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Abstract

Interleaving schemes are used for error-correcting on a noisy channel. We consider
interleaving schemes on infinite circulant graphs with two offsets 1 and d, with a goal to
minimize the interleaving degree. Our constructions are minimal covers of the graph
by copies of some subgraph S that can be labeled by a single label. We focus on
minimizing the index of S — an inverse of its density rounded up. We establish lower
bounds and prove that our constructions are optimal or almost optimal, both for the
index of S and for the interleaving degree. We identify related combinatorial questions
and advance conjectures.

1 Introduction

Error-correcting codes work best when the errors are scattered. However, in real life errors
on noisy channels often are bursty. So interleaving is used. The idea is to assign data points
to a number of separate codes, so that the points assigned to the same code are not likely
to be hit by one and the same error burst. T hen from eachode’s perspective there would be
no or few bursts. The goal is to minimize the number of distinct codes.

For a simple example, suppose we transmit bits of information one by one and we’d like
to use parity bits for error-correcting. Furthermore, suppose we know that error bursts are
quite rare, but a single error burst can damage up to three consecutive bits. So we split the
bits into three groups as 123123123123.... For each group, we include one parity bit per,
say, N consecutive bits transmitted. Then a single error burst can damage at most one bit
in each group. The transmission overhead is proportional to the number of groups (distinct
codes).

The way we interleave the codes largely depends on the topology of a noisy channel.
Usually noisy channels are one-dimensional, like a wireless data link, time being the only
dimension. In this case error bursts are just segments of the line (Fig. 1a). If we draw a
picture on a piece of paper and then scan it, we can view the piece of paper as a noisy channel
that transmits data from us to the scanner (Fig. 1b). Here error bursts are two-dimensional
(Fig. 1c). A holographic data storage system can be viewed as a three-dimensional noisy
channel (see p.1 of [1]).
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(a) One-dimensional noisy channel.
(b) A blot on a picture.
(c) Model of a blot: error burst in two dimensions.

Figure 1: Error bursts in one and two dimensions

Formally the topology of a noisy channel is given by a graph G on data points transmitted
by the channel. For example, the topology of an n-dimensional noisy channel is an n-
dimensional mesh. The idea is to model error bursts as connected subgraphs of G, i.e. to
make sure that two data points are likely to be hit by the same error burst iff they are
close to each other in GG. In particular, we usually connect each data point with data points
transmitted immediately before and after it. Note that this is but a mathematical model,
i.e. an approximation. As such, it can be good or bad, but not ’right’ or 'wrong’.

Methods of interleaving are typically designed for specific topologies and specific types
of error-bursts, with specific performance guarantees: this code with this many codewords
corrects for any burst of this specific kind. A numerical measure on error-bursts is usually
defined. Then the number of codewords is expressed as an increasing function of this measure.
For example, we could consider two-dimensional meshes, restrict the shapes of error bursts
to rectangles t; X t9, and use t; +t5 for the measure. Then our performance guarantee would
have the following form: our code needs f(t; + t2) codewords to correct for any rectangular
burst ¢ x t, s.t. ] +1t, < t; +to. Different shapes and measures of bursts have been studied,
mostly on one- and two- dimensional meshes (see [1] for references).



By the size of an error burst we mean the number of bits corrupted by it. The present
paper takes after [1] in that it tries to minimize the number of codewords required to correct
for any error burst of a given size t. In other words, we need to make sure no error burst of
size t or less contains two data points assigned to the same code.

In terms of graphs, error bursts are connected subgraphs, and assigning data points to
codes is just a labeling. So we have a labeling problem: given a graph G' and an integer
t, construct a labeling of G' so that no connected subgraph of size ¢ contains two vertices
labeled the same (equivalently, the distance between any two vertices labeled the same is at
least t). Such a labeling is called a t-interleaving scheme, where t is an interleaving parameter
(Fig. 2). The goal is to minimize interleaving degree, the number of distinct labels (codes)
used. Note that for ¢ = 2 it is just the graph-coloring problem.
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(a)&(b) 3-interleaving schemes with interleaving degree 4.
(c) Not a 3-interleaving scheme.

Figure 2: Examples of interleaving schemes

The history of the work on interleaving schemes is rather brief. The original paper [1]
introduced interleaving schemes and analyzed them on two- and three-dimensional arrays.
In [2], interleaving schemes were generalized to interleaving schemes with repetitions, where
in every connected cluster of size ¢t any label is repeated at most r times. Asymptotically
optimal constructions on 2-dim arrays were presented for the case r=2. Paper [4] considered
the case r > 2.

Present scope

The problem of minimizing the interleaving degree is two-fold: constructions and lower
bounds; we address both. For us the problem is more combinatorial than practical; we are
especially interested whether and when our constructions and bounds are ezactly optimal.

In this paper we restrict ourselves to infinite circulant graphs Gy with two offsets {1, d}.
G4 is a graph on Z s.t. vertices i,j are connected iff [i — j| is 1 or d (Fig. 3a). We talk
interchangeably about subgraphs of G; and subsets of Z.

The motivation for choosing (G, is that it is topologically similar to a two-dimensional
rectangular mesh (Fig. 3b), the topic of the previous papers on interleaving schemes. Note
that (G4 is embeddable on a cylinder: embed the integer line as a spiral.



(b) G4 as a two-dim mesh with a few extra edges.

Figure 3: G4, the infinite circulant graph with two offsets {1, 4}.

All points of a set S can be labeled by a single label in an interleaving scheme iff the
distance between any two of them is at least ¢. Call such sets t-sparse. An interleaving
scheme with n labels Ly ... L, can be viewed as partition of the graph into t-sparse sets
Ci...C, s.t. all vertices of C; are labeled by L;. Actually, we just need C;’s to cover the
graph: if C; intersects C;, points in the intersection can be labeled L; or L;, arbitrarily.

Our approach is to cover Z with copies of a periodic t-sparse set C'. For periodic sets
density is defined as the number of points within the period over the length of the period.
The indez of a set is defined as the inverse of density rounded up. Note that the index of a
set gives a lower bound on the number of copies of this set needed to cover Z. We separate
the problem of minimizing the interleaving degree into two problems:

e Find a t-sparse set C' with a minimal index.

e Cover Z with the minimal number of copies of C.

Most of our progress is on minimizing the index of a ¢-sparse set, which is itself an interesting
combinatorial problem.

This approach is not guaranteed to yield the smallest interleaving degree. In particular,



it might be possible to cover Z with fewer copies of a t-sparse set with a larger index. Our
constructions are optimal sometimes and good approximations otherwise.

Our results

There are several cases which require separate constructions and lower bounds.

For t > d — 1 there is a simple unique optimal interleaving scheme and ¢-sparse set.

For each choice of (d,t) s.t. [d/2] <t < d — 2 we present a family of optimal ¢-sparse
sets and extend one of them to an interleaving scheme that is optimal in about half of the
cases and a (1 + %)—approximation otherwise.

For d > 2t our ”practical” results are:

e a sphere-packing lower bound (SLB) based on packing of Z by copies of a t-sphere!.

e two optimal constructions for sparse but infinite subsets of pairs (d, t).

e a construction for all (d,t) that is a (1 + % + })-approximation of SLB.

e for even t s.t. d > t* we construct t-sparse sets with index just one above SLB.

Aside from that,

e for odd ¢ we determine precisely when SLB for ¢-sparse sets is exact.

e We investigate when wZ, w € N is an optimal ¢-sparse set.

e We formalize and study the ”greedy” approach for constructing t-sparse sets.

Further research

The two natural generalizations of interleaving schemes on G4 are interleaving schemes with
repetitions and interleaving schemes on circulant graphs with more than two offsets (Fig. 4).
Aside from that, in the end of each section we identify open questions.

Figure 4: Infinite circulant graph with three offsets {1, 3,5}.

Organization of this paper

The paper is divided into 5 sections of approximately equal size:

Section I Introduction.
Section II A sphere-packing lower bound (SLB) on the index of a ¢-sparse set.
Section III Our constructions for the case ¢t < [d/2].

Section IV When is SLB exact? When is wZ, w € N is an optimal t-sparse set?

L¢-sphere is a version of a "usual” sphere to be defined in Section II.



Section V Our constructions and lower bounds for the case ¢ > [d/2].

The main flow of the paper is about lower bounds and constructions for periodic ¢-sparse
sets and interleaving schemes. In the end of each section we present conjectures and open
questions and discuss results that would otherwise interrupt the main flow.



2 Sphere-Packing Lower Bound

We look for lower bounds on the index of a ¢-sparse set. The idea is to express t-sparseness
via packing of isomorphic subgraphs. We define a version of a sphere on Gy 2 called a t-
sphere. It turns out that if a set S is ¢t-sparse then the ¢-spheres centered in the points of S
are pairwise disjoint (form a packing),® so the index of S is equal or greater than the size of
a t-sphere. We call this lower bound a sphere-packing lower bound (SLB). Our constructions
either reach SLB or come close. In Section IV we investigate whether and when SLB is exact.

We only consider the case ¢ < [d/2]. In section V we’ll show that for other cases there
are better lower bounds based on different ideas.

We reserve d for the larger offset in G4, and ¢ for the interleaving parameter. We write
S; for a t-sphere. For given d,t we denote the minimal interleaving degree of a periodic
interleaving scheme by DEGp,, and the minimal index of a periodic ¢-sparse set by INDpyip.-
Now we can state the main result of this section.

Theorem 2.1 (Sphere-packing lower bound) DEG,, > IND, > |Si| = [t2/2].
Moreover, IND i = |St| iff DEGmin = |Si|.

First we define t-spheres abstractly and prove that their size bounds IND,;,. Then we
investigate what they actually look like and compute their size.

Define the distance between points u, v as the number of edges in a shortest uwv-path;
denote it by dist(u,v). Let dist(v) = dist(0,v). Define the distance between a subgraph
S and a point v as the minimal distance between v and the elements of S. Denote it by
dist(S,v). For an integer 7 define the 7-span of a set S as the set of points at distance less
than ¢ from S. Denote it by SPAN,(S).

Definition 2.1 Define three kinds of t-spheres centered at p € G4 as

SZT—l (p) = SPAN; {p}
S5 (p) = sPAN.{p,p+1}
Sy (p) = sPaN.{p,p+d}

For clarity we’ll call S5 a short t-sphere, and S a (long) t-sphere. Some examples of
t-spheres are in Fig. 2. By the end of this section it will become clear why ¢-spheres look the
way they look.

Lemma 2.1 If dist(p,q) >t then

Se(p) 7 Si(q), t odd,
S2(p) A S2(q) and Sk (p) 7 Sf(q), t even

Proof: Suppose t =27 — 1 and Sy(u1) and S;(uz) intersect at w. Then dist(u;, w) <7 —1,
so by triangle inequality dist(uq,us) < t.

Now let ¢t = 27 — 2 and suppose S (u;) and S; (ug) intersect at w. Then for each 7 either
dist(u;, w) < 7—1 or dist(u;+1,w) < 7—1. Therefore, by triangle inequality dist(u1,us) <t

2 As before, G4 stands for a circulant graph with two offsets {1, d}
3The inverse holds for odd t only. For even ¢ see Lemma 4.5.
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(a) Let S be a t-sphere centered at p € Gy (i.e. S is S; or S7 or SL). We represent S by a
string where consecutive characters correspond to consecutive numbers as follows.

& for the points p+kd € S, k € Z;

¢ forthe points p+1+kde S, keZ
(only for S7(p));

e for other points of S;

x for points not in S.

(O to label the centers.

(b) The three kinds of ¢-spheres for d = 7: 7 = 3 (above) and 7 = 4 (below).

S5 AOxxxx 0O ox X 0 o@D® 0 X X 0 ) © X X X X
Sor_1 MxxxxxoMoxxXXoo@oox XX 0MOXXX XXM
St Mxxxxxofhoxxxoo@ooxx o oo o XXX 0MNOX XX XXM

SZST Q_(}xxxxo‘{}oxxooQ{}ooooo@@oooooQQooxon{}oxxxx&
Sor_1 MXXXXX0MeXXX00Mhoox00o@oooxooheexXXOMNOXXXX XM
SQLT AxxxxxooxxxooMhooxooofoocoooofecexoohooxxxoMNOXXXXXMN

Figure 5: t-spheres

unless dist(u1, w) = dist(ug, w) = 7. In the latter case, however, dist(u; + 1, w) = dist(us +
1,w) = 7 — 1, so there exists a path u; + 1 — us + 1 with < ¢ vertices. Shifting it by —1
produces a ujus path of the same length, so that, again, dist(u1,us) < t. Similar proof works
for long t-spheres, too. O

Corollary 2.1 IND, i, > |Si], t is odd. IND, > max(|SS], |SE|), t is even.
Proof: Let S be a t-sparse set, t is odd. Then F = {S;(p) : p € S} is a family of disjoint
sets. Let p be the density of S. Then the density of the union of all sets in F is p|S;| < 1.
Thus, p < |S;|7%, so the index of S is at least |Sy|.

Similar arguments work for even t. O

Definition 2.2 If a t-sparse set or an interleaving scheme reaches SLB, call it s-optimal.

Lemma 2.2 S-optimal t-sparse set gives rise to an s-optimal t-interleaving scheme.
Proof: Let S be an s-optimal ¢-sparse set Let W be the union of ¢-spheres centered in S.
These t-spheres are disjoint, so the density of W is 1. Since S is periodic, W is periodic,
too. Thus, W = Z.

Partition W as follows: let W; = {f;(p) : p € S}, where f;(p) is the i*" vertex of S;(p)
from the left. Then the sets W; are translates of S, hence t-sparse. Label all points of W;
with 7 to get an s-optimal interleaving scheme. O

As a result of this abstract discussion of t-spheres we have almost proved Thm. 2.1,
except at this point we have no idea what these t-spheres are like, and what is their size.
We’ll have to take a closer look at (.



Some formulas will look a bit different for odd d and for even d. To avoid writing similar
things twice we introduce 0 = [d/2].

Definition 2.3 Define a canonical representation CAN(v) of v > 0 as a pair (x,y) s.t.
v=xd+y, x>0 and -0 <y <94.

By writing CAN(v) we imply v > 0. Note that CAN(v) is uniquely determined by v.
Lemma 2.3 Suppose CAN(v1) = (x1,%1), CAN(v2) = (29, %2), and x1 > x9. Then vy > v,.

Lemma 2.4 Let cCAN(v) = (x,y). Then dist(v) =z + |y|.
Proof: Define a canonical path P’ as a path in G, that starts with 0 and consists of |{|
large jumps, followed by |s| small jumps, in the direction determined by [, s, respectively
(see Fig. 6). Since two jumps of the same size but in opposite directions can be removed,
any shortest path from 0 is canonical.

Say P/ is a shortest path from 0 to some v € Gy4. If [ < 0 then Fj is shorter. If s > ¢

then P is shorter. If s < —§ then P’ is shorter. Therefore CAN(v) = (I, s). O

Corollary 2.2 Ifv > 0 then dist(v + d) = dist(v) + 1.

0 1 2 3 4 ) 6 7 8 9 10 11 12 13

Figure 6: P; 2 is a shortest path from 0 to 10 in Gg.

Definition 2.4 Define the positive and negative T-spans (Fig. 7)

sPANS = {p>0| dist(p) < 7}
sPAN, = {p<0 | dist(p) <7}

PRV AV AVl

01 2 3 45 6 7 8 910111213 14 15 16 17 18 19 20 21 22 23 24

Figure 7: SPAN; on Gg.

Definition 2.5 Let v],,, be the smallest positive number in SPAN/.



Obviously, SPAN, = —SPAN;" and Ss,_; = SPAN;" U SPAN;

We will represent a SPAN more compactly with a string where characters are in 1-1
correspondence with integers in [0; v] _]:

& for the multiples of d,

e for other element of SPAN],

x for points not in SPAN/,

O to label some of the vertices.
Fig. 8 shows how sPAN. grows with 7 for a fixed d.

Ao oXXx X oMO XXX XXM

NoooXooheoxxxoMNOXXXXXM
NoocooohecoXoohooxxXxoMNO XXX XXM
RecccccheccccchocoXoohoox XX oMOXXXXXM
NeccccofeccccchoccccopoccXoohoox XX oNOXXXXXMN

min

(a) SPAN for d =7, 7 = 3-7. v7,.(7) is labeled.

PNo XXX OMOXXXXX XM

NoooXx0oMeoX XXX OMOXXXX XXM
NoovccoochecoX)x00MNOoXXXXOMOXX XXX XM
NeccccccfheccccoohocoXx0oNeoXXXXOMNOXXXXXXM
NeccccocfecccccofoccccocPNocoX00MNOoXXXXOMOXXXX XXM

(b) sPAN; for d = 8 and 7 = 3-7. v7,, is labeled.

min
Figure 8: For a fixed d SPAN grows with 7. Stations are underlined.

maz d(T - 1)
Proof: Let caN(vl,.) = (z,y). If y # 0 then, for v =d(z + |y|), dist(v) = dist(v7,,) but

v > vp . contradiction. So wlog v}, = zd, with dist(v],,) = . O

Lemma 2.5 v”

Definition 2.6 Let v],;,be the smallest positive number not in SPAN.

T, t<é
Lemma 2.6 v], =

(r=08)d+9d, t>9§
Proof: Let canN(v™. ) = (z,y). If dist(vl,,) > 7 then dist(vT, — d) > t, contradiction.
Thus, z + |y| = 7. By Lemma 2.3, x > 0 must be as small as possible, so |y| must be as
large as possible. Lemma follows because |y| < 0 and y > —4. O

Note the structure of SPAN' between vl and v7 . . Elements of SPANI are clustered

around the multiples of d. We will call these clusters stations: imagine a train going in the
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positive direction with stops at 0,d, 2d, ... , each stop serving a certain area. By lemma 2.4,
the station 7y centered at kd is the integer interval kd + [—z, z], where z =7 + k + 1.

Let’s return to t-spheres. Recall that SPAN; is the right half of Sy._;. Define stations
T for k < 0 as Ty, = —7T_;. Some of the stations might intersect. It turns out the sphere-
packing lower bound is of interest only when all stations are disjoint, i.e. when v] ;.
where 7 = [t/2] (equivalently, when ¢ < §). We’ll compute the size of a t-sphere for this
case only.

=T

Lemma 2.7 For odd t, |S;| = [t?/2]. For even t, |S7| = |SF| = [t?/2].
Proof: For odd t, S; is a disjoint union of stations. Since |Tx| = 2(r — k) — 1,

7—1

S= > |ITl=(+1)/2

k=—(1-1)

For even ¢t = 27,

Letting

S =51(1)\ Si—1(0)
S" = 5i1(d) \ Si—1(0)

we get, letting = 7 — 1, (see Fig. 2)

S = {14+ max(Ty) | k € [—z;z]|}
S" = {min(T;) — 1, max(T;) + 1 | k € [1;2]} U {rd}
S| = [8=t-1
S7] = [S¢] = |Si—1| + 18| = t°/2

as required. O

Discussion and open questions
Definition 2.7 Sub-graph S C G4 is t-tight iff ¥ u,v € S dist(u,v) < t.

Since no two points of a t-tight set can be labeled the same in an interleaving scheme,
the size of a t-tight set gives a lower bound on the interleaving degree (but not on INDp;,).

Lemma 2.8 t-spheres are are t-tight.

Proof: Set {p} is 1-tight; sets {p,p + 1} and {p,p + d} are 2-tight. By Def. 2.1 it suffices
to prove that if a set S is z-tight then SPAN,(S) is (z + 2y — 2)-tight. Indeed, for any
D, q € SPAN,(S), there are p',¢' € S s.t. dist(p,p’) and dist(q,q') are at most y — 1. Since
dist(p', ¢') < z, by triangle inequality dist(p,q) < x + 2y — 2. O

Therefore, SLB holds for non-periodic interleaving schemes, too.

We'll see in Section III that for all but a sparse family of cases there is a O(t) gap between
SLB and our construction. Therefore, it would be nice to produce a t-tight set larger than a
t-sphere. However, it is an open question whether such set exists.
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3 Greedy Approach and Two-Offset Construction

In the previous section we derived a sphere-packing lower bound (SLB). Now we’ll use the
greedy approach to construct t-sparse sets that reach or almost reach SLB, and extend them
efficiently to interleaving schemes.

All things being equal, we prefer t-sparse sets with a simple structure, since they are
“nicer”, easier to implement and to reason about. The latter is important because extending
a given t-sparse set to an interleaving scheme efficiently can be a challenging problem.

Algorithm 3.1 Greedy algorithm.
Start with a set S = {0}. For each j =1,2,3,..., insert j into S if S U {j} is t-sparse.
Let G4 be the set produced by the greedy algorithm.

Definition 3.1 A set S C N is periodic, with a period x € N, if for alln € N
nesS < n+zes (1)
S is right-periodic, with a period z € N, starting with y € N, if (1) holds for all n > y.

Lemma 3.1 G4 is right-periodic.

Proof: Let T = T} be the set containing the first k elements of GA. Let j be the next
element of G4. Then j depends only on the elements of 7 between M — dt and M, where
M = maxT. Moreover, j — M depends only on the header H(T) of T

HT)={i€0...dt | M —ieT} (2)

Obviously, H(T') determines the rest of S. Since there are only finitely many headers, there
are integers k < [ s.t. H(Ty) = H(T;). Then G is periodic starting with max7T}. O

Definition 3.2 The greedy construction G is obtained from G* by replicating the (smallest)
period of G in both directions.

Obviously, the greedy construction G is t-sparse. The hope is that it is dense enough,
because every j € G is as close as possible to the smaller elements of G. The problem is, of
course, that maybe if we make some intervals in G larger, some subsequent intervals can be
made shorter, thus increasing the overall density.

Define ¢, € Nby d= (¢+ 1)t +r, —1 < r <t —2. The first few numbers produced by
the greedy algorithm are Gy = {0,¢,2t, ... ,qt}. The next number is

w = min{w > gt | w &€ SPAN(Go)}
Obviously w > (g + 1)t. We’ll show later that w ~ dt/2.

Definition 3.3 Define a two-offset set as a periodic set S with a period x s.t. SU[0, z)=Gp.
Say G4 is two-offset if G is two-offset with a period w.

Sanity check: G4 is two-offset if it is right-periodic starting with 0, with a period w.
Recall that t-sparse sets and interleaving schemes that reach SLB are called s-optimal.

12



Theorem 3.1 G4 is two-offset iff d = 0,41 (mod t). Ift is even and d = £1 (mod t) then
G s s-optimal.

We’ll prove Thm. 3.1 in Lemmas 3.2, 3.3 and 3.4. According to this theorem, if d = 0, +1
(mod t), G4 and G are nice; their period is simply Gy. Else, G# is quite ugly. Computer
search shows that the periods are rather long and lack apparent structure. We can prove
that periodicity of G4 starts with some number N > 0, but we could not compute N as a
function of (d, t). ;

Now we need to study the ¢-span of Gy. For 0 < j < ¢, let v] = id + jt and define the
integer intervals B = v/ +(—, ), where z = t—i. Let v‘”l =0, B = BY, | (see Fig. 9).
The meaning of B] is that it is the part of the ¢-span of Uo that lies in [id — t,id + d + 1].

( Size of the overlap ]/l

isgiven by Vil>0 freeinterva |.3

intervals B|0 B! B.2 3.3 B4 _5.91
® : : | —— >
points \0 v1i \/2 V3 v4—\0 integers
! ! l ' T+l
id id+t i+ 2t i+ 3t (i+1)d

Figure 9: Notation: points v/, intervals B! and Z7, ij-overlaps V.

Say a point is Gy-remote if its distance from G is at least t. Say a set is Gg-remote if all
its points are. Define the ij-overlap V/ as follows. If B/ and B™" overlap, let V/ be the size
of the overlap. Else, let —)7 be the number of Gy-remote points between B/ and B/*'. Then

vz={t‘2?‘1’ = )
t—21—r—2, j=¢q

Partition the integer interval id + [0, d) into integer intervals Z} = [v/,v/™"), 0 < j < q.
Say 7/ is free if it contains a Go-remote point. Sanity check: Z7 is free iff V! <o0.

Call the interval T/ standard if j < ¢ and non- standard if j = ¢ Let 7 = [t/2],
n=|t-r)/2]. Then by (3) Z7 is the left-most standard free Z7, and Z{ is the left-most

non-standard free 7/

Lemma 3.2 Ifr > 2 then G* is not two-offset.

Proof: If n <7 —1,thenw € I, sow + ¢ € IO .1 is not Gy-remote since IO 1 is not free.
Therefore, in this case G4 is not two offset. Now ifr>3thenn<7—1; 1f r=2and tis
odd, then n = 7 — 2. So it remains to consider the case r = 2 and ¢ is even. Then n =7—1,
so we have to do some more arithmetic. By (3) there are exactly two Gp-remote points in
¢+, namely w and w + 1, by definition of w (see Fig. 10a). The only one Gp-remote point
in 70 is w 4+ t + 1. So again w + ¢ is not Gp-remote. O
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In all examples G consists of 3 elements. We represent the t-span of G, as a string where
consecutive characters correspond to consecutive integers as follows:

O s for dr and d(7 + 1)

& is for vzj ’s

e for other elements of B!’s
x for Gg-remote points

N for w, w+t, w+ 2t

) ...ocelheeeX|xoo@e(e)xoohofo|x0ohoex XXX O@e...
b) ...000hhecox|o oo oXe oo oo oMo ox X o@e. ..
c) ...000h00coo@ecXeehecJeoheoX|xo@e. ..

d) ...000hhe e ox|o e@e e XX oo o x(X|0 oo ox XX o@e. ..
e) ...000fh00000feoX|x0chooX|x0 0o oX|xo@e. ..

a) r =2, tis even: G4 is not two-offset.

b-e) Typicals situations when r < 1: G4 is two-offset.
b-c) tiseven. by n=7—-1;¢) n=r.

d-e)tisodd. d)n=7—-1;e) n=r.

Figure 10: For the proofs of Lemmas. 3.2 and 3.3.

Observation 3.1 All standard intervals I? are free. Moreover, by (3) each such interval
contains exactly one Gy-remote point if t is even, and exactly two if t is odd. For all j < q
the size of BL ist — 1 if t is even, and t — 2 if t is odd.

Lemma 3.3 Ifr <1 then G4 is two-offset.
Proof: Assume r < 1. Then n =7 —1 or n = 7, so by Obs. 3.1 w + G is Gyp-remote. See
Fig. 10b-e for typical cases. The rest is a simple computation. Note that

dr+1, n=r
w =
dr—7, n=17—1

So for j < 3 the set jw + Gy is Gp-remote simply because it lies to the right of the t-span of
Go- To complete the proof of Thm. 3.3, it remains to show 2w + G is Gp-remote, too.

The right-most point of the ¢-span of Gy is p1 = d(t — 1) + ¢t. The second right-most
point is po = p; — t. In particular, p; and p, lie to the left of dt. If n = 7 then 2w > dt.
Suppose n =7 — 1. If t is odd then again 2w > dt. If t is even, then 2w = dt — t. However,
in this case d(t — 1) + ¢t = dt —t + 1. So 2w lies between p; and p,, and the rest of 2w + Gy
lies to the right of p;. O
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The index of a two-offset set S with a period w = dr £ 7 is

IND(S) = [L-‘ =t1r + [@-‘ (4)

g+1 g+1
|Si|+7—14+1, tisodd (5)
S+, t is even

where 1) is the second summand in (4).

Lemma 3.4 Supposer < 1. Then G is s-optimal iff d is even and r = 1, in which case it
extends to an s-optimal interleaving scheme.
Proof: Follows from (5) and Lemma 2.2.

As we have proved, the two-offset set with a period w is t-sparse only when r < 1. Does
there exists a two-offset set with a large index that is t-sparse for all values of r? Indeed it
does.

Definition 3.4 Define the two-offset construction as a two-offset set with a period wy, where
wo = dr + 7 is the Gyo-remote point (or the left-most of the two Go-remote points) in the
interval Z2.

Sanity check: when G is two-offset and w = d7+7, it is exactly the same as the two-offset
construction.

Lemma 3.5 The two-offset construction is t-sparse.
Proof: By Obs. 3.1 the set wy + Gy is Gg-remote, As in the proof of Lemma 3.3, for j > 2
the set jwy + Gy lies to the right of the t-span of Gy, hence is Gy-remote.

By (4) the two-offset construction is a (14 % + %)—approximation of sSLB. If d > 3, ¢ =1
in (5), so the index of the two-offset construction S is

IND(S) =

|S¢| + 7, tisodd
|S¢| +1, tiseven

Now we will extend the two-offset construction to interleaving schemes.

Definition 3.5 For a subset S of Z, define the interleaving degree DEG(S) of S as the
smallest number of copies of S required to cover Z.

Sanity check: if S is t-sparse then DEG(S) is the minimal interleaving degree of an
interleaving scheme based on S.

Theorem 3.2 Let S be a two-offset set with a period x. Let g = ged(t,x). Then

B T _ ) mp(9), ged(t,z) =1
DEG(S) =g ’Vm-‘ B {IND(S) + g, otherwise

Proof: The second equality holds because IND(S) = [z/g].
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For a lower bound on DEG(S), instead of all Z let’s just try to cover the integer interval
X =[0,1). For m € Z, define the set

Ap={(m+jt)modz:j€Z}

From elementary number theory, the sets Ag, Aq,..., A4—1 form a disjoint partition of X,

|A| = z/g. Now, each copy of S intersects with exactly one of the sets A,,, the size of
[Am|

pe -‘ copies to cover one of the

intersection being g+ 1. Therefore, one needs at least N = [

sets A,,, and g/ copies to cover all of them.
The covering of Z by gN copies of S is achieved by the sets

Si=m+ilg+1)t+S
so that A,, is covered by S, S}, ... , SN, O

Corollary 3.1 Let S be the two-offset construction.
a) DEG(S) is a (1+ £ + 3)-approzimation of SLB by (4).

b) When d > t*, DEG(S) is a (1 + 2)-approzimation of SLB. Specifically, by (5)

|St| + 7+ ged(d + 1,t), t odd
DEG(S) = ¢ |S| + 7+ 1, t even, d even
ISy +t+1, t even, d odd

Discussion and open questions

1. Alg. 3.1 starts with an empty set S. This choice is quite arbitrary; instead, we can
let the greedy algorithm start with any t-sparse set. Let G4(S) be the (infinite) set
produced by the greedy algorithm if it starts with S. Same way as when S was empty,
one shows that G4(S) is right-periodic and defines the greedy construction G(S). We
do not know how dense the sets G(S) can be. It is an open question how the structure
of the period of G(S) depends on S.

2. Given a t-sparse set S, the next number jg produced by the greedy algorithm is
the smallest number j > max S s.t. S U {j} is t-sparse. As shown in the proof of
Lemma. 3.1, jg depends only on the header H(S) of S, defined by (2). Therefore, one
can view the greedy algorithm as a function H(S) — H(S U js). This function can
be represented as a directed transition graph Gg on all possible headers. In particu-
lar, greedy construction G(S) corresponds to a directed cycle in Gg that contains, as
a vertex, the header of G(S). Each connected component of Gg contains a directed
cycle whose vertices are roots of disjoint trees directed towards the cycle. (Fig. 11).
We’d like to know more about the structure of Gg. For example, how many connected
components can Gg have, for different values of (d, t)? how large are the cycles? what
shape do the trees have? and so on.
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Figure 11: Typical connected component of a transition graph Gg of the greedy algorithm.

4 Even Constructions and S-Optimality

In this section we investigate when exactly s-optimal sets exist, and when the set wZ, w € N
is s-optimal. It turns out that these questions are related.

The ’simplest’ integer subsets are of the form wZ, w € Z. If such subset is ¢-sparse, it
gives rise to an interleaving scheme with interleaving degree w. Define the even construction
as the set |S;|Z. Note that among all sets wZ only the even construction can be s-optimal.

Now we are ready to state the main results of this section:

e For odd ¢, s-optimal constructions exist iff d = +¢ (mod |S;|), in which case the even
construction is s-optimal.

e For even ¢, the even construction is s-optimal only if d = £1 (mod t). Experimental
data suggests some conjectures for when exactly the even construction is s-optimal.

The t-spheres centered in an s-optimal set partition Z. Our approach for finding necessary
conditions for s-optimality is to look at the partitions of Z by t-spheres.

In this section, let S be a (general) s-optimal set; let p be a (general) element of S. The
notation for picturing t-spheres is summarized in Fig. 2a.

Case of odd t =2z — 1

Fig. 12 shows that we can partition a ¢-sphere into stations (clusters around the points of
the form p + kd, k € Z), which can be grouped into a left branch, a right branch, and a
central station. In our examples, stations are underlined.

AxXXXXXXoMOXXXX0oMhooxXooo@oooxXX00MOOXXXXOMOXXXX XXM
{ Left Branch } {central }  { Right Branch }

t-sphere for d = 8 and t = 7. Stations are underlined.

Figure 12: ’Stations’, ’branches’, and a ’central station’.
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Definition 4.1 Let Lg =S — (z —1)d. Let Rg =S+ (z — 1)d.

So pisin Lg (Rg) iff p is the leftmost (rightmost) point of some t-sphere centered in S.

Lemma 4.1 p+ x is either in Lg or in Rgs.

Proof: Consider the t-spheres centered in S. They form a disjoint cover of Z. In particular,
p + x is an element of some t-sphere Si(q), ¢ € S. Suppose p + x lies in the left branch of
S¢(q), but is not its leftmost element (see Fig.13). Then

-2 € Si(p)
p—d+z+{-1,0 ¢&Si(p)USi(q)
1 € St(Q)

Sopr =p—d+x—1and p, = p— d+ z are neither in S;(p) nor S;(¢). Thus, p; and p,
are covered by some other ¢-sphere(s) centered in S, and these ¢-sphere(s) do not intersect
Si(p) and S;(q). How can that be? In a t-sphereall stations except the leftmost and the
rightmost have length > 3. Thus, p; and p, are the leftmost or the rightmost points oft-
spheres centered in S. If p; or ps is the leftmost point of a t-sphere S’ centered in S, then
S’ intersects Sy(p) at p + x — 1, contradiction. So p; and p, are the rightmost elements of
t-spheres S;(q1), Si(g2) where 1,2 € S. Then ¢; + 1 = go, contradiction.

So if p + x lies in the left branch of S;(¢), p + = must be its leftmost element. Else p+ z
lies in the right branch of Si(¢g) or in its central station. Then by a similar proof p + z must
be the rightmost element of S;(q). O

AXXXXXXoMOXXXX® oo XXX X MO XXX X X XM
77HXXXXXXOMOXXXX 0 o) @ XX XX 0MO XX X XX X

o d=8t=51=3.
e Upper row: Sy(p); p and p + x are encircled.
e Lower row: Si(q); p—d+ 2z — 1, p— d+ x are labeled by ’?’; ¢ is encircled.

Figure 13: Proof of Lemma 4.1: S;(p) and S;(q).

Since the t-spheres centered in S are disjoint, Sy(p + t) is the only t-sphere centered in
S that contains p + z. Since p + x is the inner point of Si(p +t), by Lemma 4.1 p+t ¢ S.
In particular, the two-offset construction from Section III could not be s-optimal since it
started with {0,t,2t, ... , kt}.

Lemma 4.2 In each part, exactly one of the two statements is true (see Fig. 14):
a) ptrx€Lsandp—d+x—1€ Rg
p+r€Rsandp+d+z—1€ Lg
b) p—x€Lsandp—d—x+1€ Rg
p—zr€Rsand p+d—z+1€ Lg
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Proof: By Lemma 4.1, either p+ 2 € Lg or p+ 2 € Rg. Suppose p+ x € Lg and let
p' =p—d+z — 1. Since p' is neither in S;(p) nor in the t-sphere containing p + z, it is an
element of some other t-sphere T = S;(q), ¢ € S. Since p' is the leftmost element of some
station of T, p+x =p'+d+ 1 € T, unless p' is the rightmost element of 7.

Case p+ = € Rg is solved similarly. Part (b) follows from part (a) by symmetry. O

oofheoXXXXOMOXX XXX X BXXXXXXOMOXXX X0 olhe o—
AXXXXXXOMOXXXXOo@O 6 XXX X MO XXX XX XM
oo oxXXXXOMOX XXX XXW BXXXXXXOMOXXXX o olhe o—>

d=8,t=5, z=3.

1% row: p+2 € Lg and p—d+x — 1 € Rg are labeled.
28 row: Si(p) is shown; p is labeled .

3 row: p+x € Rgand p+d+x — 1 € Lg are labeled.

Figure 14: The two options in Lemma 4.2.

Lemma 4.3 Ezactly one of the following is true (see Fig. 15):

p+x, p+d—x+1€Ls and p—x, p—d+x—1€ Rg (6)
p+x, p—d—xz+1€Rs and p—x, p+d+x—1¢€ Lg (7)

Proof: By Lemma 4.2, there are four possible cases: (6), (7), ptx € Lg, and p £+ x € Rg.
If p+x € Lg then by Lemma 4.2 p. € S, where p. = p—dz+(x—1). Thusp, —p_ =t—1,

contradiction. Case p + x € Ry is ruled out similarly. O
If (6) holds: bl r T T
QXXXXXXXXXXXXOQOXXXXXXXXXX00@00XXXXXXXXXXOQOXXXXXXXXXXXXQ
If (7) holds: ‘® T ‘R T

e The leftmost (Lg) and the rightmost (Rg) vertices are labeled byfi E resp.
e p is encircled in the middle row.
e d=14,t=5, 2 = 3.

Figure 15: The two cases in Lemma 4.3.

Lemma 4.4 If (6) thenp+d—t e S. If (7) thenp+d+t €S (see Fig. 16).

Proof: Suppose (6) holds. Let T'= S;(q), ¢ € S, be the t-sphere containing p' = p+d —z
(Fig. 17a). Say p' is contained in the station W of T'. Let Wy, Wg be the stations of T’
immediately to the left and immediately to the right from W. Unless W is the central station
of T, either W, or Wy is wider than W. Since p’ is the rightmost point of W, this means
that either p —x € Wy or p+ 2d — 2z € Wx (Fig. 17b). However, these two points belong to
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other t-spheres centered in S (Fig. 17c and 17d). Thus, W is the central station of 7" and
g=p+d—t.
If (7), we let T = Si(q), g € S, be the t-sphere containing p' = p + d + z. Then by a

similar argument ¢ = p + d + . O
If (6) holds: ‘" ‘® T e o@e oL
BAXXXXXXXXXXXXOMOXXXXXXXXXXO OO @ X XXX XXX XXX OMOX XX XXX XXX XX XMW
If (7) holds: ‘r T ‘R Tooleo

e [t is an elaboration of Fig. 15.
e In the upper row, ¢ = p+ d — t is encircled; the central station of S;(g) is shown.
e Same for ¢ = p+ d 4+t in the lower row.

Figure 16: The two cases in Lemma 4.4.

- - — —
R R L L
AXXXXXXXXXXXXOMOXX XXX XXX X[X]® of)® @ X XX XX X X X[xJX oM@ X X X XX X X X X[RX X0
' Y X

e d=14,t=5 = 3.
e Si(p) is drawn in the middle row; p is encircled.
e Assuming (6) holds, the upper row shows the consequences of Lemma, 4.3.

a) p' =p+d— x is labeled by |J.
b) p — x and p + 2d — x are labeled by ).

)
¢) By Lemma 4.3, p — x € Lg.
d)

By Lemma 4.3, p+d—x + 1 € Rg, i.e. it is the leftmost point of some t-sphere
S’ centered in S. We draw two leftmost stations of S’ in the lower row to show that
p+2d—z€S.

Figure 17: For the proof of Lemma 4.4.

Theorem 4.1 For odd t, s-optimal sets exist only if d = £t (mod |Sy|).
Proof: Let S be an s-optimal ¢-sparse set. Take any p € S. If (6) then by Lemma 4.4
g=p+d—teS. Now we apply Lemma 4.3 to g. Either (6) or (7) must hold for ¢. Since
g+r=p+d—1z+1€ Lg, (6) does. So we apply Lemma 4.4 again: ¢ +d —¢ € S. In the
same fashion, p+ k(d — t) € S for any k£ € N. Since this holds for any p € S, S is periodic
with a (not necessarily smallest) period d — t.

Let w be the number of points of S within one period. Since S is s-optimal, the density
of Sis w/(d—t) =1/|S;|. Thus, |S;| divides d — t.

If (7) holds for p, then by a similar argument |S;| divides d + ¢. O
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Theorem 4.2 Ift is odd and d = £t (mod |S;|) then the even construction is s-optimal.

Proof: Let s = |S;|. Suppose d =t (mod s) (for d = —t the proof is similar). Suppose
the even construction is not ¢-sparse. Then there are points p > ¢ s.t. p = ¢ (mod s) and
dist(p,q) < t. Let CAN(p — q) = (4,7). Then s divides id + j, hence it + j. Since it + j is
smaller than 2s, it is equal to s. Therefore, by a simple computation, t = 2i+1 = +(25—1),
so dist(p,q) =i+ |j| = t, contradiction. O

Case of even t = 2z

Recall definitions of long and short t-spheres from Section II. For odd ¢ dist(p,q) > t iff
Si(p) is disjoint with S;(¢). A similar lemma for even ¢ is somewhat more complicated.

Lemma 4.5

dist(p,q) >t <= Sf(p) is disjoint with SF(q) and |p —q| #t — 1
< S7(p) is disjoint with S; (q) and |p —q| # (t — 1)d
—

St ()N Sa) =S (p)N S (@) =0
As for odd ¢, we will consider the partitions of Z by t-spheres to investigate the s-optimal

sets. We'll use long t-spheres. Again we find it convenient to talk about the branches of a
t-sphere (see Fig. 18)

MXXXXXXOMOXXXX o o@0 o XXX 0 o0 6 XX XX @MOX XXX X XM

{ Left Branch } { Right Branch }

d=8,t=6. pand p—+ d are labeled. Stations are underlined.

Figure 18: ’'Stations’ and ’branches’ of SZ(p).

Lemma 4.6 At least one of p+x(d+1), p—z(d—1) isin S.

Proof: The long t-spheres centered S partition Z. In particular, p’ = p+d+x is an element
of some long ¢-sphere T = SF(q), ¢ € S. Clearly, p' is a leftmost element of some station of
T. Which station? If p’ is in the right branch of T then either p + z — 1 is in both T and
SE(p) (Fig. 19a), or ¢ = p+t — 1, which is too close to p (Fig. 19b).

So p' lies in the left branch of T. Now, if p’ is the leftmost element of 7' then ¢ =
p+xz(d+1) €S, and we are done. Else p+z—1¢€ SF(p),p+2+1€T, but p+ z is in
neither (see Fig. 20). So p+ x must be either the leftmost or the rightmost element of some
other long ¢-sphere 7' = SE(q'), ¢ € S. Tt cannot be the leftmost element since in this case
p+d+x—1isin both T’ and SL(p). Thus, it is the rightmost element of 7”, in which case
¢ =p—uxz(d-1). O

Theorem 4.3 For even t the even construction is s-optimal only if d = +1 (mod t).
Proof: The even construction is S = {kt?/2 | k € Z}, where t?/2 is the size of a t-sphere.
So if S is s-optimal then by Lemma 4.6, t?/2 divides either (d 4+ 1)t/2 or (d — 1)t/2. O
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StL(p) AXXXXXXXOMOXXXXX O 0@ 0 XXX X0 0O OXX XX X 0O XX X X X X XN
StL(q) 00 eXXXXX@MOXXXXXX XM

(a) SE(p) intersect T at p+ x — 1 (labeled in the lower row).
p and p’ are labeled in the upper row. Here d = 9, t = 6.

SE(p) MxxxXXXXXo@OXXXXXXXOMOXXXXXX XXM
SE(q) BMXXXXXXXXOWMOXXXXX XX OMOX X XXX XX XN

(b) Labeled are: p, p" in the upper row, ¢ in the lower row.
p and ¢ are too close. Here d = 10, t = 4.

Figure 19: For the proof of Lemma 4.6: what if p’ lies in the right branch of T7

Sf(p) BAXXXXXXXOMOXXXXX® oo XXX X 0 0O XX XXX OO XXX XX X X
St (q) AXXXXXXXOMOXXXXX @ oo o—

Labeled are: p, p+ x, p’ in the upper row, ¢ in the lower row.
What do you cover p + x with? Here d =9, t = 4.

Figure 20: For the proof of Lemma 4.6: p’ must lie in the left branch of T

Discussion and open questions

For odd ¢t we know exactly when s-optimal constructions exist. For even ¢ we just have
Theorem 4.3 about s-optimal even construction. Since for any d = +1 (mod t), ¢ even,
there exists an s-optimal two-offset construction, we conjecture that Theorem 4.3 actually
holds for all t-sparse sets.

Now back to the even construction for even ¢t. When exactly is it s-optimal? At this
point it is an open question; unfortunately, the converse to Theorem 4.3 is false. How much
do we care, really? By Theorem 4.3 if the even construction is s-optimal, there exists an
s-optimal two-offset construction. However, the even construction is "nicer”, so we’d like to
use it whenever we can. For this reason we investigated this question further.

Let D, be the set of all values of d s.t. the even construction is s-optimal. We computed
min(D;) and the first 20-30 elements of D, for each ¢ < 42. This data motivated several
conjectures:

e Let p be the smallest prime that does not divide ¢/2. Then min(D;) = pt — 1.

e Let d=1 (mod t). Then d € D, iff d — 2 € D;.

e Consider the sequence of intervals between consecutive elements of D;. This sequence

is periodic, starting from the very first element of the sequence. Let pgy,p1,... ,p, be
the distinct prime divisors of ¢/2. Then the length of the period is 2 x H?:o(pj - 1),
and the sum of the elements in a period is t x H?:o Dj-
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5 Caset > [d/2]|: Constructions and Lower Bounds

In this section we consider the case t > [d/2]. For ¢t > d —2 there is a simple unique optimal
interleaving scheme and a t-sparse set. For each choice of (d,t) s.t. [d/2] <t <d—2 we
present a family of optimal ¢-sparse sets and extend one of them to an interleaving scheme
that is optimal in about half of the cases and a (1 + %)—approximation otherwise.

Recall the definitions of v7, and v7, from section II. Let vpayx = v, Vmin = v%,,. Let

6 = [d/2], T = [t/2].
Definition 5.1 Let the even labeling £ be a labeling on Z with a period {1,2,3, ... | Upmin}-

Theorem 5.1 £ is an interleaving scheme iff t > d — 2, in which case it is the unique
optimal interleaving scheme.

Proof: By Lemma 2.6, if t < d — 2 then 2wv,,;, is t-reachable, so £ is not an interleaving
scheme (Fig 5a). Now suppose t > d — 2. By Lemmas 2.5 and 2.6, Upax < 20Umin. Since the
distance between any two points labeled the same in £ is either vy, or greater than vy, £
is a valid interleaving scheme (Fig 5b).

To prove that £ is unique optimal, we show that any other interleaving scheme requires
more labels. Indeed, in any other interleaving scheme there are two consecutive vertices u,v
labeled the same s.t. |u — v| > vy,. Let S be the integer interval [u + 1;u + vy By
definition of vy, the distance between any two points in S is less than ¢. Therefore each
point in S must be assigned a distinct label different from the label of u and v, which requires
at least vy, + 1 labels. O

a) Weeocccoheoc oo ehoeoxxX e NOXXXX XM
b) Weoocehocoooheoox ohexxX XM O

(a) t <d—2; (b) t >d— 2. Vertices 0, Unmin, 2Umin are labeled.

Figure 21: £ is an interleaving scheme iff ¢t > d — 2.

Corollary 5.1 v,,;,Z is t-sparse iff t > d—2, in which case it is the unique optimal periodic
t-sparse set.

Proof: The second assertion holds because the interval between any consecutive elements
of a t-sparse set is at least vmin. O

Note that the set vminZ is exactly the greedy construction from Section III applied to the
case t > d — 2.
For the rest of this section, assume § < ¢t < d — 2. Equivalently,

Umin = (E—0)d+ 0 < VUmax/2

Definition 5.2 Call a point w remote if dist(w) > t. Call (wy,ws) a remote pair if wy,
wy and wy + wo are positive and remote. Call wy + wo the sum of a remote pair. Call a
remote pair minimal if its sum is minimal for given (d,t). Define a remote-pair set R;? as
a periodic set S with a period wy + wq s.t. SN [0, w; + we) = {0, w}.
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We will derive a Remote-Pair Lower Bound (RLB) on INDy,;, from a lower bound on the
sum of a remote pair. If a set is ¢-sparse and its index reaches RLB, call it r-optimal. We
will prove that for any minimal remote pair (wy,ws) the set Ry? is r-optimal

Lemma 5.1 Fiz (d,t). If the sum of any remote pair is at least w, then IND,;, > w/2.
Proof: Let S be a t-sparse set with a period p. Let sg ... s9, be the elements of S N [0, 2p]
in increasing order. Then for each i (s9;11 — S9i, S2;42 — S2;41) IS a remote pair, so its sum
Soito — So; 1s at least w. Therefore sg, — so > wn, so

IND(S) = 82”27_80 > w/2
n

O

Let vg = Umin. For even d, define v; = vy, + 1. Let o; be the minimal sum of a remote
pair (v;, -) (Fig 22). Define omin as og for odd d, and as min(og, o1) for even d. Note that
v1 and o1 are not defined for odd d.

a) @WeococcchocoXxoehoex XXX OMO XXX XXM O
Weoccocoohecoxxoohe o(NxXX oMo XXXXXXM

b) WeccccoohecexXoohooxxxX 0MNOXX XX XXM O
WoocccooheooxXoohoox XXX 0MOXX XXX XM

c) Neoocoohee oo ehooxxxohoxxxXXM) O
@occocohecoxooheoxVx oMo xx XX XA

In each example, for 1 = 0 or 1,
o t-spans are depicted, in the notation explained in Section II.
o the upper line is a t-span of 0.
o the lower line is a t-span of ;.
o ¢; is computed as the leftmost point that is remote in both lines.
o points 0, v;, o; and o; + v; are labeled.
In example (a), (d,t) = (8,5); 0p is computed.
In example (b), (d,t) = (8,5); 01 is computed.
In example (c), (d,t) = (7,5); 0o is computed.

Figure 22: Computing o and o;.

Theorem 5.2 (Remote-Pair Lower Bound) INDyin > Omin-
Proof: By Lemma 5.1 it suffices to prove that the sum of any remote pair is at least omin-
Consider the following loop.

FUNCTION FOO

INPUT: remote pair (wl,w2);
LET wi<w2, CAN(w1)=(x,y);
WHILE |yl<d or dist(wl)>t
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IF dist(w)>t LET z=d
ELSE IF y<O0 LET z=d+1
ELSE LET z=d-1;
(wl,w2)+(wl-z, w2+z);
RETURN (w1l,w2).

By Lemma 2.4 after each iteration w;, wo remain remote, so, since w; + wq is invariant,
(w1, wy) remains a remote pair. The loop ends because if dist(w;) > t then dist(w;) decreases,
else |y| increases.

Let (w1, ws) be a remote pair. Let (w],w)) = FOO(w;,ws). Then (w,w}) is a remote
pair s.t. dist(w]) = t and |y| = J, where CAN(w}]) = (z,y). Therefore, w] is vy or v;. By
definition of oy and oy, wy + we = W] + wh > Opin- O

Definition 5.3 Call a remote pair standard if its sum is oy or o;.
We will see that for each pair (d,t) there exists a family of standard remote pairs of the
form (v; +j(d+ 1), o; — j(d+ 1)).

Definition 5.4 Call R} an s-remote-pair set if (wy, wy) is a standard remote pair.

Theorem 5.3 Any s-remote-pair set is t-sparse.

Proof: Let (w;,w;) be a standard remote pair. For any u,v € R;}?, either

lu — v| € {0, wy, we, w; + Wy, 2wy + we, w1 + 2we}

or else |u —v| > 2(wy + wg) > 20, so dist(v,u) >t by Lemma 5.2. Therefore, it remains
to prove that 2w; + we and w; + 2w, are remote, which follows from Lemma 5.3. O

Lemma 5.2 20,,, > V-

Lemma 5.3 0y + v and o, + v are remote for any remote v > 0.

By Thm 5.3, R72™™ is exactly the greedy construction from Section IIT applied to the
case 0 <t < d— 2. The following chain of lemmas proves Lemmas 5.2 and 5.3 which are
required to complete the proof of Thm 5.3. To simplify formulas, define v as 0 if d is odd
and 1 if d is even. For i € {0,1} define

(aia ﬂl) = CAN(Ui — Umin — Ui)
(aa ﬂ) = CAN(Umin+Ui)
= @t-d)+1, i+1-7)
Note that 3 € {0,1}. We are slightly abusing the notation since 3 depends on i.
Fact 5.1 For a positive v < Vg, the following are equivalent:
a) v is remote.

b) CAN(v — Umin) = (1, p2), where —py < pg < iy + .
¢) For some i € {0,1} v = v; + p1d + pa, where |pg| < .

25



Corollary 5.2 Since o; — v; is remote, —; < 3; < o + 7.

Lemma 5.4 CAN(0;) = (o + o4, B+ 0i).

Proof: Since 0; = (o + o;)d + (8 + i) and 3 € {0,1}, the Lemma holds unless § =1 and
Bi = d. In the latter case, let 0 = 0; — 1. Then o is remote (since o > vy, and 0 = 6
(mod d)), and o — v; is remote by Fact 5.1b. So (v;,0) is a remote pair, which contradicts
the minimality of o;. O

Lemma 5.5 o; =9 — [(t +1)/2]. Bi =i + 7.
Proof: Unfortunately, we need more notation:

(azqa Bzo) = CAN(U_Umin_Ui)
Wi = {o>uv|-af < <of+7 and —0 <+ 7 <6}

Then by Fact 5.1b and Lemma 5.4 o; is the smallest remote element of W;. Let ¢(z) be the
maximal distance between 0 and o € W; s.t. of = z. Since for each 0 € W;

dist(o) = (e +af) + |8+ 57|,

o(x) = 2z + o+  + v (which requires 57 = af + ), so the Lemma follows since «; =
min{z| ¢(z) > t}. O

Corollary 5.3 0; — v; = Vypin + @;(d + 1) + 9.

Proof of Lemma 5.2: By Lemma 5.5, a+a; > 7. So 0; > 7d — 6 + 1. Thus, 20; >
(t — 1)d = Umax- O

Lemma 5.6 Suppose u, v are positive and remote, and CAN(u) = (z,y) s.t. |y| < t/2. Then
u + v 18 remote.
Proof: Wlog assume v < vpax. Since dist(u) =z +y > t, x > t/2. By Fact 5.1c

u+v=v+ (x+ p)d+ (y+ p2)

where 7 € {0,1} and |p2| < pq. Since |y + pa| < 2 + py, by Fact 5.1c u + v is remote. O
Proof of Lemma 5.3: Use Lemma 5.6 since by Lemma 5.5 |5+ §;| < t/2. O

This concludes the proof of Thm. 5.3. Now we will extend s-remote-pair sets to inter-
leaving schemes. An efficient covering of Z by copies of a remote-pair set is given by the
following analogue of Thm. 3.2.

Lemma 5.7 Let S = R}}? be a t-sparse remote-pair set s.t. wy < wy. Let g = ged(wy, wy).
Then

IND(S), g=1
IND(S) + g, otherwise

DEG(S) = {

Proof: Use same arguments as in Thm. 3.2. O

Corollary 5.4 Standard remote pairs that are relatively prime yield r-optimal interleaving
schemes.
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Reasoning about ged’s of all standard remote pairs is quite a nightmare. Instead, for each
choice of (d,t) we will come up with a single s-remote-pair set that yields a good interleaving
scheme. Let

o = d—r, d or t is odd
B 0—7—1, dandtareeven
Vg, 09 — V), odd d
wiwg) = {0 ™)
(v1,01 —v1), evend

Then by Thm. 5.5 (w3, w}) is a minimal remote pair, with a sum op;,. By Cor. 5.3 w} —wi =
a*(d + 1). Therefore for each j < a*/2,

(wi +j(d+1), w; —j(d+1))

is a minimal remote pair. In particular, there is a minimal remote pair of the form (w*, w*)
if o* is even, and (w*, w* +d + 1) if o* is odd.

Definition 5.5 Define the m-remote-pair set R by

R — { w*Z,
- w*+d+1
RUHHL

o ok
Frpin if o 1s even,

— Jmin_d_l o * g
= Zminf— if o is odd.

w*
w*

By the previous discussion R is r-optimal. If a* is even, R obviously extends to an
r-optimal interleaving scheme. If o* is odd, with some arithmetic one shows that ged(w*, d+
1) = ged(d + 1,t), so by Lemma 5.7 R extends to an interleaving scheme that is r-optimal

if ged(d+1,t) =1, and a (1 + )-approximation of RLB otherwise.

Lower bounds on non-periodic constructions

RLB can be extended to non-periodic interleaving schemes and ¢-sparse sets by the following
version of Lemma 5.1.

Definition 5.6 Define the density p(S) of a set S as a limit

p(S) = lim [Sn[=mn)|

n—o00 on

If this limit exists, call S regular and define the index IND(S) of S as the inverse of density
rounded up.

Lemma 5.8 Fiz (d,t). If the sum of any remote pair is at least w then DEG > w/2 for any
interleaving scheme, and IND > w/2 for any regular t-sparse set.

Proof: Let wy,ws, w3 be three consecutive vertices labeled the same in an interleaving
scheme. Then (wy —wq, w3 —ws) is a remote pair, so its sum w3 —w; is at least w. Therefore,
in the integer interval [0; w) at most two vertices can be marked by each label, which requires
at least w/2 distinct labels.
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Let S be an infinite regular t-sparse set. Let {s;} be the an increasing enumeration of S.
For each 4, (S;41 — Si, Sito — Siy1) IS a remote pair, so its sum s;;9 — s; is at least w. Then
Sp — S—pn > nw for any n > 0. This gives IND(S) > w/2 since

p(S) = lim ;o <2/w

n—00 S, — S_p

Similarly, Cor. 5.1 can be strengthened:

Lemma 5.9 Ift > d— 2 then vyZ is the unique optimal regular t-sparse set.
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