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Abstract

With the advent of merging between communication and
storage, there is an increasing need for developing dis-
tributed data layout schemes for network attached stor-
age that address reliability and performance challenges.
This paper proposes a novel scheme for storing informa-
tion on networks. In particular, for a fault-free opera-
tion, it provides the ability to retrieve data by accessing
network nodes within a small proximity. In the event of
faults, data is guaranteed to be retrieved by exploring a
slightly larger proximity.

The problem of designing layout schemes, namely pro-
viding Dispersed Network Attached Storage (DNAS), is
formulated as a graph coloring problem that we call Lay-
ered Diversity Coloring. Consider the following problem:
given a graph G(V,E) and N colors, how to color vertices
of G so that every vertex can find at least K different
colors within m; hops (distance my ), at least K5 different
colors within ms hops, ...... , at least K, different col-
ors within m, hops? The parameters N, K1, K», ...... ,
Ky, mi, ma, ...... , mp and p are all positive integers,
and N> Ki >Ky>--->Kp,mg >ma>--->myp.

In this paper we study the layered diversity coloring
problem where the graph G(V,E) is a tree. A coloring
algorithm of time complexity O(|V|(K1 + >_%_, m;)) is
presented, and the sufficient and necessary condition for
there to exist a layered diversity coloring on a tree follows
the algorithm.

I Introduction

The file assignment problem (FAP) studies the
placement of multiple copies of files on a net-
work [1, 2, 3]. It has great importance in com-
puter science and has a very strong relationship
with the resource allocation problems studied in
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various other areas [4, 5, 6, 7]. Corresponding
to different optimization criteria and different con-
straints, the file assignment problem can take many
different forms. There is one important family of
FAP problems which optimize the worst-case per-
formance, the best-known of which is the p-center
problem [8, 9, 10]. In the p-center problem, p copies
of a file are stored on vertices of a graph, and each
vertex reads the file by retrieving the file copy clos-
est to itself. The goal is to minimize the maximum
distance between any vertex and its closest file copy.

In recent years there is a trend to combine file
assignment with coding for better performance [11,
12]. In [11], we proposed a file assignment scheme
called the K-out-of-N file distribution scheme. In
that scheme, a file is split into K equally long seg-
ments, and an MDS code (such as Reed-Solomon
code) [13] is used to encode those K segments to
get a total of N segments. (Here N > K.) Each of
the N segments is of length % of the original file.
Because of the maximum-distance-seperable prop-
erty of an MDS code, a decoder can recover the
original file as long as the decoder can get any K
of those N segments. The next step is to store one
segment copy on each vertex of a graph, in such a
way that every vertex can retrieve at least K differ-
ent segments from vertices within m hops (including
itself). (Here m is a parameter. Clearly m is an up-
per bound on the maximum distance between any
vertex and the corresponding closest K segments it
needs to retrieve for recovering the file.)

Given the graph and the parameters K and N,
the goal of the K-out-of-N file distribution scheme
is to find the minimum value for m and the cor-
responding data layout scheme. Like the p-center
problem, the K-out-of-N file distribution scheme
also optimizes the worst-case performance.

If we represent the N file segments with N colors,



and represent ‘storing a segment on a vertex’ with
‘assigning a color to the vertex’, then the K-out-
of-N file distribution scheme becomes the diversity
coloring problem as defined in [11]. Here we rewrite
the definition of the diversity coloring problem in
the following way:

Definition 1 (Diversity Coloring Problem):
Given a graph G(V, E) and parameters K, N and
m, (here K, N and m are all positive integers, K <
N,) how to assign one color to each vertex, (different
vertices can have the same color,) such that every
vertex can find at least K different colors within m
hops?

In [11], the diversity coloring problem on several
classes of graphs are studied. One of the main re-
sults there is for trees, which states that for a tree,
there exists a diversity coloring on it if and only if
every vertex of the tree can reach at least K vertices
(including itself) within m hops.

In this paper, we extend the diversity coloring
problem to a much more general form. And we
call the new problem the Layered Diversity Coloring
Problem. We formally define it as follows:

Definition 2 (Layered Diversity Coloring
Problem): Given a graph G(V, E) and N colors,
how to assign one color to each vertex, (different
vertices can have the same color,) so that every
vertex can find at least K different colors within
m1 hops, at least Ko different colors within mg
hops, ...... , at least K, different colors within m,,
hops? (Here parameters N, K1, Ko, ...... s Kp, m,
My «ennn. , myp and p are all positive integers, and
N>Ki>Ky>--->Kp,mi>mg > >my.)

Fig. 1 shows an example of the layered diversity
coloring. In the example, the parameters are N = 6,
Ki =6, Koy =4, m =3 and myo = 2. It’s easy to
verify that the graph has totally 6 colors, and ev-
ery vertex can find at least K; = 6 different colors
within m; = 3 hops and at least Ko = 4 differ-
ent colors within mgs = 2 hops. (For example, the
shaded vertex can find 6 different colors—color {
4,2,5,6,1,3 } —within 3 hops, and can find 5 differ-
ent colors—color { 4,2,5,6,1 } —within 2 hops.) So
the coloring in Fig.1 is indeed a layered diversity
coloring.

The layered diversity coloring can be seen as a
new resource allocation scheme. And it has direct
applications to Dispersed Network Attached Stor-
age (DNAS). The following are two examples of its
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Figure 1: Example of Layered Diversity Coloring,

with parameters N =6, K1 =6, Ko =4, m; = 3
and my = 2.

applications:

o File allocation with fault-tolerant performance:
Let a file be split into K equally long segments,
and use an MDS code to encode them and get
N segments. The file can be recovered by de-
coding any K of those N segments. We let
N >K; >Ky >---> K, > K. If we rep-
resent the N segments with N colors, then a
layered diversity coloring corresponds to a data
layout scheme on the graph where each vertex
can retrieve at least K, different segments from
vertices within m, hops, at least K,_; differ-
ent segments from vertices within m;, 1 hops,
...... , at least K different segments from ver-
tices within m; hops. So when no data are
lost, every vertex can retrieve enough—that is,
K—different segments from vertices within m,,
hops and recover the file. If data stored on
some vertices are lost, then a vertex can ex-
plore a slightly larger proximity for K differ-
ent segments, namely, a vertex can retrieve K
different segments from vertices within m,_1,
Oor Mp_2, +..... , or my hops, depending on
how severe the data loss is. Such a file allo-
cation scheme can tolerate data loss, and its
performance degrades very gracefully with the
increase of data loss.

of files encoded with multi-
description codes:  Multi-description codes
are a class of codes useful for multimedia
files. Given a multimedia file, we can use a
multi-description code to encode it and get N
segments. (Here N > K > Ky > --- > K,,.)
A user can recover the multimedia file with
relatively low resolution (high distortion) by
decoding any K segments, or recover the file
with higher resolution by decoding any K,_;
segments, or recover the file with even higher
resolution by decoding any K, o segments,

o Allocation



and soon «+---- . The more segments are used
for decoding, the higher the resolution of the
recovered file will be. If again we represent the
N segments with N colors, then a layered di-
versity coloring will correspond to a placement
of the file encoded with a multi-description
code. For each vertex of the graph, the larger
a proximity it explores for segments, the more
different segments it will be able to retrieve,
and the higher-resolutioned multimedia file
it will recover. Such a file allocation scheme
keeps a very good balance between delay
(file-retrieving delay) and quality-of-service
(quality of the recovered file). And clearly
it also tolerates data loss with a graceful
degradation performance.

Just as the p-center problem is useful in vari-
ous industrial and scientific areas, the layered di-
versity coloring problem should also have applica-
tions to resource allocation (probably information
allocation) in other fields besides the two scenarios
we introduced above. One such field we can think of
is the threshold secret sharing in cryptography [14]
[15].

In this paper we study the layered diversity col-
oring problem for trees. The main result can be
summarized as follows:

There exists a layered diversity coloring on a tree
if and only if every verter can find no less than K;
vertices (including itself) within m; hops, fori =1,
2, -, p.

And we’ll present a coloring algorithm for trees
of time complexity O(|V|(K1 + XF_, m;)).

The rest of the paper is organized as follows. In
Section II, some basic terms and notations used in
this paper are introduced. In Section III, the color-
ing algorithm is presented. In Section IV we prove
some important lemmas useful for understanding
the correctness of the algorithm. In Section V, we
prove the correctness of the algorithm, and anal-
yse its time complexity. In Section VI, we prove
two additional properties of the layered diversity
coloring which can be used to improve the coloring
algorithm. In Section VII, we conclude this paper.

I Terms and Notations

In this section we introduce some basic terms and
notations used in this paper. If a notation consis-

tently refers to the same object when it appears in
different places, we write it in bold font. For exam-
ple, from now on G(V,E) always refers to the tree
on which we’re doing the layered diversity coloring.
So we write G(V,E) as G(V,E). But for a vertex
v € V, since v can refer to different vertices when
it appears in different places of this paper, we write
v as ‘v’, not ‘v’

e G(V,E) is the tree on which we do the layered
diversity coloring.

For any two vertices u € V and v € V, the
distance between them d(u,v) is the number of
edges in the path connecting them. (If u = v,
then d(u,v) =0.)

The tree G(V,E) has a vertex called its root.
G(V,E) is always placed in the ‘upside down’
way, with its root placed at the top. (See Fig. 2
as an example.) For any vertex v € V, we say
v is at level L(v), where L(v) = d(v, the root of
G(V,E)). (So the root of tree G(V,E) is at
level 0, those vertices adjacent to the root are
at level 1, and so on.)

If there is a set of vertices X C V such that
all vertices in X are at the same level, then we
can use L(X) to denote the level number of any
vertex in X.

For any two vertices u € V and v € V, we say
‘4 is an ancestor of v, and v is a descendant of u’
if and only if d(u,v) = L(v) — L(u) > 0; we say
‘u is the parent of v, and v is a child of «’ if and
only if d(u,v) = L(v) — L(u) = 1; we say ‘u is a
quasi-ancestor of v, and v is a quasi-descendant
of v’ if and only if d(u,v) = L(v) — L(u).

e The parameters p, my, ma, - -+, mp, Ky, Ks,
-+, Kp and N always have the meaning as in
Definition 2—that is, we want to color the tree
G(V,E) with N colors in such a way that for
any vertex v € V and for 1 < i < p, vertex v
can find at least K; different colors within m;
hops.

e For any vertex v € V of the tree G(V,E), we
define y,,(v) to be the set of vertices within
m hops from v—that is, xm,(v) = {ulu €
V,d(u,v) < m}. We call xp,(v) ‘the neigh-
borhood of v of radius m’.

e ‘A normal subtree of G(V,E) with parameter
set (r,a,b,k,m)’ is a subtree of G(V,E) that
satisfies the following 5 properties:



Figure 2: Example of a tree G(V,E), with param-
eters N =6, Ky =6, Ko =4, m; =3 and my = 2.

1. ‘v’ is a vertex in the subtree. (We call ‘r’
the knot of the subtree.)

2. Both ‘a’ and ‘D’ are non-negative integers.
Both ‘&’ and ‘m’ are positive integers.
And a+b<m.

3. {all vertices in the subtree}={all quasi-
descendants of r } U{v|v € V,d(v,r) <

m— a}.

4. If some of the vertices of the subtree are
colored, then no two vertices of the sub-
tree have the same color. There are less
than &k colors on the subtree, and £ < N.
Any vertex of the subtree that is not in the
set {v|lv € V,L(v) — L(r) = d(v,r) > b}
is colored; there is at least one uncolored
vertex in the set {v|v € V,L(v) — L(r) =

d(v,r) = b}; and no vertex in the set
{vlv € V,L(v) — L(r) = d(v,7) > b} is
colored.

5. If for a vertex v, all vertices in x, (v) are in
the subtree, then L(v) — L(r) = d(v,r) >
a.

The following is an example of the above terms
and notations.

Exzample 1: Fig. 2 shows a partially colored tree
G(V,E). The color of a vertex is the number beside
the vertex. Here the parameters are p = 2, m; = 3,
m2:2, K1:6, K2:4andN:6.

The tree G(V,E) is placed in the ‘upside down’
way. Its root is vertex v;.

The distance between vg and veg is d(vg, vy) = 7.

L(v1) =0, L(v2) = L(vs) = 1, and L(vy) = 4.

All vertices in the set X = {vs,vg,v7} are at the
same level. Therefore L(X) = L(vs) = L(vg) =
L(’U7) = 2.

vo is an ancestor (and also a parent, a quasi-
ancestor) of vz, and vs is a descendant (and also
a child, a quasi-descendant) of vs.

The neighborhood of wv; of radius 2 is
x2(v1) = {v1,v2,v3,v4,05,06,v7,v8}. And x3(vg) =
{v1,v2,v4,vs5,v6,v9, V10,11, V12, V13}

Readers can verify by themselves that
the subtree induced by the vertex set
{v2,v5,v9,v10,v11,v12,v13} 1S a normal subtree
of G(V,E) with parameter set (vs, 1, 1, 4,
2), and the subtree induced by the vertex set
{v1,v2,v3,v7,v8,v14, V15, V16, V17, V18, V19, V20} IS a
normal subtree with parameter set (vs, 1, 1, Kj,
ml).

O

IIT Layered Diversity Coloring
Algorithm for Trees

In this section we first present the layered diver-
sity coloring algorithm for trees. Then we use an
example to illustrate how the algorithm works.

Algorithm: Layered Diversity Coloring on Tree
G(V,E)

Input: Tree G(V,E); parameters p, N, K;, Ko,
oo, Kp, my, mg, -+, mp,.

Output: A coloring on vertices of G(V,E) such

that for 1 <7 < p and for any vertex v € V, vertices
in xm, (v) have no less than K; different colors.

Prerequisites: p, N, Ky, K2, -+, Kp, my, ma,
-+, mp are all positive integers; N > Ky > Kz >
- >Kpymg >mg > - >mp;V1<4i<pand
v €V, |[xm;(v)] > Ki.

Algorithm:

1. for1<i<pdo

2. { r <« the root of G(V,E);

3. R+«

4. Riemp < {r};

5. while Ryemp # 0 do

6. { Ttemp < a vertex in Ryepmp;

7. Riemp < Riemp — {Ttemp}3

8. Check the following vertices in order

— Ttemp, & child of remp, a descendant of riep,, at
level L(7temp) +2, - - -, a descendant of ryepmy at level
L(rtemp) + m;. When any one of those vertices is
being checked, see if the vertex can only find less
than K; different colors within m; hops—if yes, let



v1 denote that vertex, and immediately go to step
9 (the next command). If all those vertices can find
at least K; different colors within m; hops, go to
step 15.

9. Search for such a vertex vyg: w9 is an
uncolored quasi-descendant of riemp, L(remp) <
L(v2) < L(rtemp) +my, and L(v) is no greater than
the level number of any uncolored quasi-descendant
of r4emp. If such a vertex v is found, go to step 10;
otherwise go to step 15.

10. if L(v1) — L(rtemp) + L(v2) — L(rtemp) <
m; do

11. { R+ R+ {riemp};

12. P1(rtemp) < L(v1) — L(rtemp);

13. P2(Ttemp) < L(v2) — L(Tiemp);

14. }

15. else do

16. { Riemp < Riemp U{ children of 7
b

17. }

18. }

19. while R # () do

20. { r < avertex in R;

21. R+ R—{r};

22. vy ¢ a quasi-descendant of r at level
L(r) + p1(r);

23. C < { the N colors } — { colors on

vertices within m; hops from vy };

24. First use colors in C' to color those un-
colored quasi-descendants of r at level L(r) + p2(r),
then to color descendants of r at level L(r) +
p2(r) + 1, then to color descendants of r at level
L(r) + p2(r) + 2, and so on ...... with each color
in C used at most once. Keep coloring until all col-
ors in C are used once or when there is no more
uncolored quasi-descendant of r.

25. Rtemp < {’I‘};

26. while Ryepmp # 0 do

27. { Ttemp < a vertex in Ryepmyp;

28. Rtemp <~ Rtemp - {Ttemp};

29. Check the following vertices in order

— Ttemp, & child of T4y, a descendant of rep,, at
level L(riemp)+2, -+, a descendant of 7¢py at level
L(rtemp) + m;. When any one of those vertices is
being checked, see if the vertex can only find less
than K; different colors within m; hops—if yes, let

v1 denote that vertex, and immediately go to step
30 (the next command). If all those vertices can
find at least K; different colors within m; hops, go
to step 36.

30. Search for such a vertex vo: vy is
an uncolored quasi-descendant of ey, L(Ttemp) <
L(v2) < L(rtemp) +my, and L(v2) is no greater than
the level number of any uncolored quasi-descendant
of T4emp. If such a vertex v is found, go to step 31;
otherwise go to step 36.

31. if L(vi) — L(rtemp) + L(ve) —
L(riemp) < m; do

32. { R R+{rtemp};

33. P1(Ttemp) < L(v1) — L(Ttemp);

34. P2 (""temp) + L(vg) — L(Wemp)?

35. }

36.
37.
Ttemp };

38. }
39. }
40. }
41. }

else do
{ Riemp < RiempU{ children of

42. Arbitrarily color those uncolored vertices.
a

The algorithm has p iterations. (See step 1 of
the algorithm: ‘for 1 < 7 < p ...... ’.) During
the i-th iteration, the algorithm only considers the
parameters K; and m;. (1 <i < p.) And after the
i-th iteration, every vertex of the tree can find at
least K; different colors within m; hops. (This will
be proved later in this paper.)

Below we use an example to show how the algo-
rithm colors a tree.

Ezample 2: Use the algorithm to get a layered di-
versity coloring on the tree G(V, E) shown in Fig. 3
(a). Here the parameters are p = 3, N = 18,
K1:14,K2:7,K3=3,m1:7,m2:3,
mg — 2.

Below we list the main process of the algorithm’s
coloring the tree.

1. In the algorithm, ¢ = 1.

2. R becomes {v;}, p1(v1) becomes 0, pa(v1) be-
comes 0.

3. Use the N colors to color the quasi-descendants
of vy, level by level. (See Fig. 3 (b). The number
on a vertex is the color of the vertex.)



4. R becomes {v4}, p1(v4) becomes 5, pa(vy) be-
comes 1.

5. C becomes {5,6,7,8,9,10,11,12}. Use colors
in C to color quasi-descendants of vy, level by level.
(See Fig. 4 (a).)

6. R becomes {vg5}, p1(ves) becomes 5, pa(vas)
becomes 1.

7. C becomes {1,2,3,5,6,10,11, 14, 15, 16,
17,18}. Use colors in C to color quasi-descendants
of vgs, level by level. (See Fig. 4 (b).)

8. R becomes {v31}, p1(v31) becomes 3, pa(v31)
becomes 3.

9. C becomes {6,10,16,17,18}. Use colors in
C to color quasi-descendants of v31, level by level.
(See Fig. 5 (a).)

Readers can verify that now every vertex of the
tree can find at least K; = 14 different colors within
my = 7 hops.

10. In the algorithm, 7 = 2.

11. R becomes {v7,vo6}, p1(v7) becomes 1, pa(v7)
becomes 1, p;(v9s) becomes 1, pa(veg) becomes 1.

12. C becomes {3,4,9, 10, 11, 12,
13,14,15,16,17,18}. Use colors in C to color
quasi-descendants of v7.

13. R becomes {vgs}. C becomes
{1,2,3,5,6,7,8,9,12,13,14,15,17,18}. Use
colors in C to color quasi-descendants of vyg. (See
Fig. 5 (b).)

Readers can verify that now every vertex of the
tree can find at least Ko = 7 different colors within
mso = 3 hops.

14. In the algorithm, i = 3. R becomes ). Read-
ers can verify that every vertex of the tree can find
at least Kg = 3 different colors within mg = 2
hops. The tree G(V,E) has been successfully col-
ored. The algorithm ends.

O

The algorithm is seemingly simple. However,
there are two interesting questions we need to ask:

1. For 1 < ¢ < p, during the ¢-th iteration, the
algorithm is trying to color the tree to make
every vertex be able to find at least K; differ-
ent colors within m; hops, and it doesn’t use
any parameter K; or m; where j # i. How
does the algorithm guarantee that after the i-
th iteration, there is still a feasible way to color
the remaining uncolored vertices to make every
vertex be able to find at least K different col-
ors within m; hops, for j =4+ 1,i +2,---,p?

(That is, why does the greedy coloring method
work?)

2. How to prove that after the i-th iteration,
(1 < 4 < p), every vertex can find at least
K; different colors within m; hops?

The analysis in the rest of the paper will give
answers to those two questions.
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Figure 3: Example of layered diversity coloring, with parameters p = 3, N = 18, K; = 14, Ky = 7,
K3:3,m1:7,m2=3,m3:2.
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Figure 4: Example of layered diversity coloring, with parameters p = 3, N = 18, K1 = 14, Ko = 7,
K3:3,m1:7,m2:3,m3:2.
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Figure 5: Example of layered diversity coloring, with parameters p = 3, N = 18, K1 = 14, Ky = 7,
K3=3,m1=7,m2:3,m3:2.
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IV Some Lemmas

In this section, we’ll prove some important lemmas
useful for understanding the coloring algorithm.
Again, as said in Section II, if a notation refers to
the same object when it appears in different places
of the paper, we write it in bold font.

As mentioned before, G(V,E) is the tree for
which we want to find a layered diversity coloring.
Let the following conditions be true: V v € V and
1 <i<p,|xm;()| > K;. (Clearly that is a neces-
sary condition for there to exist a layered diversity
coloring on the tree.) Let’s say G(V,E) has been
partially colored. And define Lyax to be the max-
imum level number of all vertices of G(V,E), that
i8, Lmax = mazyev L(v).

We create a new tree G(V,E) by adding some
new vertices and edges to G(V, E) in the following
way: for every vertex v € V, if v is a leaf and
0 < L(v) < Lyax, add descendants to v and add
the corresponding edges, so that v has exactly one
descendant at each level from level L(v) + 1 to level

Lmax We denote the set of new vertices by VIR
(So V.= V{UVir.) And for any vertex v € V
and for ¢ = 1,2,---,p, we define xm,;(v) = {ulu €

V,d(u,v) < m;}.
Ezxzample 3: If we let G(V,E) be the tree shown
in Fig. 3 (a), then G(V,E) will be the tree shown in

Fig. 6. Those dashed edges are the new edges, and
the vertices below the dashed edges are the new ver-

tices. Here Limax =8, V = {v1,v9, - +,v50}, VIR =
{vs1,v52," -, v168}, and V = {1, v2,- -+, v163}-
O

Let J be an integer, 1 <J < p . Let T3(V3,Ej)
be a normal subtree of G(V,E) with parameter set
(t3,a3,b3,Kj,mj) . Let Cj denote the set of col-
ors that appear on the subtree T3(Vy, Ez). Let this
condition be true: if Ty is not the root of G(V,E),
then ay + by + 2 > myj.

Let T3+1,1(Vit1,1, Eyt1.1),
Tyi12(Vit1,2,Es41,2),  Tir1,3(Vii13, Eyg13),
e Tyi21(Vit2,1, Bi12,1),
Tyi22(Vit2,2,Eir22), Tii23(Vitags, EJ-I—2 3),

...... , prl(Vp,l,Ep,l) Tp,2( p2’ ),
Tp3(Vps,Eps), ---, be subtrees of G(V E)

that satisfy the following 4 conditions:

1. For ¢ = J + 1, + 2,---.p and
i = 1,2,3,---, T;;(Vij,Eij) is a normal
subtree of G(V,E) with parameter set

11

(Tij: @ij, bijs Kiymi), where Vi; C Vj, and
L(m;) — L(v3) = d(7i;,T3). If 75, is not the
root of G(V,E), then @;; + b, j +2 > m, ;.

.Fori=J+1,J+2,---,p, 51 =1,2,3,--+ and
jo = 1,2,3,---, if j1 # jo, then all vertices in
the set V; ;, Vi j, are colored vertices.

. For ’il = J+1,J+2,---,p, j1 = 1,2,3,---,
o =J+1,J4+2,---,pand jo =1,2,3,---, if
i1 < 19, then exactly one of the following two
cases is true:

(a) All vertices in the set Vi, j, N Vi, j, are
colored vertices.

(b) Vi2,j2 - Wl,jl’ and L(Ti2,j2)
d(ri2aj27’ri1;jl)'

- L(’r’il,jl) =

For any vertex v € V3 and for i J +
1,J+2,---,p, if xm,(v) C Vy and vertices in
Xm,; (v) have less than K; different colors, then
there exists a subtree T; .(V; ., Ei ) (here ‘*’
means some unspecified parameter) such that
Xm; ('U) c Vi,* .

Ezample 4: Let G(V,E) be the same tree as in
Fig. 3, and let the parameters be the same (that
iS,p:3,N:18,K1:14,K2:7,K3:3,
m; =7, me =3, mg = 2.). Let G(V,E) be par-
tially colored as in Fig. 3 (b). Let J = 1, and let
T;3(V3,Ej) = T1(V1, E1) be the subtree induced
by the vertex set V3 = Vi = { quasi-descendants
of va}U{v1, vo, w3} let Tyy1,1(Vas1,1, Bytr1)
= T51(Vo1,F21) be the subtree induced by the
vertex set Vji 11 = W,l { quasi-descendants
of viz} U{va}; let Tyi12(Vitr,2,Ej41,2)
Tr2(Va 2, F22) be the subtree induced by the ver-
tex set Vyi12 = Voo = { quasi-descendants
of vig} U{vals let Tyi21(Viiz,Ejiz1)
T3.1(V31,E3,1) be the subtree induced by the ver-
tex set Vjyio1 = W,l = { quasi-descendants
of vz} U{val; let Tyi22(Viiz2,Eji22)
T3.2(V32,F32) be the subtree induced by the ver-
tex set Vjyioo = W,g = { quasi-descendants
of v16} U{vs}. Those five subtrees—Ti(V7, E1),
To1(Va1,E21), Too(Vag, Eo2), T31(Vs1,F31) and
T3 9(V32,FE32) — are circled and shown in Fig. 7
(a). (Note that T2,1 (VQ,l,EQ,l) and @(@, @)
happen to be the same subtree; and T52(V2,2, Fa 2)
and T3 2(V3 2, F3 2) happen to be the same subtree.)




It’s easy to verify that T1(Vi,FE;) is a nor-
mal subtree of G(V,E) with parameter set
(v4,5,1,Kq,my), Vo1,E21) is a nor-
mal subtree of G(V, with parameter set
(v13,2,1, K2, my), 2(Voo,Fr9) is a
mal subtree of G( with parameter set
(1116,2,1,K2,m2), is a
mal subtree of G(V, with parameter set
(v13,1,1, K3, m3), T32(V32,F32) is a
mal subtree of G(V,E) with parameter set
(v16,1,1, K3, mg). It’s also easy to verify that
those five subtrees satisfy all the conditions
described before (at the beginning of this section.)

O

nor-

<&

bl

&3

nor-

nor-

Now we color the normal subtree Tj(Vy,Ej)
in the following way: we use colors in the set
{1,2,---,N} — C3 —that is, colors that have not
been used on the normal subtree T3(Vy, Ej) —
to color the uncolored vertices of T3(Vy, Ey), with
each color used at most once; we color the vertices of
T3(Vj3, Ej) level by level, from small level to large
level (that is, first color vertices at level L(T3) + by,
then color vertices at level L(ry)+bj+1, then color
vertices at level L(Ty)+by+2, and so on ...); keep
coloring until all colors are used or all vertices in
the subtree are colored.

Ezample 5: Let’s follow Example 4. We color the
subtree T3(Vy,E3) = T1(V1, E1) in the way de-
scribed above. Then the colored tree G(V,E) will
be as shown in Fig. 7 (b). (Note that the coloring
is the same as in Fig. 4 (a).)

O

After the coloring, the subtree Tj(Vj,Ej) is
not necessarily a normal subtree with parameter
set (Ty,a3, by, K3, my) anymore (and actually it’s
not). Let’s study some of its properties.

Lemma 1 Let u and v be two vertices, u € V, v €
V. i is an integer, J <1 < p. u is an ancestor of
v. Xm;(w) C V3. Then, if vertices in xm,(u) have
less than K; different colors, vertices in xm,(v) also
have less than K; different colors.

Proof: We'll prove Lemma 1 with contradiction.
Suppose that vertices in xm,(u) have less than K;
different colors, but vertices in x,, (v) have no less
than K; different colors. Then there must exist a
colored vertex w such that w € xp,;(v) and w ¢
Xm,;(w). Since u is an ancestor of v, w must be a
descendant of u, and L(w) > L(u) + m;.
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It’s not difficult to see that = is a quasi-
descendant of T1J. As the normal subtree
T3(V3,Ej3) was colored ‘level by level’, and there is
a colored vertex w at level greater than L(u) + m;,
we know that any uncolored vertex in T3(Vy, Ej)
is now at level greater than L(u) + m;. So there
is no uncolored vertex in xm, (u). No two vertices
in the subtree T3(Vy,Ej) have the same color. So
since Xm,(u) C Vg and |xm,(u)| > K;, vertices in
Xm;(u) have no less than K; different colors, and
that’s a contradiction. So we’ve proved Lemma, 1.

O

Now for J < ¢ < p, we define A; to be such
a set: A; = {v|v € V;xm,(v) C Vy; vertices in
Xm; (v) have less than K; different colors; if v has a
parent, then either x,,, ( the parent of v)  Vy, or
vertices in X, ( the parent of v) have no less than
K; different colors. }.

Ezample 6: Let’s follow Example 5. Then
A1 = {v47,v48,v49,V50}, A2 = {v2g,V29,V30}, Az =
{v31,v32,v30}. (Readers can see the current color-
ing in Fig. 7 (b) and the names of vertices in Fig. 3
(a).)

a

From Lemma 1, it’s easy to see that the following
two statements are true:

e For any u € A;, v € A;, if u # v, then u is
neither a quasi-ancestor nor a quasi-descendant
ofv. J<i<p.)

For any J < ¢ < p and for any vertex v € V,
if xm;(v) C Vj and vertices in xpm,(v) have
less than K; different colors, then v must be
a quasi-descendant of some vertex in A;, and
vice versa.
Lemma2J < i < p, up € A;, ug € A,
If there exists an wuncolored wvertex in the set
Xm; (01) () Xm; (u2), then L(uy) = L(ug).

Proof: We'll prove Lemma, 2 with contradiction.
Suppose that there exists an uncolored vertex wg €
Xm; (W1) () Xm; (u2), but L(u1) > L(us).

Let wy be the ancestor of u; at level L(ug). And
let w, be the common ancestor of both u; and us
that satisfies this condition: for any common an-
cestor of both u; and wus, its level number is no
greater than L(w,). It’s easy to see that w, is a
quasi-descendant of Ty, and wy is a descendant of
Wy



Clearly w, is on the path connecting w; and us.
So w, is either on the path connecting u; and wy,
or on the path connecting ug and wg. As wy €
Xm; (U’l) mei (U’?), we get d(u27 w’r) + d(w’ra wO) <
m;. Since L(wy) — L(w,) < d(wy,wp), we get
L(wo) < L(wy) +m; — d(ug2, wy). Since wy is uncol-
ored, and the subtree T3(Vy,Ej) has been colored
‘level by level’, we know there is no colored vertex
that is a quasi-descendant of Ty at level greater than
L(’w())

Now it’s easy to verify that for any vertex in
Xm,; (w1), if the vertex is not a descendant of w, or if
it is colored, the vertex is also in xm, (u2). So clearly
Xm;(w1) C Vj, and vertices in x,, (w1) have less
than K; different colors because vertices in x,, (u2)
do. However, wy is an ancestor of u;. That is a
contradiction to the fact that u; € A;. So we've
proved Lemma, 2.

O

For J < i < p, we define B; to be such a set:
B; = {v|v € ViR; v is a descendant of Ty in the
tree G(V,E); 3 u € A; such that L(v) = L(u) and
there is an uncolored vertex in xm, (@) ) Xm; (v).}.

Ezxample 7: Let’s follow Example 6. Then By =
{v153, v154, V155, V156, V157 }, B2 = 0, Bg = 0. (Read-
ers can see the current coloring in Fig. 7 (b) and the
names of vertices in Fig. 6.)

O

Lemma 3 Let u and v be two vertices in B;. (u #
v, J <14 < p.) Then u is neither an ancestor nor
a descendant of v in the tree G(V,E). If there is
an uncolored vertex in Xm,(u) (\Xm;(v) 'V, then
L(u) = L(v).

Proof: We'll prove the first part of Lemma, 3 with
contradiction. Suppose that u is an ancestor of v in
the tree G(V,E) Then there exists a, € A; such
that L(a,) = L(u) and there is an uncolored vertex
in Xm, (ay) N Xm; (). (Then similar to Lemma 2, we
can prove that a colored vertex is in x,, (u) if and
only if it’s in Xxm,(ay).) And there exists a, € A;
such that L(a,) = L(v) and there is an uncolored
vertex wo in Xm; (ay) N Xm;(v). Let w, be the an-
cestor of a, at level L(u).

Both v and w, are on the path connecting a,
and v. So wg is within m; hops from both u and
Wy. So similar to Lemma 2, we can prove that a
colored vertex is in xm,(wy) if and only if it’s in
Xm,; (1), and X, (wy) € V3. So vertices in X, (wy)
have less than K; different colors because vertices in
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Xm, (ay) do. However w, is an ancestor of a,, and
that contradicts the fact that a, € A;. So we've
proved the first part of Lemma 3.

We’ll prove the second part of Lemma, 3 also with
contradiction. The proof uses similar techniques
as used before, so for simplicity we give only its
sketch. Suppose there is an uncolored vertex wg in
Xm; (1) N Xm; (v) NV, but L(u) > L(v). Let a, and
a, have the same meaning as before. Let w, be the
ancestor of u at level L(v), and let wg, be the an-
cestor of a,, at level L(v). Then v, ay, wy, and wg,
share the same set of colored vertices—so vertices in
Xm; (Way) have less than K; different colors. How-
ever wgy, is an ancestor of a, and a, € A;. That’s
a contradiction. So we’ve proved the second part of
Lemma 3.

O

Lemma 4 Let u and v be two vertices in A;|J B;.
(u#wv,J <i<p.) Then u is neither an ancestor
nor a descendant of v in the tree G(V,B). If there
is an uncolored vertez in Xm;(u) N Xm,; (v) NV, then
L(u) = L(v).

Proof: The proof for Lemma 4 is similar to the
proof of Lemma 3. So for simplicity we omit it.
Lemma 4 generalizes both Lemma 2 and Lemma 3.

a

Now let’s define a relation called ‘i-dependent’ on
vertices in A; | B;, for J < 7 < p, as follows—for
any two vertices u € A;|UB; and v € A;|UB;, we
say u and v are i-dependent if and only if there is
an uncolored vertex in X, (u) N Xm;(v) V.

Lemma 5 The relation ‘i-dependent’ defined on
vertices in A;|J B; is an equivalence relation. (J <

i <p.)

Proof: Clearly the relation ‘i-dependent’ is reflex-
ive and symmetric. To prove that this relation is
also transitive, use Lemma 4 and the fact that ‘for
any three vertices u, v and w in a tree, either the
common ancestor of u and v or the common ances-
tor of v and w is the common ancestor of u, v and
w’.

O

Let’s use the equivalence relation ‘i-dependent’ to
divide the set A;J B; into subsets G 1, G2, G; 3,
in this way: any two vertices of A;|J B; are
in the same subset if and only if those two vertices
are ‘i-dependent’. (J <i < p).



Ezample 8: Let’s follow Example 7. Then Gy 1 =
{’047, V48, V49, U505 V1535 U154 V155, V156, 11157}, G'2,1 =

{vag,v29}, G222 = {v3o}, Gs1 = {v31}, Gaz2 =
{va2}, G3,3 = {v30}-

|

ForJ <i<pandj=1,23,------ we define 7!

1,
to be such a vertex: 7, j 1s a common quam—ancestoi"
of all the vertices in G; ; (in the tree G(V,E)); and
for any common quasi-ancestor of the vertices in
G, j, its level number is no greater than L(r?’j). And
we define V; ; to be such a set:

Vi {vlv € Vjv is a quasi-descendant of

roit U{vlv € Vid(o, ”) < mi—(L(Gij)—L(r);)}-

We define T;;(V;;,F;;) to be the subtree of
G(V,E) induced by the vertex set Vj ;.

Lemma 6 For any uncolored vertex v € V;,, v
s either a quasi-descendant or an ancestor of rgj.
J<i<p,j=123,---.)

Proof: We'll prove Lemma 6 with contradiction.
Suppose that there is an uncolored vertex v € V; ;,
but v is neither a quasi-descendant nor an ances-

tor of r?.. Then by the definition of V; ;, we know
d(v,r?]) < m; — (L(Gy ) — L(r 2])). So v is within

m; hops from any vertex in G ;.

Let & € V be such a vertex: © is either an ancestor
or a quasi-descendant of v, and L(0) = L(G,;).
Clearly d(v,v) is less than the distance between v
and any vertex in G; j. So d(?,v) < m;. So if we use
u to denote any vertex in G j, then v is an uncolored
vertex in Xm, (w) ) Xm,; (0) N'V. So 9 is i- dependent
to vertices in G j. Therefore 4 € G j, and r jisan
ancestor of 9. As ¥ is either an ancestor or a quas1—
descendant of v, v is either a quasi-descendant or
an ancestor of r9 5;- And that’s a contradiction. So
we’ve proved Lemma 6.

O

ForJ<i<pandj=1,2,3,.------ , we define ril,j
to be such a vertex: if there are z (z > 0) uncolored
vertices in V; ; that are not quasi-descendants of r?} s
then 7} ; is the quasi-ancestor of r{ ; at level L(r{ ;) —
x.

Let’s use u? f to denote such a vertex: u? j 1s an
uncolored quasi-descendant of r - in V; for any un-
colored quasi-descendant of 7‘ 1n V, its level num-

ber is no less than L(u Z,]).

Lemma 7 u! . ; eists. J <i<p,

J=12,3,-- )

And ué’,j eVij-

Proof: At least one vertex in G;; is also in V.
Let’s denote that vertex by v. Vertices in X, (v)
have less than K; different colors, and no two ver-
tices in Xm, (v) have the same color. |xm, (v)| > Kj,
so there is at least one uncolored vertex in X, (v).
From the definition of V;;, it’s easy to see that
Xm;(v) C Vj ;. So there is at least one uncolored ver-
tex in V; ;. By Lemma 6 and the fact that subtree
T;3(V3,Ej3) was colored ‘level by level’, clearly any

uncolored vertex in V; ; is a quasi-descendant of i i

So r ; has at least one uncolored quasi-descendant
in V So ul i exists.

Let’s say there are z (z > 0) uncolored vertices in
Vi,j that are not qua31—descendants of T Lz =0,
then clearly r~ L= ?j, and u” € Vm- Ifz >0,
then ufj il’], SO again u ;i € Vije

a

Now define r; ; to be such a vertex: r;; is a
quasi-ancestor of r} J (L(Gi,5) — L(r; ) + (L(u?,j) -
L(r; ;) < my; ifr; ; is not the root of G(V, E), then
(L(Gig) — Lfrsg)) + (D{ut) — L(rig) +2 > m.
J<i<p,j=123,--.)

Lemma 8 V; ; = {v|v € V;v is a quasi-descendant
of rijtU{vlv € Vid(v,rij) < my — (L(Gij) —
L(rij;))}. And 7, is a quasi-descendant of Tj.
(J <i1<p,J= 152535"")

Proof: First we claim that 7‘2 ; is the only quasi-
descendant of r; ; at level L(Tg ;) in the tree G(V,E)
—because if not, then with arguemnts similar to the
proof of Lemma 6, we can prove that there exists a
vertex in V which is not a quasi-descendant of r?, j
but is i-dependent to vertices in G; j, which cannot
be true. Then by checking the definition of V; ;, we
see that the first part of Lemma 8 is naturally true.

Now let’s prove that ; ; is a quasi-descendant of
T3 with contradiction. Suppose r; ; is not a quasi-
descendant of ry. Since both ry and r;; are com-
mon quasi-ancestors of vertices in G;j, r;; is an
ancestor of Try. Now let’s first consider the case
where ¢ = J. By the definition of Gj;, clearly
L(G34) — L(r3) > aj. Since ug,j is an uncol-
ored vertex in Vj, L(u} ;) — L(f3) > bs. From
the definition of 73 ;, we see that ay + by + 2
< L(Gy,5) — L(¥3) + L(uf ;) — L(F3) +2 < L(Gy,5) —
L(r3 ;) + L(ug,j) — L(ry ;) < my. However, that’s
a contradiction to the fact that if T3 is not the root
of G(V,E), then aj+byj+2 > mj (which is stated
at the beginning part of this section). For the case
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where J < 7 < p, we can similarly show there is
a contradiction. So we’ve proved the last part of
Lemma 8.

O

We let a; 5 = L(Gi’j) - L(T’i’j), and let bi,j =
L(u?;) — L(rij). 3 <i<p,j=1,23,---.) Then
we have the following lemma:

Lemma 9 T; (Vi j, F; ;) is a normal subtree of
G(V,E) with parameter set {r;;,a;;,b;j, K;i,m;}.
(J <i1<p,j= 152135"")

Proof: To prove Lemma 9, we only need to prove
that T; ;(V; j, E; ;) satisfies all the 5 properties listed
in the definition of ‘normal subtree’ (in Section II).
Property 1 to property 3 are trivially true. So we
only prove property 4 and property 5 here.

First we give the sketch for proving property 4.
7ij is a quasi-descendant of ry by Lemma 8. Then
it’s easy to see V;; C V3 by the definition of Vij-
All colored vertices in T; j(V; j, E; j) are within m;
hops from any vertex in G ;. So T; (Vi ;, E; j) have
less than K; colors, all of which are different. The
rest of property 4 follows the fact that T3(Vy, Ej)
was colored ‘level by level’.

For property 5, we’ll prove it with contradiction.
Suppose there is a vertex v such that xm,, (v) C Vi,
but the condition ‘L(v) — L(r; ;) = d(v,r; ;) > a;;’
is false. There are less than K; colored vertices in
Vi j, so vertices in X, (v) have less than K; different
colors. From Lemma 4 and the definition of G ;, it’s
easy to see that v cannot be the ancestor of any ver-
tex in G; ;. So v is neither a quasi-descendant nor an
ancestor of r; ;. There is at least one uncolored ver-
tex within m; hops from v, and any such uncolored
vertex must be a quasi-descendant of r; ;. From the
definition of uf’j, it’s clear that ué’,j is within m,; hops
from v. u%’,j is also within m; hops from any vertex
in G; ;. So from Lemma, 2 it’s easy to see that not
only L(v) > L(G; ), but the quasi-ancestor of v at
level L(G; ;) is i-dependent to vertices in G; ;. But
then r; ; must be a quasi-ancestor of v, and that’s
a contradiction. So we’ve proved property 5.

So Lemma 9 is proved.

O
Lemma 10 When j1 # jo, all wvertices in
Vijin NVij, are colored. (J <i<p.)

Proof: We'll prove Lemma 10 with contradiction.
Suppose j1 # jo, and there is an uncolored vertex
wO in ‘/iajl n ‘/;7.7.2'
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wy is uncolored, so wy is a quasi-descendant of
both r;;, and r;;,. So without loss of generality,
we can say that r; ;, is a quasi-ancestor of r; ;,. Let
wy be a vertex in V;;, at level L(G;j,). Clearly
wy is a quasi-descendant of r; ;,. Let w; be such a
vertex: wi is either a quasi-ancestor or a descendant
of wy, wy € G;j;. We know wy € A;|JB; and
wy € A;. So by Lemma 4, w; and wy are the same
vertex. wi € G;j; and we € Gjj,, so G;j and
G j, have a vertex in common. But ‘i-dependent’
is an equivalent relation, so G;;, and Gj j, cannot
have any vertex in common. Therefore there is a
contradiction. So we’ve proved Lemma, 10.

O

Lemma 11 When J < i1 < 19 < p, ezactly one of
the following two cases is true:
(a) All vertices in Vi, j, N Vi, j, are colored.
(b) V’iz,j2 c V’il,ju and L(Tiz,j2) _L(ri1,j1) =
d(Ti2,j2’Tilvj1)'
(h=1,2,3,---, jo=1,2,3,---.)

Proof: We’ve proved before that there exists at
least one uncolored vertex in Vj, j,, so case (a) and
case (b) cannot both be true. So we only need
to prove that when there is an uncolored vertex in
Viiii N Vi, s, case (b) is true.

Let’s suppose that there is an uncolored vertex wg
in V;, 5, N Vi,j.- Then wy is a quasi-descendant of
both r;, j, and 7, j,. So 7i,,j, is either an ancestor
or a quasi-descendant of r;, ;. So we consider the
following two cases:

1. In this case, r;, j, is an ancestor of r;, ;.

First let’s prove that L(G;, j;,) < L(Gi, ) +
(mi, — m;,) with contradiction. = Suppose
L(Giy ji) > L(Giyjo) + (miy — miy). Let wy
be a vertex in V;, ;, at level L(Gj, j,), let wo be
the ancestor of w; at level L(G}, j,), and let w3
be the ancestor of wy at level L(Gj, j,)+ (mi; —
m;,). It’s easy to see that wy € Gj, j,, and a
colored vertex is within m;, hops from w, if and
only if that colored vertex is within m;, hops
from w3; what’s more, Xm, (w3) € V3. So ver-
tices in Xm,, (w3) have less than K;, different
colors. (And note that K;, < Kj,.) However
wy € A;,, and from the definition of A;,, we
know that w3 cannot be the ancestor of wi. So
there is a contradiction. So we’ve proved that
L(Giyj1) < L(Giy,j) + (miy — mi,).



Let w; be a vertex in Vi at level
L(Gilsjl)' Then d(wl’ Ui, ]2) < d(wl,rimh) +
d(""iz,jzaug ]2) < (aiz,h + my; — m't2) + bi2,j2

So ufﬂz € Viji- So L(u? ug, ]1) =

< mg, .
L(uu ]2) So Q51,51 + bZl \J1 +2 < d(wlale Jz) +

d(rzz,]zvugl,jl) = d(wlarzzm) + d(rm,]wu?%jz)

< m;,. But that contradicts the definition of

Ti1,4:- S0 this case cannot be true.

2. In this case, 1, j, is a quasi-descendant of r;, j, .
Then L(Tiz,jz) - L(Til,jl) = d(riz,jz,'rihh)'
With arguments similar to those in the pre-
vious case, we can prove that in this case, we
also have L(Gi, j,) < L(Giy jz) + (mi; — may).

Let w1 € V,,,;, be a vertex that is not a
quasi-descendant of 7;, ;. Then w; is not a
quasi-descendant of r;, j,. So d(7i, 5, 7i1,5:) +

d(ril,]l’wl) = d(wlariz,jz) < miy — L(Giz,jz) +
L(riyj5). So d(riy,ji,w1) < miy, — L(Giy 5,) +
(TZQ,JQ) - d('rizgjmrihﬁ) = Mjy — L(Giz,jz) +

L(riyj0) < miy — L(Giy ) + L(rig )~ So w1 €
Vii,j1- Now it’s easy to see that V;, j, C Vi, j;.

So we’ve proved Lemma 11.
O

Let’s now take a close look at those nor-
mal subtrees T3 :1(Vy1,FE31), T32(Vie, E3z2), -,
T341,1(Vag1,1, E31,1), Ty+12(Vasi,2, E3412), -+
""" ) Tp,l(Vp,laEp,l)a Tp,2(Vp,2aEp,2)a They
have the following properties:

e For any vertex v and for J < ¢ < p, if
Xm;(v) C V3 and vertices in Xy, (v) have less
than K; different colors, then there is exactly
one normal subtree 7T; ,(V; «, F; ,) that contains
all the vertices in ), (v). (Here ‘*’ means an
unspecified parameter.)

e For any two normal subtrees T;, ;, (V;, 1, Ei, j1)
and T3, j, (Viy jas Fiy j), €ither they don’t have
any uncolored vertex in common, or one is to-
tally contained in the other. (If V;, ;, C V}, j,,
then 3; > iz.)

e Consider the properties of any normal subtree
T;,j(Vij, Fij) and the properties of those
normal subtrees contained in it, and consider
the way they are contained in one another.
Then compare them with the properties of the
subtrees T3(V3,Ej3), T311,1(Vir1,1,E11,1),
Ty11,2(Vit1,2,Bi11,2), 1,

Tj3121(Vii21,Ej21),

Tyi22(Viiz2, Eya2), yooreee ;

Tp,1 (Vp,la Ep,l)a Tp,2 (Vp,2, Ep,z), and
the way they were contained in one another, as
described at the beginning of this section. We
find that they satisfy the same properties, and
the ways they are contained in one another are
also the same.

Let’s introduce the concept of an ‘extremal
subtree’ in the following way: for a subtree
in the set {T;;(V;;,Ei;)|J < ¢ < p;j =

1,2,3,---}, if it is not contained in another sub-
tree in the set {T;;(V;;,Ei;)|J < i < p;j =
1,2,3,---}, then we call that subtree an extremal
subtree (if two subtrees Tj, j (Vi ji, Ei ;) and
Ty j»(Via jos Fis j») are induced by the same set of
vertices—which means they contain each other,—
then we say T;, ;, (Vi, ji, Ei, j1) is an extremal sub-
tree but Tj, j, (Vis,jo, Eiy,j») is not an extremal sub-
tree if i1 < i9).

Ezample 9: Let’s follow Example 8. Then Gy 1,
G21, G222, G3;1, G3g2 and Gg g correspond to 6
normal subtrees— Tl,l(‘/i,laEl,l), Tg’l(‘/vz,l,Eg,l),
Ty 2(Vao, Ea2), T31(Va1,E31), T32(V32,E32)
and T33(Va3,Fs33), —whose parameter sets are
(’U25,5,1,14, 7), (’U25,1,1,7,3), (’U26,1,1,7,3),
(’1)28, 1, 1, 3, 2), (1)29, 1, O, 3, 2), (’026, 1, 1, 3, 2) respec-
tively. (Those 6 normal subtrees are circled and
shown in Fig. 7 (b).) Readers can easily verify that
they satisfy all the properties proved so far. From
Fig. 7 (b), it’s easy to see that 77 1(V1,1,F1,1) and
Tr2(Va2, F22) are the 2 extremal subtrees among
those 6 subtrees.

O

Based on the above analysis, we find a method to
do the layered diversity coloring on a tree G(V, E):

e At the beginning, let Tl,l(‘/l,laEl,l) =
To1(Vo,Fo1) = = Tp1(Vp1, Ep1) =
G(V,E). (At this moment, all vertices in

G(V,E) are uncolored.) Here T 1(Vi,1, E1,1) is
the extremal subtree. Color the extremal sub-
tree T1,1(V1,1, F1,1) in the same way we colored
T;3(V3,Ej) (described at the beginning of this
section). After the coloring, T11(Vi1,E1,1),
Tg,l (‘/2,1, Eg,l), Ty Tp,l(Vp,la Ep,l) are re-
placed by some new normal subtrees, some of
which are new extremal subtrees. Since no two
extremal subtrees have any uncolored vertex
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in common, we can color each extremal sub-
tree independently. For each extremal sub-
tree, we color it in the same way we colored
T;(V3,Ej)—and after the coloring, that ex-
tremal subtree will be replaced by some new
extremal subtrees, each of which we will again
color independently in the same way we colored
T3(Vy,Ej3) -+ This process keeps going on
until there is no extremal subtree left, which
means for any vertex v and for J < i < p, ver-
tex v can find at least K; different colors within
m; hops. Then we just need to color those re-
maining uncolored vertices arbitrarily, and we
get a layered diversity coloring.

Actually that is the way the algorithm presented
in Section III colors trees. The only thing to note is
that in the algorithm, when there exist two extremal
subtrees Til,j1 (Vi1,j1 ’ Ei1,j1) and Tiz,jz (Viz,jz, Ei2,j2),
if 41 < 19, then the algorithm always colors the sub-
tree Tj, jy (Viy 1o Fiy ) first. We will prove the cor-
rectness of the coloring algorithm in Section V.

V  Proof of the Algorithm and
Complexity Analysis

In this section, we’ll prove the correctness of the
coloring algorithm presented in Section III. Then
we’ll analyse its time complexity.

Proof of the Algorithm

Theorem 1 The layered diversity coloring algo-
rithm for trees presented in Section III is correct.

Proof: The algorithm’s many details have been
shown and proved in the previous sections, so here
we give just the sketch of the proof.

The algorithm has p iterations. In the 1-st it-
eration, the algorithm searches for normal subtrees
of G(V,E) of parameter set (x,x,*,K;,mj) sat-
isfying the properties those corresponding normal
subtrees described in Section IV satisfy. (The first
such normal subtree the algorithm finds is G(V,E)
itself.) Every vertex v added to the set R cor-
responds to a normal subtree of parameter set
(v,p1(v),p2(v), K1,my), (S, p1(v) and py(v) are all
notations used in the algorithm), and vice versa.
(To see why, note that the algorithm checks ver-
tices to see if they are eligible to be added to R
in a distributed breadth-first way, beginning with

the root of G(V,E). Then Lemma 8 and the def-
inition of ‘r; ;" in Section IV lead us to the con-
clusion.) No two normal subtrees of parameter set
(%, %, %, K1, my) have any uncolored vertex in com-
mon, so they can be colored independently. Each
normal subtree of parameter set (,*,*, K1, my) is
an ‘extremal subtree’ because no other normal sub-
tree contains it, and the algorithm will color it in
the same way we colored T3(Vy, Ej) (see command
line 2024 in the algorithm)—and after the coloring,
that subtree will disappear and some new normal
subtrees of parameter set (x, %, *, K1, mj) contained
in it will appear, which will be found by the algo-
rithm. The algorithm keeps coloring in this way
until there is no normal subtree of parameter set
(%, %,%, K7, my) left, which means every vertex of
G(V,E) can find at least K; different colors within
mj hops, and the 1-st iteration ends.

It’s simple to use induction to analyse every itera-
tion as above and prove that after the i-th iteration
(1 < i < p), every vertex of G(V,E) can find at
least K; different colors within m; hops. So when
the algorithm ends, we get a layered diversity col-
oring.

Now it’s only left to show that the algorithm al-
ways terminates in finite time. To see that, note
that every normal subtree contains at least one un-
colored vertex, and the algorithms uses at least
N — (K1 — 1) > 0 colors to color each normal sub-
tree. So every time the algorithm colors a normal
subtree, at least one vertex is colored. The tree
G(V,E) has only finite vertices, so the algorithm
can do only finite times of coloring and then termi-
nates.

a

Now we can prove the following important theo-
rem.

Theorem 2 Given the tree G(V,E) and parame-
ters b, N: Kl; K27 Y Kp and mj, ma, ---, Mp,
(here all those parameters are integers, and N >
Ki >Ky > --- >Kp, mi; > msg > -+ > mp,)
there exists a layered diversity coloring on G(V,E)
if and only if for any vertez v € V and 1 <1 < p,
the neighborhood of v of radius m; has no less than
K; vertices (that is, |xm;(v)| > K;).

Proof: ‘|xm,(v)| > K; for any vertex v € V and
for any 1 < ¢ < p’ is a neccessary condition for
there to exist a layered diversity coloring, because
in a layered diversity coloring, each vertex needs to
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find no less than K; different colors within m; hops,
while each vertex is assigned exactly one color. On
the other hand, when ‘|x, (v)| > K; for any vertex
v € V and for any 1 < i < p’, all the prerequi-
ste conditions are satisfied in the coloring algorithm
presented in Section ITI, and the algorithm can out-
put a layered diversity coloring on the tree. So it is
also sufficient. Therefore we’ve proved Theorem 2.
O

Ezxzample 10: Example 2 shows how the coloring
algorithm colors a tree. Here we use the same exam-
ple, and show how the coloring process corresponds
to coloring extremal subtrees.

At step 2 in Example 2, R = {v1}. At that mo-
ment, there are 3 normal subtrees (let’s call them
T, T» and T3) with parameter set (v1,0,0,14,7),
(v1,0,0,7,3) and (v1,0,0,3,2) respectively. The
vertex v; € R corresponds to 77, the only nor-
mal subtree (extremal subtree) with parameter set
(#,%,%,K7,myq). (And clearly T3 = T, = T3 =
G(V,E).)

The algorithm then colors 77 (see step 3 of
Example 2). At step 4 of Example 2, R =
{va}. There are 7 normal subtrees at that mo-
ment (let’s call them Ty, T, - - -, T1o) with parame-
ter set (vy4,5,1,14,7), (v7,1,1,7,3), (v13,2,1,7,3),
(v16,2,1,7,3), (v7,1,1,3,2), (v13,1,1,3,2) and
(v16,1,1,3,2) respectively. The vertex vy € R
is the only normal subtree (extremal subtree)
with parameter set (x,#*,% Kj,mj). (In fact,
5 of those 7 subtrees are circled and shown in
Fig. 7 (a), where Ty, Ty, T7, Ty9 and Ty are
the same as subtrees T (V1,E1), To1(Va1,E21),
Ty 2(Va, E22), T31(Va,1,E31) and T32(V32, E32)
respectively. That’s not a surprise.)

The algorithm then colors T} (see step 5 of Exam-
ple 2). We can analyse the following steps similarly
as above.

O

Analysis of Time Complexity

The coloring algorithm has p iterations, and each
iteration has two main parts of work—coloring ex-
tremal subtrees (command line 20—24), and check-
ing vertices to see if they are knots of extremal sub-
trees (command line 5—18 and 26—39).

e Time complexity of Coloring Eztremal Sub-
trees:
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In the i-th iteration, when an extremal subtree
is being colored, the algorithm needs to find out
the colors within m; hops from a certain vertex
9. We assume that each vertex has a list of the
vertices within m; hops from itself, (that data
structure is stronger than the adjacency ma-
trix, but is still just another way to describe
the structure of the tree, so we think this as-
sumption is reasonable,) and those vertices are
listed in this order: from small level to large
level, from left to right. In this analysis we al-
ways assume vertices at the same level in an
extremal subtree are colored from left to right.
Then it’s not hard to see that the (less than
K;) colored vertices within m; hops from vy
are all in the front of vy’s list, all with distinct
colors—so finding those colors has complexity
O(K1). In the p iterations, at most |V| ex-
tremal subtrees are colored. So the total time
complexity for finding colors within m; hops
(1 <4 < p) from certain vertices is O(K1|V]).
Coloring vertices has time complexity ©(|V]).
So the time complexity of ‘Coloring Extremal
Subtrees’ is O(K1|V| + |V|) = O(K1|V]).

Time complexity of Checking Vertices to See if
They Are Knots of Extremal Subtrees:

A vertex v becomes able to find K; different
colors within m; hops at the moment the K;-
th vertex in its list (the list listing the vertices
within m; hops from v) is colored—and the al-
gorithm can be notified then. Such notification
work has time complexity ©(p|V|) during the
whole p iterations. To inspect a single vertex
once to see if it’s the knot of some extremal
subtree in the i-th iteration has time complex-
ity O(m;), because the work there is to search
for two special vertices denoted by v; and v,
either of which has at most m; + 1 candidates.
(To search for ve, we only need to check the
right-most vertex in the extremal subtree at
each level.)

Let z; , denote the number of times vertex v is
the knot of some extremal subtree in the i-th
iteration. Then v will be inspected z;, + 1
times in the i-th iteration to see if it’s the
knot (z;, times the answer will be yes and
once the answer will be no). So in the whole
p iterations there will be Y>> | > v (i, + 1)
times of inspecting vertices. P |3 v iy
is the number of times the algorithm colors



extremal subtrees, so > P | > v Tin < |V
So ‘checking vertices to see if they are knots
of extremal subtrees’ has a total time com-
plexity of O(p|V|+>F | Y pev (@i +1)m;) =
O(p‘Vl + E'LP:l EUEV LjuTMy + Eszl ZUEV mz)
= O(p|V|+m1 274 Xoev Tip + V] X1 mi)
= OVl + mi|V] + [VIXE,m)
= O(IVI 22 ma).

The complexity of all the other miscellaneous op-
erations in the algorithm is negligible. So by com-
bining the results we get above, we find that the
coloring algorithm presented in Section III has time
complexity O(|V|(K1 + XF_; my)).

VI Improvements for the Color-
ing Algorithm

In this section, we’ll present two propositions which
can be used to improve the efficiency of the coloring
algorithm. The proof of Proposition 1 is omitted
due to its simplicity.

Proposition 1 In the coloring algorithm presented
in Section III, if at some moment a vertez is found
to be the knot of an extremal subtree, then from that
moment on, no ancestor of that vertexr will be the
knot of any extremal subtree.

Proposition 2 For any wvertex v in the tree
G(V,E), define F, = {ulu € V,u is a leaf, and
u is a quasi-descendant of v.}. Then in the coloring
algorithm presented in Section III, for any vertez v,
if L(v) < mazyer, L(u) —m;, then v won’t be the
knot of any extremal subtree at any moment after
the i-th iteration (1 <i<p—1).

Proof: We’ll prove this proposition with contra-
diction. Suppose that L(v) < mazyer,L(u) —m;,
and v is the knot of an extremal subtree after the
i-th iteration. Since after the i-th iteration no
normal subtree with parameter set (x,*,*, Ky, m;)
(1 <t <) is left, without loss of generality we can
say v is the knot of a normal subtree with parameter
set (v,a,b, K., m.) where i < ¢ < p.

Let w; be a quasi-descendant of v at level
mazyer,L(u), and let we be the ancestor of w;
at level L(wi) — (mj — m¢). Since L(v) <
mazyer, L(u) — m;, we get L(wy) > L(v) + m;,
and L(wg) > L(v) + m.. So both w; and wy are
descendants of v. Since L(ws) — L(v) > m, > a,
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wsy can find less than K. different colors within m,
hops. Since L(wy) — m; = L(wy) — m, it’s easy to
see that w; can also only find less than K, differ-
ent colors within m; hops. However, after the i-th
iteration, every vertex can find at least K; different
colors within m; hops, and K; > K,.. So there is a
contradiction. So we’ve proved Proposition 2.
O

Clearly the coloring algorithm can use the two
propositions to help check if a vertex has the pos-
sibility to be the knot of an extremal subtree.
And the checking using those propositions has very
low time complexity. From the previous section,
we’ve learned that ‘checking vertices to see if they
are knots of extremal subtrees’ contributes time
complexity O(|V|>P_, m;), without which the al-
gorithm’s complexity would go from O(|V|(K; +
> P . m;)) to O(K1|V]). So reducing complexity in
that part of work can help reduce the complexity of
the whole algorithm substantially. Our experience
shows in lots of cases it does.

VII Conclusions

In this paper we proposed a novel data layout
scheme for dispersed network attached storage
(DNAS), which was formulated as a new graph col-
oring problem called the Layered Diversity Color-
ing Problem. Examples show that the scheme toler-
ates data loss, keeps a good balance between delay
and QoS and has a very graceful degradation per-
formance.

We then studied the layered diversity coloring
problem for trees. A coloring algorithm is pre-
sented, and the necessary and sufficient condition
for there to exist a layered diversity coloring on a
tree is proven. The algorithm has time complexity
O([VI(Ky + Xi_y mi)).

We're very interested in the layered diversity col-
oring problem for more general graphs, such as pla-

nar graphs. That remains as our future research
topic.
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