarily, or leave v uncolored and try to figure out how to color v later.

However, the Naive Algorithm 1 doesn’t work. An example is shown below.

Example 3.1: Fig. 6 (a) shows atreeto be diversity coloredwith K N 7andm 2. The numbers
on vertices shows the order in which vertices are colored when using the Naive Algorithm 1. Fig. 6 (b)
shows the colors of vertices when the Naive Algorithm 1 isused. Clearly for the vertex labelled ‘2" in Fig.
6 (a), its neighborhood of radius m contains only 5 different colors—color 1, 2, 3, 4 and 5—in Fig. 6 (b).
So the Naive Algorithm 1 failed to give adiversity coloring. Fig. 6 (c) shows the coloring on vertices by
using Algorithm 3.1, the tree diversity coloring agorithm which will be presented later. Every
neighborhood of radiusmin Fig. 6 (c) contains 7 different colors, so the coloring isadiversity coloring.

Fig. 6: Diversity coloring atree with N=K=7, m=2. (a) The tree to
be diversity colored. The numbers on vertices indicate the order in
which vertices are colored when using the ‘Naive Algorithm 1'. (b)
The incorrect coloring by using the ‘Naive Algorithm 1'. (c) The
diversity coloring by using our Algorithm 3.1.

The reason why Naive Algorithm 1 doesn’t work isthat two vertices are in the same neighborhood of
radius mif the distance between them is within 2m, so by only checking colors within m hops while doing
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coloring in Navie Algorithm 1 cannot guarantee every neighborhood to have K different colors.

The above analysis about Naive Algorithm 1 naturally leads to another greedy col oring method—what
if whenever avertex v isto be colored, we assign to v acolor that isnot used in = $,, v , namely, the
neighborhood of v of radius 2m? However, that greedy method essentially is the same as Algorithm 2.1,
and for trees such a greedy method is ‘overkilling’'. Readers can verify by themselves that when such a
method is used to diversity color atree, at most times either much more colors than necessary are used, or
the method fails to give a diversity coloring for lack of colors when a diversity coloring actually exists.

Aswill be shown in this section, there isindeed a greedy diversity coloring algorithm on trees, which
we will present as Algorithm 3.1. The algorithm colors vertices greedily, and when doing coloring it keeps
dividing the original problem into some smaller sub-problems. So it’salso a‘ divide and conquer’
algorithm.

First let’s define some terms of the diversity coloring problem on trees. Those terms will be used
frequently in this section.

Definition 3.1: Let G V,E bethetreeto be diversity colored. G is placed in the ‘ upside down’ way,
with itsroot at the top—we say theroot is at the O-th layer. The children of the root are at the 1st layer.
The grandchildren of the root are at the 2nd layer. And so on. For simplicity we denote the layer of a vertex
vbyL v .If al theverticesin aset A are at the same layer, we denote the layer of any vertex inAby L A .

Definition 3.2: Let G V,E bethetreeto bediversity colored. u Vandv V,wesay“uisan
ancestor of v, and visadescendent of u” if andonlyif Lu Lv andd®uv Lv L u.Andwe
say “uisthe parent of v, andvisachildof u” ifandonlyif Lu Lv landd®uv 1

Definition 3.3: Let G V,E bethetreeto be diversity colored. A ‘relation structure’ is atuple of the
form A;r;d ,where A aj,ay, isaset of verticesinthetree G, r isavertex in G and is called ‘the
root of therelation structure A;r;d ’, and d isan integer.

Definition 3.4: Let G V,E bethetreeto bediversity colored, and let A;r;d bearelation structure.
vV, if visadescendent of r, thenwe say ‘visat depth d® v,r for therelation structure A;r;d ’;
otherwisewe say ‘visat depth d® v,r for therelation structure A;r;d .

Definiton 3.5: Let G V,E bethetreeto bediversity colored, andlet x  A;r;d bearelation
structure. Then we defineW x andU x asfollons Wx A v|v V; u A st visa
descendentof u ,U x WX viv V; u Ast d®uv m.

The following is an example of the above terms.

Example 3.2: A treeG V,E isshowninFig. 7.
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~—— 0-th layer
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~——2nd layer

«—3rd layer

Fig. 7: A tree G(V,E)

InFig. 7, vi istheroot of tree G, and v, isat the O-th layer. If welet A v,,v3 |, then
Lv Lvs LA 1 Thesetof descendentsof v, are vs,Ve,V7,Vi0,V11 . The set of children of v
are Vs,Vg, V7 . X Vio,V11 ;Vs,0 isarelation structure, and vs iscalled ‘the root of X . vip isat depth 1
for x, vs isat depth O for x, and v isat depth 2for x. Letm 3. Then W x V10,V11
U X Vi1,V2,Vs,Ve,V7,V10,V11 .

IfK lorK 2, thediversity coloringontree G V,E issmple. For K 1, wejust assign the same
color to all vertices. For K 2, assign color 1 to al vertices at odd layers and color 2 to all vertices at even

layers. So in the algorithm on diversity coloring on trees below, we only consider the non-trivial case
K 3.

Algorithm 3.1: Diversity Coloringon TreeG V,E

Input: Tree G V,E , positive integers K, N, m.

Output: A diversity coloring on G.

Prerequisite: min| $v| K. N K 3.
vV

Algorithm:
1. Let xo be arelation structure ({theroot of G} ; theroot of G; 0), X X0 ,Y

2.1f X Y , arbitrarily color the uncolored verticesin G, and exit the algorithm; otherwise go to
step 3.1.
311If X , g0 to step 4.1; otherwise go to step 3.2.
3.2 Arbitrarily choose arelation structure, say X~ A;r;d ,in X
Define Cyn 1,2, N c|cisacolor usedinU x
Use colorsin Cy, to color uncolored verticesin U x inthisway: first color vertices at depth d for
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x; after all vertices at depth d for x are colored, color verticesat depthd 1 for x; after all vertices at depth
d 1forxarecolored, color verticesat depthd 2 for x; and so on until al the colorsin Cy, are
used or all verticesin U x are colored. Each color in C, can be used at most once.

Let Anew A, and do:

While ( Anew AND a A, $ a containsno lessthan K different colors)

{
Atemp V| a Anst visachildofa .
Anew Atemp-

}

If Apew , do:

drev thedepth for x at which the colorsin C, are used last.

If all the vertices at depth dnew fOr x are colored, let dpew ~ dnew 1.

If LArew LT drew M insert Xnew  Anew;r;dnew into X; otherwise insert
Xnew  Anew;l;dnew iNtOY.

}
Deletex  A;r;d from X, and go to step 3.1.

411f Y , goto step 2; otherwise go to step 4.2.

4.2 Arbitrarily choose arelation structure, say x  A;r;d ,inY.
LetS  s|sisavertexatthemin 2091 M | A -thlayer; sisadescendent of r; s
hasat least 1 descendentinAors A .

Foreverys Sdo:

{
Ifs AP S ; otherwise P plp A pisadescendent of s}.

While (P AND p P, §p containsnolessthanK different colors)

{ Ptemp vl p Pst visachildof p .
P Ptemp.

}

If (P ) do:

{

dew d Ls Lr.
If v e|eisat depth dney for therelation structure P;s;dnew , Viscolored, then

dnew dnew 1
If LP Ls dwew minsety P;Sduen intoX; otherwiseinsert y  P;S dpey into
Y.

}
}

Deletex  A;r;d fromY, and go to step 4.1.

Below isan example of diversity coloring on tree using Algorithm 3.1.
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Example 3.3: Diversity color thetree G V,E inFig.8(a. K N 9 m 3.

«— O-th layer

1st layer

«— 2nd layer

<«— 3rd layer

Areas: 1]
Fig. 8: (a) A tree G(V,E).

(b) Diversity coloring on tree G(V ,E).
Here N=K=9, m=3.

When we color the tree G using Algorithm 3.1, first we use the 9 colorsto color verticesin the tree
from top to bottom. Therefore verticesvi, v2, , Vg areassigned color 1,2, , 9 respectively. (See
shaded area 1 in Fig. 8 (b).) At that moment, the set of vertices whose neighborhoods of radiusm 3
containsK 9 different colorsare vy, V2 .

To continue coloring, we derive two subtrees from the tree G. The first subtree, denoted by T4, isthe
subtree with vertex set  vs, V1, V2, Va4, Vs, Ve, Vo, Vo, V11, V12, Vi3 . The second subtree, denoted by T, is
the subtree with vertex set  va, Vs, Vs, V2, V1, V3, V7, Vs, Va4, V15, V16, V17, Vis, V19, V2o . Notice that every
vertex of G whichisin both T, and T, isalready colored, so T; and T2 can be colored seperately in the
future. What’ s more, for any vertex of G whose neighborhood of radiusm 3 containslessthanK 9
different colors, its neighborhood is either totally contained in subtree T, or totally contained in subtree T,
and therefore the subtree containing its neighborhood has enough information to decide how to do coloring
so that that neighborhood will have K different colors.

T1 doesn’t contain color 7 or 8, so we assign color 7 and 8 to uncolored verticesin Ty “from top to
bottom”. So vertices vip and vi; are assigned color 7 and 8 respectively. T, doesn’t contain color 9, so we
assign color 9 to vertex vi4. (See shaded area 2 in Fig. 8 (b).) Now the set of vertices whose neighborhoods
of radiusm 3containsK 9different colorsare vi, V2, V3, V4, Vs, Vg .

Now we derive two subtrees from T, and T». The first subtree, denoted by Ts, is the subtree with
vertex set v, Vo, Va, Vs, Vs, Vo, Vio, Vi1, Vi2, Vi3 . The second subtree, denoted by Ty, isthe subtree with
vertex set Vs, Vi, Vs, V7, Vs, V14, V15, V16, V17, V18, V19, V2o . T3 doesn’t contain color 3, so we assign color
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3to vertex viz. T4 doesn’t contain color 4, 5, 6, so we assign color 4, 5, 6 to vertices vis, Vis, Vi7. (See
shaded area 3 in Fig. 8 (b).) Then the set of vertices whose neighborhoods of radiusm 3 containsK 9
different colorsare vi, V2, ,Viz .

We derive asubtree, dentoed by T5, from T4. T5 has vertex set V1, V3, V7, Vg, V14, V15, V16, V17, V18,
Vig, V2o . T5 doesn’t contain color 2, so we assign color 2 to vertex vig. (See shaded area4 in Fig. 8 (b).)
Then the set of vertices whose neighborhoods of radiusm 3 containsK 9 different colorsare  vi, va,

yViz .

Fi naIIy we derive a subtree, denoted by Te, from Ts. Te hasvertex set vz, Vis, Vis, V17, V7, V14, Vis,
Vig, V2o . Tg doesn’t color 1, 8, so we assign color 1 and 8 to vertex vig and vyo. (See shaded area5in Fig.
8 (b).) At thismoment, every neighborhood of radiusmin G contains K different colors, even though
vertex vi3 hasn't been colored yet. We arbitrarily assign acolor (e.g. color 1) to vi3, and get the diversity
coloring shown in Fig. 8 (b).

We've narrated the process Algorithm 3.1 colored thetree G V, E . In Algorithm 3.1, each subtree (as
the ones mentioned above) is characterized by arelation structure. There are two sets, Xand Y, in
Algorithm 3.1, each of which contains relation structures as its elements. Every derived subtree
corresponds to arelation structure—say x—in set X, and the vertices of that subtree are the verticesin
U x . Eachrelation structure in X satisfies some specia conditions so that coloring can be done correctly
on them. If arelation structure doesn’t satisfies those conditions, it’'ll be placed in set Y, and will be
‘normalized’ (either *splitted’ or modified) at step 4.2 in Algorithm 3.1 before inserted into X. The rea
process of coloring using Algorithm 3.1 is briefly listed in Appendix | for better understanding of the
algorithm’ s data structure.

The essence of Algorithm 3.1 isthat it utilizes the fundamental property of atree, which isthereisno
cyclein the tree, so neighborhoods in the tree have a good ‘ ordering’. Algorithm 3.1 colorsthe verticesin a
sequence according to the ‘ordering’ of neighborhoods, so it can color verticesin agreedy fasion. To
visualize Algorithm 3.1, let’ssay W x is“the area covered by relation structure x”. When the algorithm
begins, after step 1 is executed, there is only one relation structurein X Y, which is ({the root of the
tree}; the root of the tree; 0), and that relation structure covers the ‘whole area of the tree’. When the
algorithm proceeds, for any relation structurein X or Y, the area it covers either shrinks or splitsinto some
smaller areas, each of which is covered by a new relation structure. At no moment do any two relation
structuresin X or Y have any ‘overlapping’ in the areas they cover (which will be proved as Property 10 in
Lemma 3.1), and the total area covered by relation structuresin X Y keeps shrinking throughout the
algorithm, which finally becomes nothing. For any vertex not in the area covered by some relation
structure in X or Y, its neighborhood contains no less than K different colors. (That will be proved as
Property 12 in Lemma 3.1.) So at the end of the algorithm all neighborhoods contain no less than K
different colors, and the treeis correctly diversity colored. Algorithm 3.1 isagreedy algorithm which uses
the *divide and conquer’ method. Analysis shows that the computational complexity of Algorithm 3.1 is
linear in the size of the tree. So it’ s very efficient.
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Lemma 3.1 below lists 12 properties of elements (relation structures) in set X and Y in Algorithm 3.1.
They are helpful for understanding the underlying ideas of the algorithm. And they will aso be used to
prove the correctness of the algorithm.

Lemma 3.1: Suppose Algorithm 3.1 isused to diversity color atree G V,E . Let N, K and m have their
meanings as before. Algorithm 3.1 hastotally 6 steps. After the complete execution of any step, elements
(relation structures) in set X and Y have the following properties:

Property 1. X Xorx Y,sayx A;r;d,thenal verticesin A are at the same layer.
Property 2. (I) x X,sayx A;r;d, then exactly one of the following two casesistrue:
(1) r isacommon ancestor of al the verticesin A.

A .
() x Y,sayx A;r;d,thenonlycase (1) istrue.
Property 3: X Xorx Y,sayx Ar;d,then vertexv Ast. § v containslessthan

K different colors.
Property 4: x Xorx Y,sayx Ajr;d,thend O.
Property 5: x Xorx Y,sayx Ajr;d,then vertexvatdepth forx, (1) if 0 and
u Ast.d®v,u m,thenviscolored; (2)if 0 d, then v is colored.
3) if d, then v is uncolored.

Property 6: x Xsayx Ard,thenLA m Lr LA.
Property 7: X Xsayx Ard,thenLA Lr d m
Property 8: x Y,sayx Ar;d,thenLA Lr d m

Property 9: X X,sayx Ar;d,then vetexa A1) $a Ux;
(2) viv ¢ a,viscolored viv. U x,viscolored. .

Property 10:  twoelementsxandyinsetX Y, ()Wx Wy ; (2) dl verticesin
Ux Uy arecolored.

Property 11:  x Xorx Y, al thecolored verticesin U x have different colors.

Property 12:  vertexv V,ifv W x ,then § v containsno lessthan K different colors.
x XY

The proof of Lemma 3.1 is presented in Appendix I1.
Theorem 3.1: Algorithm 3.1 diversity colorsthetree G V,E correctly.

Proof: First let’s show that Algorithm 3.1 will terminate in afinite number of steps, whichis
equivalent to showing that both step 3.2 and step 4.2 will be executed only finite number of times.

Say step 3.2 isto be executed, and letx  A;r;d , Cyn and d have the same meaning asin step 3.2.
By Property 3, thereexistsv =~ A s.t.  § v containslessthan K colors. By Property 9, & v Ux,
and uju ¢ v, uiscolored uu U x, uiscolored . SoU x containslessthan K colors, and
U x| Sv| K.SoCun . By Property 11, all colored verticesin U x have different colors, so
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there are less than K colored verticesinU x . Soin U x thereisno lessthan 1 uncolored vertex, and by
Property 5 al those uncolored verticesin U x are at depth no lessthan d for x. In step 3.2, colorsin Cy,
are used to color verticesin U x ‘depth by depth’ beginning at depth d for x, so at least one vertex is
colored every time step 3.2 is executed. There are only finite verticesintree G V,E . So step 3.2 will be
executed only finite number of timesin Algorithm 3.1.

By Property 10, for any two relation structuresxandyinX Y, WX WY . So

% W z , thereisauniquerelation structurez  Xorz Y st. v Wz.DefineLmsx max L v.
zXY vV

Now associate each vertex v VwithavalueR v thisway: if v Wz, thensayz, Ay;ry;dy is
zXY

the uniquerelation structurein XorY s.t. v. Wz, ,andweletRv Ly ;ifv W z , then we
zXY

letRv  Lmax-

Say step 3.2 isto beexecuted, and let X  A;r;d and Xpew  Anew;';drew have the same meaning as
instep 3.2. Note that either Anew A, OF every vertex in Aney IS a descendent of some vertex in A. So
W Xnew ~ WX .Foranyvertexv,ifv. W x ,thenR v remainsthe same before and after step 3.2is
executed. If v. WX WXnew ,thenRv L1t L beforestep 3.2 isexecuted, and R v Lyax

after step 3.2 because after step 3.2, v Wz.lIfv Wxnew,Rv L r bothbeforeand after step
zXY

3.2. Sofor any vertex v, R v doesn’t decrease after step 3.2 compared to its value before step 3.2.

Say step4.2istobeexecuted. Let x  A;r;d Y havethe same meaning asin step 4.2, and let
Y1 PiSiidnew: Y2 P2;S20new2 5 5 Yno PniSnidnewn beall those relation structures
inserted into X or Y at that step 4.2. Sincex Y, by Property2 Lr L A .We veshown in the proof of
Lemma3.lthatLs; Ls; Lsy, Lr.Andweknow W y; Wx fori 1,2, ,n.For
any vertex v, if v W x , then R v remains the same before and after step 4.2 is executed. If
v Wx Wy ,thenRv Lr L beforestep4.2isexecuted, and Rv Ly after step

lin

42.1f v. Wy; ,thenRv L r beforestep4.2,andRv L s L r after step4.2. So
v WX ,Rv remainsthe same before and after step4.2;, v W x, R v dtrictly increases after step
4.2 compared to its value before step 4.2—and note that W x . Since step 4.2 increases the value of
R v for some verticesv, and no step in Algorithm 3.1 decreases the value of R v for any vertex v, and for
any vertex vthevalue R v has an upper bound Lmax, SO step 4.2 will be executed only finite number of
timesin Algorithm 3.1.

So Algorithm 3.1 will terminate in finite number of steps, and the last step executed in the algorithm is

step2,whenX Y . X Y means that for any vertex vinthetreeG V,E ,v W x , and by
X XY

Property 12 $ v contains no less than K different colors. So every neighborhood of radius min the tree
G V,E contains no lessthan K different colors when Algorithm 3.1 terminates. Sothetree G V,E is
correctly diversity colored by Algorithm 3.1.

Notice that in Algorithm 3.1, we can always let N be equal to K and diversity color the tree with only K
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colors. Since Nmin K for any diversity coloring, we have the following two nice corollaries:

Corollary 3.1: Given positiveintegers K, mandtreeG V,E ,if K min| § v | thenNmn K. If
vV

K min| $ v |, thenthetreeisnot colorable.
vV

Corollary 3.2: Algorithm 3.1 outputs optimal diversity coloring ontreewhenwelet N K.

At the end of this section, we present the proof of Theorem 2.2, which isfirstly mentioned in Section

Theorem 2.2: Let K and mbe positiveintegers, K m 1. For any graph G V,E , either Nmin K, Or

Gisnot colorable—whichmeansmin | $v| K.
vV

Proof: First consider the case where G isa connected graph. If min| § v | K, then by Proposition
vV

2.1 Gisnot colorable. Now supposemin | $ v| K.LetT V,E"T beaspanning tree of G. It's not hard to
vV

seethatforanyv V, | L, v|] minm 1,V| K.By Corollary 3.1, we can color T using K colors
suchthat [, v containsat least K different colorsfor any v V. Let’s apply the same coloring to G, then
since |, Vv S v foranyv V,each neighborhoodin G also contains at least K different colors, so
the coloring isadiversity coloringon G. SO Nmin K.

If G isnot connected, apply the above proof to each component of G, and the theorem still holds.

V. DIVERSITY COLORING ON RINGSAND TORI

In this section we study diversity coloring problems on rings and tori. Rings are common network
structures, and they are also often embedded into other networks to realize some functions. Tori are very
popular network structures in parallel and distributed systems.

A. Diversity Coloring on Rings

Definition 4.1: Aringisagraph G V,E withvertexset V. vo,vi, ,Vj1 and edge set
E Vi,Vi 1 mod|V| | I 01 11 1|V| l .

Inaring with no lessthan 2m 1 vertices, each neighborhood of radius m has exactly 2m 1 vertices.
In this sub-Section A, we generalize the concept of a neighborhood in aring such that the number of
vertices in a neighborhood can be not only odd, but also even. And we'll see that the resultswe'll get in
this sub-section applies equally well to both cases.

Definition 4.2: A neighborhood inaring G V,E isaset of L consecutive verticesinring G:
VimodV,Vi 1 modV, Vi L 1mody - HereL isagiven positive integer. Notice that when L is odd, then
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the neighborhood corresponds to the * neighborhood of radius % as defined before.

Sincein aring all neighborhoods have the same size, we usually want to color the ring such that for
any neighborhood, all verticesin it have different colors—that is, let K L—because that kind of coloring
corresponds to the K-out-of-N file distribution scheme where each gateway stores a file segment of length
% of the original file, which is the minimum possible memory requirement. In this sub-section we'll
awayslet K L. And the parameter L will always have the same meaning as in Definition 4.2.

Below we present an algorithm for diversity coloring aring. It’' |l be shown later that this algorithm
always outputs optimal diversity coloring on rings.

Algorithm 4.1: Diversity Coloringon Ring G V,E
Input: Ring G V,E , positiveintegersK, N, L.
Output: A diversity coloring on G.

Prerequisite: V| L.K L N K [MmdK

M
K

Algorithm:
Liex v & N My N K v
2.For0 i 1, J N 1 assigncolorj 1tovertex vinj.

X
3. For0 i y 1, ] N 2assigncolor j 1ltovertex Vinin1 j

Algorithm 4.1 has complexity  |V| . The following theorem proves the correctness of Algorithm 4.1.
Theorem 4.1: Algorithm 4.1 diversity colorsring G V,E correctly.

Proof: Algorithm 4.1 colorseachof thexN y N 1 K W V| %

K

V|mod K \Y V|mod K V|mod K V] . . .
K~ Mmde g Mmoo gk Mmde V] V| verticesinring G once and
K K K

only once. It ssimpleto verify thaty 0.1fy 0, then the distance between any two vertices of the same

colorisatleast N K W K L.Ify O,thenN |—\K’| V| and therefore IVlnlj/clndK 1, 50

K K
the distance between any two vertices of the samecolorisatleasstN 1 K L. Sothedistance of any

two vertices of the same color is no lessthan L anyway. Therefore any neighborhood in the ring contains
L Kdifferent colors. So the coloring on thering is a diversity coloring.

Theorem 4.2: Givenring G V,E and parametersK andL, (K L |V]), Nmn K W .

K

V|modK

V|modK
M K .
K

M

K

Proof: Algorithm 3.1 diversity colorsring GwithN K colors, SO Nmin

Now suppose we have adiversity coloring on the ring. Since any neighborhood containsK L
different colors, the distance between any two vertices of the same color is at least K. So for any color in

thering, there are at most % vertices of that color. Therefore there are at least
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MmodK — Therefore

K M vimodk . . .
é £ i K % different colorsinthering. SO Nmin K %
weget N K DB
K
The following three corollaries describe the relationship between Npin and [V|—the number of vertices
inthering G V,E .
Corollary4.1: K Nmn 2K 1foranyringG V,E and parametersK and L. (HereK L |V)).
Proof: 0 MMmedk KL K 1,sobytheorem4.2 K Nmn 2K L
K K
K),ifN K L,thenringGis

Corollary 4.2: Givenring G V,E and parametersK, N and L, (|V|
colorableif and only if V| is multiples of K.

Proof: Apply Theorem 4.2 directly.
thenring Giscolorable. If

Corollary4.3: Let G V,E bearing, K LandN K.If V] K =&,
IV K £+ 1, thenring Gisnot colorable.
Proof: If V] K &% ,thenNmn K W K X N, so ring G is colorable. If
K N K
M K KL 1 thenNmn K HM2EE K ‘7 K N K NsoringGisnot
K

colorable.
The following example shows the value of Nmin asafunction of |V|. It ‘visualizes' the three corollaries

above.
Example4.1: Let G V,E bearing. Fig. 9 plots Nmin asafunction of |V| for the problem of diversity

coloringring G,whenK L 6.
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Fig. 9: Nmin V.S. |V, for the problem of diversity coloring ring G(V,E) withK L 6.

We see that when L, the length of the ring, increases, Nmin gets into a smaller and smaller range around
K. For reasons discussed in Section |, the average decoding complexity usually getslow when N is close to
K. What’s more, from Corollary 4.3, we see that whenring G V,E hasnolessthanK K 1 vertices, at
most K 1 colors are needed to diversity color the ring. That property is useful becausewhenN K 1,
for the K-out-of-N file distribution scheme, K file segments can be got by simply splitting the file into K
parts, and the extra file segment can just be the exclusive-OR of the other K segments. Then for the
decoding, only the exclusive-OR operation is needed, and that makes the decoding very simple. Similarly
whenring G V,E hasno lessthan K % vertices, at most K 2 colors are needed to diversity color the
ring. When N K 2 we can use the EVENODD code [2] for the K-out-of-N file distribution scheme,
and the decoding of EVENODD code also uses only the exclusive-OR operation. So when the size of the
ring is sufficiently large, the decoding work of the K-out-of-N file distribution scheme has very low
complexity.

B. Diversity Coloring on Tori

Definition 4.3: An X Xtorusisagraph G V,E withvertexsetV  vi;|i 0,1, X 1,
j 01 X 1 andedgeset E Viji,Vi1modxj » Vij,Vi,jimoax |1 0,1, X 1,
i 01 X 1.

Example 4.2: Fig. 10 showsa3 3torus. Note that in this paper, verticesin atorus will always be
labelled the same way asin Fig. 10.

Voo | Voa | Vo2

Vio | V11 | V1.2

V20 | V21 | V22
Fig.10: A3 3Torus
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m

Inan X Xtorus(X 2m 1), each neighborhood of radius mcontains 1 4 2m*> 2m 1
i1
vertices. For the same reason as discussed in sub-Section A, in this section we always let
K 2m?> 2m 1. ActudlywhenK 2m? 2m 1, adiversity coloring on tori ensuresthat any two
vertices of the same color have distance at least 2m 1 between them, and therefore the diversity coloring
problem for tori fallsinto the category of 2-dimensional interleaving scheme as studied in [3].

In [3], Blaum et al. defines a graph to be t-interleaved if the distance between any two vertices of the
same color isno lessthan t. (So here2m 1 correspondsto t.) Their results, if appliedto X  Xtori, solves
the case where X is multiples of K. The algorithm we'll present in this section gives the solution to general
Cases.

Before we present the algorithm for diversity coloring on tori, note that the main feature of the
algorithmisits ‘shift property’ —for any vertex v;; in thetorus, vertex vi m 1 modx, j m moax hasthe same
color asv;;. Aswill be shown in Corollary 4.6, the algorithm guarantees to output optimal diversity
coloring when the size of the torusis sufficiently large compared to K, and also in some other cases.

Algorithm 4.2: Diversity Coloring on TorusG V,E

Input: An X XtorusG V,E , positive integers K, N, m.

Output: A diversity coloring on G.

Prerequisite: X 2m? 2m 1L K 2m? 2m 1 N K Xmdk

Algorithm:
1. Let XmodK Xmodk x  Xmod K,y 2= XX X m,
K K
Yo X m 1.
Letf: x y| xand yareintegers,| x| |y m 1,2, ,2m* 2m 1
be any bijective mapping.
2for0 i x 1
{
for m x m
for m | « y m |
for0 j] X 1
{
p i m x Jm 1 modX;
q | m 1 y Jm modX;
assigncolorf , y tovertex vpg.
}
for 1 |
for0 | X 1
{
p i m j 1Imodm 1 1 Im 1 modX;
q | m 1 j 1modm 1 4 m Im modX;

m1l
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assigncolor 2m?> 2m 1 jtovertex vpq.

}
}
foor0 i y 1
{
for m x m
for m | « y m |
foor0 j X 1
{ | |
P Xo | m x jm 1 modX;
g VYo | m 1 y Jm modX;
assigncolorf , y tovertex vpg.
}
for 1
foor0 I X 1
{ | _
P Xo i m j 1modm 1 1 Im 1 modX;
g VYo | m 1 j 1modm 1 ﬁ m Im modX;
assigncolor 2m?> 2m 1 jtovertex vpq.
}
}

Algorithm 4.2 directly computes the color assigned to each vertex. It's computational complexity is
\1
Below we give an example of diversity coloring atorus using Algorithm 4.2. The example reveas the
ideas underlying Algorithm 4.2.
Example4.2: Let G V,E bean X XtoruswithX 13.Letm 1,K 5N 7. WeuseAlgorithm
4.2 to diversity color G, and let the function f in the algorithm be defined this way:
xw y | 00 01 1,0 | 0, 1| 1,0
f Xy y 1 2 3 4 5
Thefinal coloring isshown in Fig. 11 (both (a) and (b)).
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(8 A “ring” consisting of connected neighborhoods
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Fig. 11: Diversity coloring on a 13 13 torus.
m=1, K=5, N=7.

InFig. 11 (a), 13 neighborhoods of radiusm 1 are shaded. Each shaded neighborhood contains
K 5colors—color 1, 2, 3, 4 and 5. And the relative positions of the 5 colors in those neighborhoods are
al the same. Those 13 neighborhoods connect to each other and form a“ring” in the torus. In Fig. 11 (b)
two such “rings’ are shown. (One “ring” is of dark shade and the other “ring” is of light shade.) If we see
the torus as a two-dimensional linear space, then the two “rings’ partition the space and |eave two “gaps’
between them—we filled one “gap” with color 7 and 6, and filled the other “gap” with color 6. Now it
becomes clear why the coloring in Fig. 11 isadiversity coloring—for any two vertices of the same color in
thetorus, it’'s easy to verify that the two neighborhoods of them of radius 1 must be digoint.

The above ideas actually apply to general cases. When Algorithm 4.2 isused to color an X X torus,
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thereare X % digoint neighborhoods each of which containsK colors—color 1,2, ,K—andinall

of which colors have the same relative positions. X of those neighborhoods connect to each other and form

a“ring”, and therefore there are % such “rings’. Each ring contains XK vertices. Those % “rings’

partition the two-dimensional space of the torus and leave % “gaps’ among them. Those % “gaps’

contain totally X2 % XK X XmodK vertices, and Algorithm 4.2 makes those “gaps’ as even as

possible so that the biggest “gap” can be filled with XmTQdK colors—colorK 1,K 2, K

K
XmodK _and the smallest “gap” can befilled with *™4K colors—color K 1, K 2, K
K K
Xmodk - That’swhy Algorithm 4.2 can useasfew asK XK colorsto diversity color the X X
K K
torus.

Theorem 4.3: Algorithm 4.2 diversity colorsthe X X torus correctly.

Proof: First let’s prove that Algorithm 4.2 colors each vertex in the torus exactly once. Denote the
‘total number of times a color is assigned to avertex in the process of coloring’ by T, and let all variables

have the same meanings as in Algorithm 4.2, then clearly:
x 1 m ml« X1 X1 yl m m|« X1 X1

T 1 1 1 1
io x m y m|y jo ilro i0 x my M xjo ilro
XX x1
By the definitionsof and we know either or 1If , then Xm—i‘“ and is
K
aninteger,sox Xmod K 0,andthereforeT XX 0 X2 If 1, then
T XX x1 1 X2.S0T X?anyway. Therefore Algorithm 4.2 assigned colorsto

verticesin the torus totally X? times. It can be verified that at any two moments of coloring in the
algorithm, the two vertices colored have different indices and thus are different vertices, (the verification
method is straightforward cal culation, and for simplicity we omit the details), so each of the X2 verticesin
the torusis colored at most once. Now we know that each vertex in the torusis colored once and only once
by Algorithm 4.2.

Now we need to show that for any two vertices of the same color, the distance between them is at |east
2m 1. Again the method is straightforward calculation, and for simplicity we omit the details. Since any
two vertices of the same color are at least 2m 1 hops away from each other, they cannot be contained in
the same neighborhood of radius m. Therefore in every neighborhood of radius m, al the colors are
different. So every neighborhood of radius min the torus contains2m? 2m 1 different colors. So the
coloring Algorithm 4.2 assigned to the torusis a diversity coloring.

Corollary 4.4: Givenan X XtorusG V,E and parametersK andm, (X 2m? 2m 1,
K 2m?> 2m 1),wehaveNpy, K Xmdk

K

Proof: Algorithm 4.2 diversity colorsthetorusG V,E withN K XmT"dK colors, so

K
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XmodK
Nmin K —x -

K

Corollary 4.5: Let G V,E beanX Xtorus,andlet K 2m? 2m 1.(1) Nmn Kif and only if
KIX; (29WhenX KK 1,ifK X thenNmn K 1

Proof: (1) First let’sshow that Npin, K ifandonly if K| X. When K | X, letN K, and we can use
Algorithm 4.2 to color the X  Xtorus. SO Nmin K if K| X.

Now Suppose thereisadiversity coloringonan X Xtorusthat uses2m? 2m 1 K colors. For
colori (1 i K), sincethe distance between any two verticesof color i isat least2m 1, all
neighborhoods of those vertices of color i of radius mare digoint. Now by the sphere packing principle,
since each neighborhood contains2m? 2m 1 vertices, there are at most X2 XTZ vertices of

2m? 2m 1
color i. Since al verticesinthe X X torus are colored and there are totally K colors, there are exactly XTZ
verticesof coloriinthetorus(1 i K).Soforanycolori (1 i K),the neighborhoods of those
vertices of color i of radius mhave a‘close packing’ in the torus [3] [13]. It's easy to verify that thereis
only one way of ‘close packing’ neighborhoods in torus, and it’s awell-known result that such a‘close
packing’ existsinan X Xtorusonly if 2m? 2m 1 |X. Thereforeif Nmn  2m? 2m 1 K, then
KX

(29When X KK 1 andK X, by part (1) weknow Npmin K 1. Since we can let
N K XmdK anduseAlgorithm4.2tocolortheX Xtorus, andK — XmdK K 1when

K

K
X KK 1,wehaveNmn K 1whenX KK 1 andK X ThereforewhenX KK 1,if
K X,thenNmin K 1

Corollary 4.6: WhenX K K 1 or XmodK 1, Algorithm 4.2 guarantees to output optimal
diversity coloringonthe X Xtorus. (HereK 2m? 2m 1)

Proof: Suppose X K K 1 or XmodK 1.ThenNmn KifK|X,andNmn K 1otherwise. In
Algorithm4.2 N K XmTOdK , which equalsK if K | X and equalsK 1 otherwise. Therefore

K
Algorithm 4.2 colors the torus using exactly Npin colors.

We see that Algorithm 4.2 uses asfew as K XmTOdK colorsto color an X X torus. When X, the size
K

of the torus, is sufficiently large compared to K, the number of colors used can get very colse to K. So for
the same reason as discussed in sub-Section A, when the size of the torusis sufficiently large, the decoding
work of the K-out-of-N file distribution scheme has very low complexity.

V. CONCLUDING REMARKS
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We have proposed the K-out-of-N file distribution scheme for distributively storing datain mobile
networks, and formulated the scheme as a diversity coloring problem when each gateway stores onefile
segment. We' ve studied properties of diversity coloring on general graphs, mainly on Nin, the minimum
number of colors necessary for diversity coloring. A diversity coloring algorithm for general graphsis
presented. That algorithm essentially reduces the diveristy coloring problem to a vertex coloring problem,
and it has linear complexity if sufficient colors are used. We' ve presented a linear complexity diversity
coloring algorithm for trees, which is an algorithm using greedy coloring and the * divide and conquer’
technique. The algorithm for trees always outputs optimal coloring when we let N be equal to K. Also
we've given diversity coloring algorithms for rings and tori. The algoirthm for rings always gives optimal
coloring. And the algorithm for tori guarantees to give optimal coloring when the sizes of tori are
sufficiently large compared to K, as well asin some other cases. For both rings and tori, the number of
colors the algorithms need gets very close to K when the rings and tori are large, therefore enabling the
decoding complexity to become very low.

The K-out-of-N file distribution scheme can be seen as a generalization of both the multicenter
resour ce allocation scheme and the file segmentation scheme.lt not only allows the segmentation of files,
but also employes parity information. The existence of parity information increases the variety of file
segments and makes better file placements possible. For example, consider aring with 7 vertices. Suppose
we want to assign segments of afile to vertices such that each vertex in the ring can retrieve enough file
segments from its two neighbors and itself for recovering the file, and it’ s required that each vertex can
store at most one third of the file. By using the K-out-of-N schemewith K 3and N 4, we can find the
placement solution which corresponds to such a coloring on thering: * 1-2—-3-4-1-2-3'. However no
feasible solution exists if parity information is not used.

Generally speaking, the K-out-of-N file distribution scheme adapts to network structures better because
of the freedom induced by the increased variety of file segments. So it can find placement of file segments
of better performance (delay, data flow, load balance, etc.). The K-out-of-N file distribution scheme also
enhances the network’ s capability to tolerate faults (failure of gateways, loss of file segments, etc.),
because the greater varity of file segments increases the possibility that K different segments exist when
faults appear, which are enough information for the file recovery.

Naturally we can generalize the diversity coloring problem into a multi-diversity-coloring
problem—suppose each vertex can be assigned any number of colors, how to color the verticesin a graph
so that each neighborhood of radius m contains at least K different colors? The coloring should be
optimized according to some criteria such as memory requirement, load balancing, etc. The
multi-diversity-coloring problem remains as our future research work.

APPENDIX |

In this appendix, the process of diversity coloring thetree G V,E in example 3.3 isbriefly listed in the
table below.
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Execution | Execution Content Vertex Colored during this Set X and Y when this
Sequence # execution: Color of thevertex | execution isdone.
1 Execute step 1. X vi ;v;0 .Y
2 Execute step 2 and 3.1. Asin execution #1.
3 Executestep3.2.x  Ar;d | viil; vo:2; v3:3; X
vi ;Vv1;0 inthis Va:4; Vs:5; vg:6; Y V2,V3 ;V1;3
execution. V7:7; Vg:8; Vvg:9.
4 Execute step 3.1 and 4.1. Asin execution #3.
5 Executestep4.2.x  A;r;d X V4,Vs,Ve ;V2;2 ,
V2,V3 ;V1;3 inthis V3 ;V3;2
execution. Y
6 Executestep 4.1, 2, 3.1. Asin execution #5.
7 Executestep3.2.x  A;r;d | vio: 7; vii: 8. X V3 ;V3;2
Va4,Vs,Ve ;V2;2 inthis Y Vg, V10, V11,V12,V13 ;
execution. Vo; 2
8 Execute step 3.1. Asin execution #7.
9 Executestep3.2.x  A;r;d | via: 9. X V7,Vg ;V3;2
V3 ;Vvs3;2 inthis Y Vg, V10,V11,V12,Vi3 ;
execution. Vo; 2
10 Execute step 3.1. Asin execution #9.
11 Executestep3.2.x  Ar;d | vis:4; vig:5; viz:6. | X LY Vg, V10, V11,
V7,Vg ;V3;2 inthis Vi2,V13 ;V2;2, Via,Vis,
execution. Vie,V17 ;V3;3
12 Execute step 3.1, 4.1. Asin execution #11.
13 Executestep4.2.x  A;r;d X Vg, V10, V11, V12,V13 ;
Vo, V10, V11,V12,V13 ; vs;1 .Y V14,V15, V16,
Vo; 2 inthisexecution. Vi7 ;V3; 3
14 Execute step 4.1. Asin execution #13.
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Execution | Execution Content Vertex Colored during this Set X and Y when this

Sequence # execution: Color of thevertex | execution isdone.

15 Executestep4.2.x  A;r; X Vg, V10,V11,V12,V13 |
d V14,V15,V16,V17 , vs;1, Vi, Vis,Vie, Va7
vs; 3 inthisexecution. vi;2 .Y

16 Executestep 4.1, 2, 3.1. Asin execution #15.

17 Executestep3.2.x  Ajr; | viz @ 3. X V14,V15, V16, V17 ;
d Vo, V10, V11, V12, v7;2 .Y

Viz ;Vs:1 inthisexecution.

18 Execute step 3.1. Asin execution #17.

19 Executestep3.2.x  Ajr; | vig: 2. X
d V14,V15,V16,V17 , Y Vg, V19,V20 ;V7,
v7; 2 inthisexecution. 2

20 Execute step 3.1, 4.1. Asin execution #19.

21 Executestep4.2.x  Ajr; X Vig,V19,V20 ; V14,
d Vis,V19,V20 ;V7; 1.Y

2 in this execution.

22 Execute step 4.1, 2, 3.1. Asin execution #21.
23 Executestep3.2.x  Ajr; | vig:1l; vy :8. X
d Vig,V19,V20 ;Via; Y

1 inthisexecution.

24 Execute step 3.1, 4.1. Asin execution #23.

25 Execute step 2. viz 1. X LY

Algorithm Ends.

APPENDIX I

This appendix presents the proof of Lemma 3.1.

Proof: We prove Lemma 3.1 by induction. Of all the 6 stepsin Algorithm 3.1, step 2, step 3.1 and step
4.1 don’t change any element in set X or Y. So we only need to check what happens at step 1, step 3.2 and
step 4.2.

Step 1 isthefirst step executed in the whole algorithm, and it is executed only once. After step 1is
executed, X contains exactly one element—relation structure theroot of G ;therootof G; 0 ,and Y
It's easy to verify that all the 12 properties are satisfied.

Now suppose step 3.2 isto be executed, and before the execution of step 3.2 all the 12 properties hold.
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Let x A;r;d andXnew  Anew; T dnew  have the same meaning asin step 3.2 of the algorithm. Note that
when step 3.2 isexecuted, x  A;r;d isdeleted from X, and Xnew ~ Anew; I dnew iSthe only relation
structure newly inserted into X or Y—when Anew . After step 3.2 is executed,

1) By the induction assumption, al verticesin A are at the same layer. The way Anew iS produced at
step 3.2 ensures that all verticesin Aney are all at the same layer. Therefore Xnew Satistifes Property 1 after
step 3.2 is executed, and so does any other element in X or Y. So Property 1 holds after step 3.2 is
executed.

2) By the induction assumption, r is either the common ancestor of all verticesin A, or the only vertex
in A. Check the way Anew IS produced at step 3.2, we seethat either Ay~ A, OF every vertex in Apey has
anancestor in A, if Apew . SO Xnew Stisfies either case (1) or case (2) in Property 2.

Next we show that if Xnew iSinserted into Y, then only case (1) in Property 2 istrue—namely, r isa
common ancestor of all verticesin Anew. TO prove that we use contradiction. Suppose case (2) of Property
2—Anew I istrue, and Xpew isinserted into Y. Xpew isinsertedintoYonly if L Apew LT dpew M.
SinceArew  F ,LAwew Lr,sodew mClearly A r ,andbyinduction x satisfies Property 4,
Property 9 and Property 11. Since step 3.2 colorsverticesin U x ‘depth by depth’ using only colors
previously unused in U x , and we already have dnew M, it’snot hard to see that all verticesin § r are
not only colored but all have different colors after step 3.2 isexecuted. So $ r contains| $r| K
different colors after step 3.2 is executed, and therefore Ay~ I according to the way Anew 1S produced
at step 3.2. So we have a contradiction here. So if Xnew iSinserted into Y, then r is a common ancestor of all
verticesin Anew.

S0 Xnew Stisfies Property 2 after step 3.2 is executed. And so does any other element in X or Y. So
Property 2 holds after step 3.2 is executed.

3) Theway Anay is produced at step 3.2 ensuresthat v Apew S.t. § v containslessthan K
different colors, if Xnew iSinserted into X or Y. So Xnew Satisfies Property 3 after step 3.2 is executed. Now
let y be any other element (relation structure) in X or Y after step 3.2 is executed. By induction on Property
10, al verticesinU x U y arecolored before step 3.2 is executed. So no vertex in U y iscolored at
step 3.2. So by the induction assumption, we see y satisfies Property 3 after step 3.2 is executed. So
Property 3 holds after step 3.2 is executed.

4) By induction x has Property 4,sod 0. Atstep 3.2, dnew  d, SOdnew 0. SO Xnew Satisfies Property
4 after step 3.2 is executed. And so does any other element in X or Y. So Property 4 holds after step 3.2 is
executed.

5) At step 3.2, verticesin U x are colored ‘ depth by depth’ for x. Since x and Xnew have the same ‘root’
r, those vertices are al'so colored ‘ depth by depth’ for Xnen. Andclearly 0  d  dnew. So for any vertex v at
depth  for Xpew, (8) if O dnew, then the way dnew is defined ensures that v is colored; (b) if Oand
U Apew St d®v,u  m,thendefine up thisway—if Aney  Athenuo U, otherwise let up be the
unique ancestor of uin A. Since x and Xney have the same root r, vis also at depth 0 dforx. Since
d®vup d®vir d®r,up d®v,r d®r,u  d®v,u m, and by induction x satisfies Property
5, soviscolored. (c) if dnew, then the fact that vertices are colored ‘ depth by depth’ for Xnew at step 3.2
and the way dnew IS defined ensure that v is uncolored. So Xney Satisfies Property 5 after step 3.2 is
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executed.

Now let y be any relation structure in X or Y other than Xnew after step 3.2 is executed. We' ve proved
in part (3) that no vertex in U y iscolored at step 3.2. So by induction we see y also satisfies Property 5.

So Property 5 holds after step 3.2 is executed.

6) Weknow L Anew L A,andbyinductionL A Lr ,s0L Anew LT .Xnewisinsertedinto X
onlyifL Anew LT dnew m andweveproveddney 0, SO
Lr LAwew M dew L Awew m Therefore xney satisfies Property 6 after step 3.2 is executed,
and so does any other element in X. So Property 6 holds after step 3.2 is executed.

7) Xnew iSinserted into X at step 3.20nly if L Apew LT drew M. SO Xnew Satisfies Property 7 after
step 3.2 is executed, and so does any other element in X. So Property 7 holds after step 3.2 is executed.

8) Xnew iSinsertedintoYat step 3.20nly if L Anew LT dnew M. SO Xnew Satisfies Property 8 after
step 3.2 is executed, and so does any other element in Y. So property 8 holds after step 3.2 is executed.

9) SUPPOSE Xnew iSinserted into X at step 3.2. By Definition 3.5, clearly a  Anews, $a@ U Xnew
and therefore vjv ¢ a,viscolored VIV U Xnew , Viscolored . For any colored vertex
VU Xpew , Sy visat depth dy for Xpew. (@) If dy O, by Definition 3.5weknow u  Apew S.t.
d® u,v  m, andtherefored® a,v d®ar d°r,v d®ur d®rv d®uv mso
v $¢a.Mblfd 0d°av d®ar d°r,v La Lr d,.ByProperty5we get
dv  dnew. By Property 7wegetL Anew LT diew MANdLa L Apew SiNCEa  Apew. SO
d®av LAw Lr dwew mTheeforev $a.Nowit'sclearthat vivi S a,vis
colored VIV U Xnew , Viscolored . So Xnew Satisfies Property 9 after step 3.2 is executed. For any
other ralation structureyin X or Y, no vertex in U y iscolored at step 3.2. So by induction y satisfies
Property 9. So Property 9 holds after step 3.2 is executed.

10) Suppose Xnew iSinserted into X or Y at step 3.2, and let y be another relation structurein X or Y after
step 3.2 isexecuted. Since either Ay~ A OF every vertex in Aney IS a descendent of some vertex in A, we
have W Xpew ~ W X and U Xpew U x .ByinductionWx Wy , and all verticesin

Ux Uy aecolored. SOW Xpew WYy Wx Wy ,and al verticesinU X,y Uy are
asoinU x Uy andtherefore are colored. So Property 10 holds after step 3.2 is executed.

11) At step 3.2, only colors previously unused in U x are used to color verticesin U x , and each
color isused at most once, so after the coloring all colored verticesin U x have different colors. Since
U Xnew U x , al colored verticesin U Xnew have different colors. So Xnew Satisfies Property 11. For any
other relation structurey in X or Y, since no vertex in U y iscolored at step 3.2, by induction y satisfies

Property 11. So Property 11 holds after step 3.2 is executed.
12) Let v be avertex such that v Wy after step 3.2 is executed. Then by Property 10, it’s not
y XY

hard to seethat eitherv. WX W Xpew , Or v Wy even before step 3.2 is executed. If
y XY

V. WX W Xnuw , then by checking the way how Aney is produced at step 3.2 we seethat clearly § v

contains no less than K different colors. If v W'y before step 3.2 is executed, then by induction
y XY
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& v contains no lessthan K different colors. So Property 12 holds after step 3.2 is executed.

Now suppose step 4.2 is to be executed, and before the execution of step 4.2 all the 12 properties hold.
Letx A;r;d havethe same meaning asin step 4.2. Note that step 4.2 doesn’t do any coloring. Also
note that at theend of step 4.2, x  A;r;d isdeleted from Y. And during step 4.2 some new relation
structures might be inserted into X or Y. After step 4.2 is executed,

1)Lety P;s dnew beany of therelation structuresinserted into X or Y at step 4.2. By theway P is
produced at step 4.2, it’s easy to see that all verticesin P are at the same layer. So y satisfies Property 1
after step 4.2 is executed. And so does any other element in X or Y. So Property 1 holds after step 4.2 is
executed.

21)Lety  P;s dnew beany of therelation structuresinserted into X at step 4.2. By theway P and s
are produced at step 4.2, it’s easy to see that y satisfies either case (1) or case (2) of Property 2. So Property
2.(1) holds after step 4.2 is executed.

The proof of Property 2 (I1) is placed after part (5) becauseit’ [l use some conclusions to be proved
below.

3)Lety P;sdnew beany of therelation structuresinserted into X or Y at step 4.2. Theway P is
produced ensuresthat v Pst. § v containslessthan K different colors. So y satisfies Property 3. So
Property 3 holds after step 4.2 is executed.

4) Lety P;sdnew beany of the relation structuresinserted into X or Y at step 4.2. Then

dew d Ls Lr d LALLAIM )y Byinductiond 0.So(@ifLA Lr mand

d O thendn  “SE2T Ly Lol r 0 (IFLA Lr mand
d Othendny d tALEL4LM |y trmbA 4l 0. (c)IfLA  Lr mthen

Lr d LA m—otherwiselet vertex v be the parent of any vertex in A, and since by induction x
satisfies Property 5, we can easily verify that & v contains at most 1 color; however by induction,
Property 10 and Property 12 hold even before step 4.2 is executed, soit'salso easy to seethat G v
containsno lessthan K 3 different colors; and that’ s a contradiction. Therefore

Orew d SAEL4Lm |y LrdLAML 05 Sincedne iSan integer, again we have
drew 0. SOy satisfies Property 4. So Property 4 holds after step 4.2 is executed.

5 Lety P;s;dnew beany of therelation structuresinserted into X or Y at step 4.2. By Property 4,
drew 0. Letvbeavertex at depth for y. Consider the following cases:

(a) consider the case drew. Since sis adescendent of r, the depth of v for xis
Ls Lt dew LS Lr .Thewaydnewisproduced ensuresthatdney d LS Lr,so
thedepthof vforxis Ls Lr d Byinduction, x satisfies Property 5, so v is uncolored.

(b) Now consider the case devand u Pst d®uv  m. Notethat dyey can only take two
possblevalues—d Ls Lr ord Ls Lr 1 Alsonotethat either P  Aorevery vertexinPis
adescendent of somevertex in A, soit'seasytoseethat Uy U x.Since u Pst. d®uv mwe
havev Uy andthereforev U x . There are three sub-casesto consider:

(b1) Considere the case d Ls Lr addew d Ls Lr 1 Bycheckingtheway
dnew 1S produced we see that clearly v is colored.



(b2) Consider the case O d Ls Lr.Thedepthofvforxis Ls Lt d.
Sincesisadescendentof r,L s L r,and sothedepth of vfor xis Ls L 0. By
induction x satisfies Property 4, so v is colored.

(b3) Consider the case 0. Then the depth of v for x is at most
|[] 1 Ls 1 Lr |] Ls Lr 2Since u Pst.d®uv m andweknow
d®uv LP Ls ||soweget]| m LP L s.Thereforethedepthof vfor xisat most
||l Ls Lr 2 m LP 2Ls Lr 2 m LA 2Ls Lr 2

m LA 2tALLd4Im 1 2 m LA 2 HALLAIm 1 2 d 1.Snce

v U x and by induction x satisfies Property 5, it's not hard to see that v is colored.
So y satisfies Property 5. So Property 5 holds after step 4.2 is executed.

2.11) In this part we'll prove Property 2.(I1) holds after step 4.2 isexecuted. Lety  P;s;dnew beany
of the relation structuresinserted into Y at step 4.2. It's easy to see that y satisfies either case (1) or case (2)
of Property 2. Now let’s show that in fact, y satisfies only case (1) of Property 2—namely, sisacommon
ancestor of al verticesin P. To prove that we use contradiction. Suppose case (2) of Property
2—P s —istrue.yisinsertedintoYonlywhenL P LS dhew M SOdnew M. SinceP s,
weknows A So $§s Uy Ux.SinceyhasProperty5anddrey M, al verticesin § s are
colored. Since by induction all colored verticesin U x have different colors, $ s contains| §s| K
different colors. Sincey hasProperty 3, P s . So we have a contradiction here. Soy satisfies only case
(1) of Property 2. So Property 2.(I1) holds after step 4.2 is executed.

By part (2.1) and part (2.11), we see Property 2 holds after step 4.2 is executed.

6) Lety P;s;dnew beany of therelation structuresinserted into X at step 4.2. Theway P is
produced at step 4.2 ensuresthatL s L P .AndyisinsertedintoXonlyifLP LS dpew m and
by Property4dnew  0,s0LSs LP m dnew L P m Thereforey satisfies Property 6. So
Property 6 holds after step 4.2 is executed.

7)Lety P;sdnew beany of therelation structuresinserted into X at step 4.2. y isinserted into X
onlyifLP Ls dwew M soysatisfiesProperty 7. So Property 7 holds after step 4.2 is executed.

8)Lety P;s;dnew beany of therelation structuresinserted into Y at step 4.2. yisinserted into Y
onlyifLP Ls dwew m, soysatisfiesProperty 8. So Property 8 holds after step 4.2 is executed.

9) Lety P;sdnew beany of therelation structuresinserted into X at step 4.2. The method to prove
y satisfies Property 9 is the same as the method used to prove that Property 9 holds after step 3.2 is
executed, and we omite the details for simplicity. So Property 9 holds after step 4.2 is executed.

10) Lety;  P1;S1;0new: and y2  P2;Sp;dnew2 beany two relation structures inserted into X or

Yastep4.2.SinceL's; Ls, min FAELALM ) A ands; s, by Definition 3.5 and

Property 2it'seasytoseeWy; Wys .LetvbeanyvertexinUy; Uy,.SnceLs; Ls
ands; s, weget s;andall descendentsof s; sz and all descendents of s; , SO without loss of
generality we can say v s1 and all descendents of s; . Then the depth of v for y; islessthan 0. Since

v Uy ,thereexistsu P; st. d® u,v  m. We've proved that y; satisfies Property 5, sovis
colored. So al verticesinU y; U y, arecolored.
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Now let y  P;s dnew beany of therelation structuresinserted into X or Y at step 4.2, and let
z B;se beany relation structure other than x that isin X or Y even before step 4.2 is executed. By
inductionWx Wz .Itseasytoseethaa Wy Wx,soWy Wz . Also by induction, all
verticesinU x U z arecolored. It'seasytoseeUy U x,soadl verticessinU x U z are
colored, too.

So Property 10 holds after step 4.2 is executed.

11) Let y  P;s dnev beany of therelation structuresinserted into X or Y at step 4.2. Since
Uy U x,andbyinduction all colored verticesin U x have different colors, so all colored verticesin
U y havedifferent colors, too. Therefore y satisfies Property 11. So Property 11 holds after step 4.2 is
executed.

12) Let y1,Y2, ,Ynbeadl therelation structuresinserted into X or Y at step 4.2. Let v be avertex
such that v W z after step 4.2 is executed. Then by Property 10, it’s not hard to see that either
zXY

v Wx Wyr Wy Wy, ,orv W z even before step 4.2 is executed. Now let’s
zXY

consider two sub-cases.

(@) Considerthecasev Wx Wy;r Wy, Wy, . Since
Ls min FALLdImMm 4 A gtheeLs FALLAIM o) 5 |A.If
2 ' ’ 2 :
Ls LALLAIM thenLs Lr LALLALM -andsincex satisfies Property 8, we have

LA Lr d mtheeforeLs Lr 1.IfLs L A,sincexsatisfiesProperty 2,
Ls LA Lr.Soawyway,L.r Ls L A isawaystrue. Then by checkingtheway how y, Yy,
, Yn are produced at step 4.2 we seethat clearly § v contains no less than K different colors.

(b) If v W z before step 4.2 is executed, then by induction § v contains no less than K
zXY

different colors.
So Property 12 holds after step 4.2 is executed.
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