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Abstract

Interleaving codewords is an important method not only for combatting burst-errors, but also

for flexible data-retrieving. This paper defines the Multi-Cluster Interleaving (MCI) problem, an

interleaving problem for parallel data-retrieving. The MCI problems on linear arrays and rings

are studied. The following problem is solved: how to interleave integers on a linear array or ring

such that anym (m ≥ 2) non-overlapping segments of length 2 in the array or ring have at least

3 distinct integers. We then present a scheme using a ‘hierarchical-chain structure’ to solve the

following more general problem for linear arrays: how to interleave integers on a linear array such

that anym (m ≥ 2) non-overlapping segments of length L (L ≥ 2) in the array have at least

L + 1 distinct integers. It is shown that the scheme using the ‘hierarchical-chain structure’ solves

the second interleaving problem for arrays that are asymptotically as long as the longest array on

which an MCI exists, and clearly, for shorter arrays as well.

Index Terms

Array, cluster, error-correcting code, interleaving, multi-cluster interleaving, ring.

I. I NTRODUCTION

Interleaving codewords is an important method for both data-retrieving and error-correction. Its appli-

cation in error-correction is well-known. The most familiar example is the interleaving of codewords on a

linear array, which has the form ‘−1−2−3−· · ·−n−1−2−3−· · ·−n−’, for combatting one-dimensional

burst-errors of length up ton. Other interesting examples include [1] [2] [3] [6] [7] [12], which are mainly

for correcting burst-errors of different shapes on two- or three-dimensional arrays.

The applications of codeword interleaving in data-retrieving, although maybe less well-known, are just

as broad. Data streaming and broadcast schemes using erasure-correcting codes have received extensive

interest in both academia and industry, where interleaved components of a codeword are transmitted in

sequence, and every client can listen to this data flow for a while until enough codeword components are

received for recovering the information [4] [9]. (An example is shown in Fig. 1 (a), where a codeword of 7

components is broadcast repeatedly. We assume that the codeword can tolerate 2 erasures. Therefore every
1This work was supported in part by the Lee Center for Advanced Networking at the California Institute of Technology, and by NSF grant
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Fig. 1. Examples of interleaving for data retrieving

client only needs to receive 5 different components.) Interleaving is also studied in the scenario of file storage

in networks, where a file is encoded into a codeword, and components of the codeword are interleavingly

placed on a network, such that every node in the network can retrieve enough distinct codeword components

from its proximity for recovering the file [8] [10]. (An example is shown in Fig. 1 (b), where the codeword

again has length 7 and can tolerate 2 erasures. We assume that all edges have length 1. Then every network

node can retrieve 5 distinct codeword components from its proximity of radius 2 for recovering the file.)

In all the above cases, the codeword components are interleaved on some graph structure. For example,

in the data streaming and broadcast case, the codeword components can be seen as interleaved on a linear

array, because they are sequentially transmitted along the time axis. (If the sequence of data are transmitted

repeatedly — e.g., using a broadcast disk — then they can be seen as interleaved on a ring.) For the file

storage case, the codeword components are interleaved on more general graphs. We see that a client (or a

network node) usually retrieves data from a connected subgraph of the graph. We call every such connected

subgraph acluster.

By using interleaving, the above schemes all enable ‘flexible’ data-retrieving, in the sense that the infor-

mation contained in the interleaved data can be recovered by accessingany reasonably large cluster. The

data-retrieving performance can be further improved if multiple clusters can be accessed in parallel. Access-

ing data placed in different parts of a graph in parallel has the benefits of balancing load and reducing access

time, and has been studied to some extent [5] [11]. Then, it is natural to ask the following question: what is

the appropriate form of interleaving for parallel data-retrieving?

If it is required that for anym (m ≥ 2) non-overlapping clusters, the interleaved codeword components

on them are all distinct, then each codeword component can be placed only once on the graph, even ifm

is as small as 2. Such an interleaving scheme, although minimizing the total size of the clusters that each

client needs to access, is not scalable because it requires the number of components in the codeword to equal

the size of the graph, which would imply very high encoding/decoding complexity or even non-existence of

the code if the graph is huge. So in an interleaving scheme for parallel data-retrieving, a tradeoff is needed

between the scheme’s scalability and the amount of overlapping among codeword components on different

clusters.

In this paper, we only study interleaving for parallel data-retrieving on linear arrays and rings, which

seems to have natural applications in data-streaming and broadcasting. Imagine that codeword components
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interleaved the same way are transmitted asynchronously in several channels. Then a client can simulta-

neously listen to multiple channels in order to get data faster, which is equivalent to retrieving data from

multiple clusters. Another possible application is data storage on disks, where we assume multiple heads

can read different parts of a disk in parallel to accelerate I/O speed.

Now assume the codeword in consideration containsN components, and assume this codeword can be

decoded by using anyK (K ≤ N ) distinct codeword components. Assume every client can accessm

(m ≥ 2) clusters in the linear array or ring in parallel, where a cluster is defined to be a connected subgraph

of the linear array or ring containingL vertices. The only constraint on them clusters a client can access is

that thosem clusters don’t overlap each other. That constraint is for guaranteeing that each client can access

no less thanmL vertices. Then to enable clients to decode the codeword, there need to be at leastK distinct

codeword components placed on anym non-overlapping clusters. Therefore we define the following general

interleaving problem for parallel data-retrieving:

Definition 1: Let G = (V,E) be a linear array (or ring) ofn vertices. LetN , K, m andL be positive

integers such thatN ≥ K > L andm ≥ 2. A clusteris defined to be a connected subgraph of the array (or

ring) containingL vertices. Assign one integer in the set{1, 2, · · · , N} to each vertex. Such an assignment is

called aMulti-Cluster Interleaving(MCI) if and only if anym clusters that are non-overlapping are assigned

no less thanK distinct integers.

2

From the above definition, it can be seen that an MCI problem is fully characterized by the five parameters

n, N , K, m, L and the graphG = (V, E). For the ease of explanation later on, we note that throughout this

paper, the parametersn, N , K, m, L and the graphG = (V,E) will always have the meanings as defined in

Definition 1.

Clearly if we letm = 1 in Definition 1 (and then letK = L), then it becomes the traditional interleaving.

And if an interleaving on a linear array (or ring) is an MCI for some given value ofm, then it is an MCI for

larger values ofm as well.

The following is an example of MCI.

Example 1:A ring G = (V, E) of n = 21 vertices is shown in Fig. 2. The parameters areN = 9,

K = 5, m = 2 andL = 3. An interleaving is shown in the figure, where the integer on every vertex is the

integer assigned to it. It can be verified that any 2 clusters of size 3 that don’t overlap have at least 5 distinct

integers. For example, the two clusters in circle in Fig. 2 have integers ‘9, 1, 2’ and ‘7, 1, 6’ respectively, so

they together have no less than 5 distinct integers. So the interleaving is a multi-cluster interleaving on the

ring G.

If we remove an edge in the ring, thenG will become a linear array. Clearly if all other parameters remain

the same, the interleaving shown in Fig. 2 will be a multi-cluster interleaving on the array.

2

The general MCI problem can be divided into smaller problems according to the values of the parameters.

The key results of this paper are:

• The family of problems with constraints thatL = 2 andK = 3 are solved for both linear arrays and

rings. We show that whenL = 2 andK = 3, an MCI exists on a linear array if and only if the number
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Fig. 2. An example of multi-cluster interleaving (MCI)

of vertices in the array is no greater than(N −1)[(m−1)N −1]+2, and an MCI exists on a ring if and

only if the number of vertices in the ring is no greater than(N−1)[(m−1)N−1]. Structural properties

of MCIs in this case are analyzed, and algorithms are presented which output MCIs on arrays or rings

as long as the MCIs exist.

• The family of problems with the constraint thatK = L + 1 are studied for linear arrays. A scheme

using a ‘hierarchical-chain’ structure is presented for constructing MCI on arrays. It is shown that the

scheme solves the MCI problem for arrays that are asymptotically as long as the longest array on which

MCIs exist, and clearly, for shorter arrays as well.

The rest of the paper is organized as follows. In Section II, we firstly derive an upper bound for the lengths

of linear arrays and rings on which MCIs exist. We then prove a tighter upper bound for linear arrays for the

case ofL = 2 andK = 3. In Section III, we present an optimal construction for MCI on linear arrays for

the case ofL = 2 andK = 3, which meets the upper bound presented in Section II. In Section IV, we study

the MCI problem for linear arrays whenK = L + 1. In Section V we generalize our results on MCI from

linear arrays to rings. In Section VI, we conclude this paper.

II. U PPERBOUNDS

While the traditional interleaving exists on infinitely long linear arrays, that is no longer true for MCI. The

following proposition derives a very simple upper bound for the lengths of linear arrays and rings on which

MCIs exist.

Proposition 1: If an MCI exists on a linear array (or ring) ofn vertices, thenn ≤ (m−1)L
(

N
L

)
+(L−1).

Proof: Let G = (V, E) be a linear array (or ring) ofn vertices with an MCI on it. We can find at most

bn
L
c non-overlapping clusters inG. Let S ⊆ {1, 2, · · · , N} be an arbitrary set ofL distinct integers. Then

since the interleaving onG is an MCI, among thosebn
L
c non-overlapping clusters, at mostm − 1 of them

are assigned only (all or part of the) integers inS and no integers in{1, 2, · · · , N}−S. S can be one of
(

N
L

)

possible sets. Sobn
L
c ≤ (m− 1)

(
N
L

)
. So we getn ≤ (m− 1)L

(
N
L

)
+ (L− 1).

2

We comment that for the same set of parametersN , K, m andL, if an MCI exists on a linear array of

n = n0 vertices, then an MCI also exists on any linear array ofn < n0 vertices. That is because given an

MCI on a linear array, the interleaving on the array’s connected subgraph (which is a shorter linear array) is
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also an MCI for the same set of parametersN , K, m andL. However, such an argument does not necessarily

hold for rings.

The upper bound of Proposition 1 is in fact loose. In the remainder of this section, we shall prove a tighter

upper bound for MCI on linear arrays for the case ofL = 2 andK = 3. We present it as the following

theorem. Later study will show that this upper bound is exact.

Theorem 1:WhenL = 2 andK = 3, if there exists an MCI on a linear array ofn vertices, thenn ≤
(N − 1)[(m− 1)N − 1] + 2.

Before proving the above theorem, we firstly define some notations that will be used throughout this paper

as follows. LetG = (V, E) be a linear array. We denote then vertices in the linear arrayG by v1, v2, · · ·,
vn. For2 ≤ i ≤ n− 1, the two vertices adjacent tovi arevi−1 andvi+1. A connected subgraph ofG induced

by verticesvi, vi+1, · · · , vj (j ≥ i) is denoted by(vi, vi+1, · · · , vj). If a set of integers are interleaved onG,

thenc(vi) denotes the integer assigned to vertexvi. The integers assigned to a connected subgraph ofG,

(vi, vi+1, · · · , vj), are denoted by[c(vi)− c(vi+1)− · · · − c(vj)].

The following lemma reveals a certain relationship between the structure of MCIs and the lengths of linear

arrays.

Lemma 1:Let the values ofN , K, m andL be fixed, whereN ≥ 4, K = 3, m ≥ 2 andL = 2. Let nmax

denote the maximum value ofn such that an MCI exists on a linear array ofn vertices. Then in any MCI on

a linear array ofnmax vertices, no two adjacent vertices are assigned the same integer.

Proof: Let G = (V, E) be a linear array ofnmax vertices. Assume that there is an MCI onG. We’ll prove

this lemma by showing that in this MCI, if two adjacent vertices ofG are assigned the same integer, then

there exists a longer array that also has an MCI, which would clearly contradict the definition ofnmax.

Assume that in the MCI onG, there are two adjacent vertices that are assigned the same integer. Then

without loss of generality (WLOG), one of the following four cases must be true (because we can always get

one of the four cases by permuting the names of the integers and by reversing the indices of the vertices):

Case 1: There exist 4 consecutive vertices inG — vi, vi+1, vi+2, vi+3 — such thatc(vi) = 1, c(vi+1) =

c(vi+2) = 2, andc(vi+3) = 1 or 3.

Case 2: There existx+2 ≥ 5 consecutive vertices inG — vi, vi+1, · · ·, vi+x, vi+x+1 — such thatc(vi) = 1,

c(vi+1) = c(vi+2) = · · · = c(vi+x) = 2, andc(vi+x+1) = 1 or 3.

Case 3:c(v1) = c(v2) = 1, andc(v3) = 2.

Case 4:c(v1) = c(v2) = · · · = c(vx) = 1 andc(vx+1) = 2, wherex ≥ 3.

We analyze the four cases one by one.

Case 1: In this case, we insert a vertexv′ betweenvi+1 andvi+2, and get a new array ofnmax + 1 vertices.

Call this new arrayH, and assign the integer ‘4’ tov′. Consider anym non-overlapping clusters inH. If

none of thosem clusters containsv′, then clearly they are alsom non-overlapping clusters in the arrayG,

and therefore have been assigned at leastK = 3 distinct integers. If them clusters contain all the three

verticesvi+1, v′ andvi+2, then eithervi or vi+3 is also contained in them clusters because each cluster

containsL = 2 vertices, and therefore them clusters have been assigned at leastK = 3 distinct integers:

‘1,2,4’ or ‘2,3,4’. WLOG, the only remaining possibility is that one of them clusters containsvi+1 andv′
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while none of them containsvi+2. Note that among them clusters, them − 1 of them which don’t contain

v′ are alsom− 1 clusters in the arrayG, and they together with(vi+1, vi+2) arem non-overlapping clusters

in G and therefore are assigned at leastK = 3 distinct integers. Sincec(vi+1) = c(vi+2), the originalm

clusters including(vi+1, v
′) must also have been assigned at leastK = 3 distinct integers. Now we can

conclude that the interleaving onH is also an MCI. ButH ’s length is greater thannmax, which contradicts

the definition ofnmax.

Case 2: In this case, we insert a vertexv′ betweenvi+1 andvi+2, and insert a vertexv′′ betweenvi+x−1

andvi+x, and get a new array ofnmax + 2 vertices. Call this new arrayH, assign the integer ‘4’ tov′, and

assign the integer ‘3’ tov′′. Consider anym non-overlapping clusters inH. If neitherv′ norv′′ is contained

in the m clusters, then clearly thosem clusters are alsom non-overlapping clusters in the arrayG, and

therefore are assigned at leastK = 3 distinct integers. If bothv′ andv′′ are contained in them clusters,

then at least one vertex in the set{vi+1, vi+2, · · · , vi+x−1, vi+x} is also in them clusters, and therefore them

clusters have at least these 3 integers: ‘2’, ‘3’ and ‘4’. WLOG, the only remaining possibility is that them

clusters containv′ but notv′′. (Note that the cluster containingv′ is assigned integers ‘2’ and ‘4’.) When

that possibility is true, if them clusters containvi+x+1, then they are assigned at least 3 distinct integers

— ‘1,2,4’ or ‘2,3,4’; if the m clusters don’t containvi+x+1, then they don’t containvi+x either — then

we divide them clusters into two groupsA andB, whereA is the set of clusters none of which contains

any vertex in{v′, vi+2, vi+3, · · · , vi+x−1}, andB is the set of clusters none of which is inA. Say there

arey clusters inB. Then, if the cluster containingv′ also containsvi+1 (respectively,vi+2), there exist a

setC of y clusters in the arrayG that only contain vertices in{vi+1, vi+2, · · · , vi+x−1, vi+x} (respectively,

{vi+2, vi+3, · · · , vi+x−1, vi+x}), such that (in both cases) them clusters inA ∪ C are non-overlapping inG.

Thosem clusters inA ∪ C are assigned at leastK = 3 distinct integers since the interleaving onG is an

MCI; and they are assigned no more distinct integers than the originalm clusters inA ∪ B are, because

c(vi+1) = c(vi+2) = · · · = c(vi+x) and eithervi+1 or vi+2 is in the same clusters asv′. So them clusters in

A∪B are assigned at leastK = 3 distinct integers. Now we can conclude that the interleaving onH is also

an MCI. And that again contradicts the definition ofnmax.

Case 3: In this case, we insert a vertexv′ betweenv1 andv2, and assign the integer ‘3’ tov′. The rest of

the analysis is very similar to that for Case 1.

Case 4: In this case, we insert a vertexv′ betweenv1 andv2, and insert a vertexv′′ betweenvx−1 andvx,

assign the integer ‘3’ tov′, and assign the integer ‘2’ tov′′. The rest of the analysis is very similar to that for

Case 2.

So a contradiction exists in all four cases. Therefore, this lemma is proved.
2

The next two lemmas derive upper bounds on the lengths of linear arrays, respectively for the case of

N ≥ 4 andN = 3.

Lemma 2:Let the values ofN , K, m andL be fixed, whereN ≥ 4, K = 3, m ≥ 2 andL = 2.

Let nmax denote the maximum value ofn such that an MCI exists on a linear array ofn vertices. Then

nmax ≤ (N − 1)[(m− 1)N − 1] + 2.

Proof: Let G = (V, E) be a linear array ofnmax vertices. Assume there is an MCI onG. By Lemma 1,

no two adjacent vertices inG are assigned the same integer. We color the vertices inG with three colors —
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‘red’, ‘yellow’ and ‘green’ — through the following three steps:

Step 1, for2 ≤ i ≤ nmax − 1, if c(vi−1) = c(vi+1), then colorvi with the ‘red’ color;

Step 2, for2 ≤ i ≤ nmax, color vi with the ‘yellow’ color if vi is not colored ‘red’ and there existsj

such that these four conditions are satisfied: (1)1 ≤ j < i, (2) vj is not colored ‘red’, (3)c(vj) = c(vi), (4)

the vertices betweenvj andvi — that is,vj+1, vj+2, · · ·, vi−1 — are all colored ‘red’;

Step 3, for1 ≤ i ≤ nmax, if vi is neither colored ‘red’ nor colored ‘yellow’, then colorvi with the

‘green’ color.

Clearly, each vertex ofG is assigned exactly one of the three colors.

If we arbitrarily pick two different integers — say ‘i’ and ‘j’ — from the set{1, 2, · · · , N}, then we get a

pair [i, j] (or [j, i], equivalently). There are totally
(

N
2

)
such un-orderedpairs. We partition those

(
N
2

)
pairs

into four groups ‘A’, ‘ B’, ‘ C ’ and ‘D’ in the following way:

(1) A pair [i, j] belongs to groupA if and only if the following two conditions are satisfied: (i) at least

one ‘green’ vertex is assigned the integer ‘i’ and at least one ‘green’ vertex is assigned the integer ‘j’, (ii)

for any two ‘green’ vertices that are assigned integers ‘i’ and ‘j’ respectively, there is at least one ‘green’

vertex between them.

(2) A pair [i, j] belongs to groupB if and only if the following two conditions are satisfied: (i) at least

one ‘green’ vertex is assigned the integer ‘i’ and at least one ‘green’ vertex is assigned the integer ‘j’, (ii)

there exist two ‘green’ vertices that are assigned integers ‘i’ and ‘j’ respectively such that there is no ‘green’

vertex between them.

(3) A pair [i, j] belongs to groupC if and only if one of the following two conditions is satisfied: (i) at

least one ‘green’ vertex is assigned the integer ‘i’ and no ‘green’ vertex is assigned the integer ‘j’, (ii) at

least one ‘green’ vertex is assigned the integer ‘j’ and no ‘green’ vertex is assigned the integer ‘i’.

(4) A pair [i, j] belongs to groupD if and only if no ‘green’ vertex is assigned the integer ‘i’ or ‘ j’.

E is the set of edges inG = (V,E). For any1 ≤ i 6= j ≤ N , let E(i, j) ⊆ E denote such a subset of

edges ofG: an edge ofG is in E(i, j) if and only if one endpoint of the edge is assigned the integer ‘i’ and

the other endpoint of the edge is assigned the integer ‘j’. Let z(i, j) denote the number of edges inE(i, j).

Upper bounds forz(i, j) are derived below.

For anypair [i, j] in groupA or groupC, z(i, j) ≤ 2m−2. That’s because otherwise there would existm

non-overlapping clusters inG — note that a cluster contains exactly one edge — each of which is assigned

only integers ‘i’ and ‘j’, which would contradict the assumption that the interleaving onG is an MCI.

Now consider apair [i, j] in groupB. z(i, j) ≤ 2m − 2 for the same reason as in the previous case.

Assumez(i, j) = 2m− 2. Then in order to avoid the existence ofm non-overlapping clusters inG each of

which is assigned only integers ‘i’ and ‘j’, the z(i, j) = 2m− 2 edges inE(i, j) must be consecutive in the

arrayG, which means, WLOG, that there are2m− 1 consecutive verticesvy+1, vy+2, · · ·, vy+2m−1 (y ≥ 0)

whose assigned integers are in the form of[c(vy+1)−c(vy+2)−· · ·−c(vy+2m−1)] = [i−j−i−j−· · ·−i−j−i].

According to the definition of ‘groupB’, there exist a ‘green’ vertexvk1 and a ‘green’ vertexvk2, such that

vk1 is assigned the integer ‘i’, vk2 is assigned the integer ‘j’, and there is no ‘green’ vertex between them.

Therefore every vertex betweenvk1 andvk2 is either ‘red’ or ‘yellow’. By the way the vertices are colored,

it’s not difficult to see that either ‘k1 < k2 andvk2−1 is assigned the integerc(vk1) = i’ (let’s call this ‘case

1’), or ‘k2 < k1 andvk1−1 is assigned the integerc(vk2) = j’ (let’s call this ‘case 2’). If ‘case 1’ is true, then
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since there is an edge betweenvk2−1 (which is assigned the integer ‘i’) andvk2 (which is assigned the integer

‘j’), vk2 is in the set{vy+1, vy+2, · · · , vy+2m−1}. However, it’s simple to see that every vertex in the set

{vy+1, vy+2, · · · , vy+2m−1} that is assigned the integer ‘j’ must have the color ‘red’ — sovk2 must be ‘red’

instead of ‘green’ — therefore a contradiction exists. Now if ‘case 2’ is true, since there is an edge between

vk1−1 (which is assigned the integer ‘j’) andvk1 (which is assigned the integer ‘i’), both vk1−1 andvk1 are in

the set{vy+2, vy+3, · · · , vy+2m−1}. Then again since every vertex in the set{vy+1, vy+2, · · · , vy+2m−1} that is

assigned the integer ‘j’ must have the color ‘red’, and since the color ofvk1 is ‘green’, it is simple to see that

all the vertices in the set{vy+1, vy+2, · · · , vk1−1} that is assigned the integer ‘i’ must have the color ‘red’.

Then since the color ofvy+1 is ‘red’, the vertexvy exists and it must have been assigned the integer ‘j’ —

and that contradicts the statement that all the edges inE(i, j) are in the subgraph(vy+1, vy+2, · · · , vy+2m−1).

Therefore a contradiction always exists whenz(i, j) = 2m− 2. Soz(i, j) 6= 2m− 2. So for anypair [i, j]

in groupB, z(i, j) ≤ 2m− 3.

Now consider apair [i, j] in groupD. By the definition of ‘group D’, no ‘green’ vertex is assigned the

integer ‘i’ or ‘ j’. Let {vk1 , vk2 , · · · , vkt} denote the set of vertices that are assigned the integer ‘i’, where

k1 < k2 < · · · < kt. If {vk1 , vk2 , · · · , vkt} 6= ∅, by the way vertices are colored, it’s simple to see thatvk1

cannot be ‘yellow’ — sovk1 must be ‘red’. Then similarly,vk2, vk3, · · ·, vkt must be ‘red’, too. Therefore all

the vertices that are assigned the integer ‘i’ are of the color ‘red’. Similarly, all the vertices that are assigned

the integer ‘j’ are of the color ‘red’. Assume there is an edge whose two endpoints are assigned the integer

‘ i’ and the integer ‘j’ respectively. Then since the two vertices adjacent to a ‘red’ vertex must be assigned

the same integer, there exists an infinitely long segment (subgraph) of the arrayG to which the assigned

integers are in the form of ‘· · · − i − j − i − j − i − j − · · ·’, which is certainly impossible. Therefore a

contradiction exists. So for anypair [i, j] in groupD, z(i, j) = 0.

Let ‘x’ denote the number ofdistinct integers assigned to ‘green’ vertices, and let ‘X ’ denote the set of

thosex distinct integers. It’s simple to see that exactly
(

x
2

)
pairs [i, j] are in groupA or groupB, where

i ∈ X andj ∈ X — and among them at leastx− 1 pairs are in groupB. It’s also simple to see that exactly

x(N − x) pairs are in groupC and exactly
(

N−x
2

)
pairs are in groupD. By using the upper bounds we’ve

derived forz(i, j), we see that the number of edges inG is at most[
(

x
2

)
− (x − 1)] · (2m − 2) + (x − 1) ·

(2m−3)+x(N −x) · (2m−2)+
(

N−x
2

)
·0 = (1−m)x2 +(2mN −2N −m)x+1, whose maximum value

(at integer solutions) is achieved whenx = N−1 — and that maximum value is(N−1)[(m−1)N−1]+1.

Sonmax, the number of vertices inG, is at most(N − 1)[(m− 1)N − 1] + 2.

2

Lemma 3:Let the values ofN , K, m andL be fixed, whereN = 3, K = 3, m ≥ 2 andL = 2.

Let nmax denote the maximum value ofn such that an MCI exists on a linear array ofn vertices. Then

nmax ≤ (N − 1)[(m− 1)N − 1] + 2.

Proof: Let G = (V,E) be a linear array ofn vertices that has an MCI on it. We need to show that

n ≤ (N − 1)[(m− 1)N − 1] + 2.

If in the MCI on G, no two adjacent vertices are assigned the same integer, then with the same argument

as in the proof of Lemma 2, it can be shown thatn ≤ (N − 1)[(m− 1)N − 1] + 2.

Now assume there are two adjacent vertices inG that are assigned the same integer. Clearly we can find

t non-overlapping clusters inG, such thatn ≤ 2t + 2 and at least one of thet clusters contains two vertices
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that are assigned the same integer. Among thoset non-overlapping clusters, letx, y, z, a, b andc respectively

denote the number of clusters that are assigned only the integer ‘1’, only the integer ‘2’, only the integer

‘3’, both the integers ‘1’ and ‘2’, both the integers ‘2’ and ‘3’, and both the integers ‘1’ and ‘3’. Since

the interleaving is an MCI, anym non-overlapping clusters are assigned at leastK = 3 distinct integers.

Thereforex+y +a ≤ m−1, y + z + b ≤ m−1, z +x+ c ≤ m−1. So2x+2y +2z +a+ b+ c ≤ 3m−3.

Sox+y+z+a+b+c ≤ 3m−3−(x+y+z). Sincex+y+z ≥ 1, t = x+y+z+a+b+c, andn ≤ 2t+2,

we getn ≤ 2(x+y+z+a+b+c+1) ≤ 2[3m−3−(x+y+z)+1] ≤ 6m−6 = (N−1)[(m−1)N−1]+2.

Therefore this lemma is proved.

2

So with Lemma 2 and Lemma 3 proved, we see that Theorem 1 becomes a natural conclusion.

III. O PTIMAL CONSTRUCTION FORMCI ON L INEAR ARRAYS

WITH CONSTRAINTSL = 2 AND K = 3

In this section, we present a construction for MCIs on linear arrays whose lengths attain the upper bound

of Theorem 1, therefore proving the exactness of that bound. The construction is shown as the following

algorithm.

Algorithm 1: MCI on the longest linear array with constraintsL = 2 andK = 3

Input: ParametersN , K, m andL, whereN ≥ 3, K = 3, m ≥ 2 andL = 2. A linear arrayG = (V, E)

of n = (N − 1)[(m− 1)N − 1] + 2 vertices.

Output: An MCI on G.

Algorithm:

Let H = (VH , EH) be a multi-graph. The vertex set ofH, VH , is {u1, u2, · · · , uN}. For any two vertices

ui anduj (i 6= j), there are2m−3 edges between them if2 ≤ i = j +1 ≤ N −1 or 2 ≤ j = i+1 ≤ N −1,

and there are2m− 2 edges between them otherwise. There is no loop inH. (ThereforeH has exactlyn− 1

edges.)

Find a walk inH, uk1 → uk2 → · · · → ukn , that satisfies the following two requirements: (1) the walk

starts withu1 and ends withuN−1 — namely,uk1 = u1 andukn = uN−1 — and passes every edge inH

exactly once; (2) for any two vertices ofH, the walk passes all the edges between themconsecutively.

For i = 1, 2, · · · , n, assign the integer ‘ki’ to the vertexvi in G, and we get an MCI onG.

2

Here is an example of the above algorithm.

Example 2:AssumeG = (V,E) is a linear array ofn = 11 vertices, and the parameters areN = 4,

K = 3, m = 2 andL = 2. Thereforen = (N − 1)[(m − 1)N − 1] + 2. Algorithm 1 constructs a graph

H = (VH , EH), which is shown in Fig. 3(a). The walk inH, uk1 → uk2 → · · · → ukn , can be easily found.

For example, we can let the walk beu1 → u3 → u1 → u4 → u1 → u2 → u4 → u2 → u3 → u4 → u3.

Corresponding to that walk, we get the interleaving onG as shown in Fig. 3(b). It can be easily verified that

the interleaving is indeed an MCI.
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Fig. 3. (a) The graphH = (VH , EH) (b) MCI on the arrayG = (V, E)

2

Theorem 2:Algorithm 1 correctly outputs an MCI on the linear arrayG.

Proof: The interleaving onG that Algorithm 1 outputs corresponds to a walk in the graphH = (VH , EH).

TheN vertices ofH correspond to theN integers interleaved onG. First let us assume such a walk exists

and show that the interleaving onG is indeed an MCI. Every cluster inG are assigned two different integers

since there is no loop inH. For any two vertices inH, there are at most2m − 2 edges between them, and

those edges are passed consecutively in the walk. So there do not existm or more thanm non-overlapping

clusters inG that are assigned the same two integers. So everym non-overlapping clusters inG are assigned

at leastK = 3 different integers. So the interleaving onG is an MCI.

Now we show that the walk inH exists. The following is a simple way to find a valid walk. Note that

the graphH has the following property: only the number of edges betweenu1 andu2, or u2 andu3, · · ·,
or uN−2 anduN−1, is odd; the number of edges between any two other vertices is even. So we first get the

following walk: u1 → u2 → u3 → · · · → uN−2 → uN−1. Then, fori = 1, 2, · · · , N−2, replace the segment

‘ui → ui+1’ in the walk with the segment ‘ui → ui+1 → ui → ui+1 → · · · → ui → ui+1’, where in the

latter segment, each of the2m − 3 edges betweenui andui+1 is passed exactly once. Next, for any vertex

ui and vertexuj such that the edges between them have not been passed by the walk, we make the walk

pass the edges between them by replacing a node ‘ui’ in the walk with a segment ‘ui → uj → ui → uj →
· · · → ui → uj → ui’, where in the segment, each of the2m− 2 edges betweenui anduj is passed exactly

once. When doing the replacement, ensure that the edges between any other two vertices are still passed

consecutively. It is simple to verify that the final walk we get satisfies all the requirements in Algorithm 1.

And that completes our proof.

2

The graphH = (VH , EH) in Algorithm 1 has either2m − 2 or 2m − 3 edges between any two of its

vertices.H has the same number of edges as the linear array for which the MCI is computed. If we reduce

the number of edges between the vertices ofH, then the walk inH will correspond to an MCI on a shorter

linear array (since the walk will pass fewer edges). Based on this idea, we get an algorithm that can find
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MCIs for any linear array on which MCIs exist, instead of just for the longest linear array. We present it

as Algorithm 4, and leave it in Appendix I for simplicity. Obviously, an MCI on a short linear array can

be got by simply taking a segment of the interleaving on the longest linear array computed by Algorithm 1.

However such a method has some unnecessary computation and becomes inefficient when the linear array is

substantially shorter than the longest linear array. Algorithm 4 can be easily seen to have complexityO(n).

The following theorem presents the necessary and sufficient condition for there to exist an MCI on a linear

array, whenL = 2 andK = 3. Equivalently, it shows that the upper bound given in Theorem 1 is exact.

Theorem 3:WhenL = 2 andK = 3, there exists an MCI on a linear array ofn vertices if and only if

n ≤ (N − 1)[(m− 1)N − 1] + 2.

Proof: By Theorem 1 and Theorem 2.
2

IV. MCI ON L INEAR ARRAYS WITH CONSTRAINT K = L + 1

In this section we study the MCI problem on linear arrays with the constraint thatK = L + 1. It covers

the MCI problem with constraints thatL = 2 andK = 3, which is studied in the previous sections, as a

special case.

We define three operations on arrays — ‘remove a vertex’, ‘insert a vertex’ and ‘combine two arrays’. Let

G be an array ofn vertices:(v1, v2, · · · , vn). By ‘removing the vertexvi’ from G (1 ≤ i ≤ n), we get a new

array ‘(v1, v2, · · · , vi−1, vi+1, · · · , vn)’. By ‘inserting a vertex̂v’ in front of the vertexvi in G (1 ≤ i ≤ n),

we get a new array ‘(v1, v2, · · · vi−1, v̂, vi, · · · , vn)’. (Similarly we can define ‘inserting a vertex̂v behind

the vertexvi in G’ and ‘inserting a vertex̂v between the verticesvi andvi+1 in G’.) Let H be an array

of n′ vertices: (u1, u2, · · · , un′). Assume for1 ≤ i ≤ n, vi is assigned the integerc(vi); and assume for

1 ≤ i ≤ n′, ui is assigned the integerc(ui). Also, let l be a positive integer between 1 andmin(n, n′),
and assume for1 ≤ i ≤ l, c(vi) = c(un′−l+i). Then by saying ‘combiningH with G such that the lastl

vertices ofH overlap the firstl vertices ofG’, we mean to construct an array ofn′ + n − l vertices whose

assigned integers are[c(u1)− c(u2)− · · · − c(un′)− c(vl+1)− c(vl+2)− · · · − c(vn)] (which is the same as

[c(u1)− c(u2)− · · · − c(un′−l)− c(v1)− c(v2)− · · · − c(vn)]).

Examples of those operations are shown below.

Example 3:Let G be a linear array as shown in Fig. 4(a), where the integer above each vertex is the integer

assigned to it. (So there is an interleaving onG.) By removing the vertexv1 from G, we get the linear array

shown in Fig. 4(b). By inserting a vertex̂v in front of the vertexv3 in G (or equivalently, behind the vertex

v2 in G, or between the vertexv2 andv3 in G), we get the array shown in Fig. 4(c).

Let H be a linear array as shown in Fig. 4(d), where the integer above each vertex is the integer assigned

to it. (So there is an interleaving onH, too.) By combiningH with G such that the last 2 vertices ofH

overlap the first 2 vertices ofG, we get the linear array shown in Fig. 4(e).
2

Now we present an algorithm which computes an MCI on a linear array. Being different from Algorithm

1, in this algorithm the length of the array is unknown. The algorithm tries to find the longest array that has
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Fig. 4. Illustrations of three operations on linear arrays.

an MCI, and computes an MCI for it. Thus the output of this algorithm not only provides an MCI solution,

but also gives a lower bound on the maximum length of the array on which MCIs exist.

Algorithm 2: MCI on linear array with the constraintK = L + 1

Input: ParametersN , K, m andL, whereN ≥ K = L + 1 ≥ 3 andm ≥ 2.

Output: An MCI on a linear arrayG = (V, E) of n vertices, with the value ofn as large as possible.

Algorithm:

1. If L = 2, then letG = (V, E) be a linear array ofn = (N − 1)[(m − 1)N − 1] + 2 vertices, and

use Algorithm 1 to find an MCI onG. OutputG and the MCI on it, then exit. (So step 2 to step 4 will be

executed only ifL ≥ 3.)

2. Find a linear arrayBL+1 as long as possible that satisfies the following two conditions:

(1) Each vertex ofBL+1 is assigned an integer in{1, 2, · · · , L}, namely, there is an interleaving of

the integers in{1, 2, · · · , L} onBL+1;

(2) Define asegmentof a linear array to be a connected subgraph of the linear array. Then anym

non-overlappingsegmentsof BL+1 each of which containsL − 1 vertices are assigned at leastL distinct

integers.

To find the arrayBL+1, (recursively) call Algorithm 2 in the following way: when calling Algorithm

2, replace the inputs of the algorithm —N , K, m andL — respectively withL, L, m andL − 1; then let

the output of Algorithm 2 be the arrayBL+1 with an interleaving on it.

Scan the vertices inBL+1 backward (from the last vertex to the first vertex), and insert a new vertex

after everyL − 1 vertices inBL+1. (In other words, if the vertices inBL+1 arev1, v2, · · ·, vn̂, then after

inserting vertices intoBL+1 in the way described above, we get a new array ofn̂ + b n̂
L−1

c vertices; and if

we look at the new array in the reverse order — from the last vertex to the first vertex — then the array is

of the form(vn̂, vn̂−1, · · ·, vn̂+1−(L−1), a new vertex,vn̂−(L−1), vn̂−(L−1)−1, · · ·, vn̂+1−2(L−1), a new vertex,

vn̂−2(L−1), vn̂−2(L−1)−1, · · ·, vn̂+1−3(L−1), a new vertex,· · · · · ·). In this new array, every connected subgraph

of L vertices contains exactly one newly inserted vertex.) Assign the integer ‘L + 1’ to every newly inserted
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vertex in the new array, and denote this new array by ‘AL+1’.

3. for i = L + 2 to N do

{ Find a linear arrayBi as long as possible that satisfies the following three conditions:

(1) Each vertex ofBi is assigned an integer in{1, 2, · · · , i− 1}, namely, there is an interleaving of

the integers in{1, 2, · · · , i− 1} onBi;

(2) Define asegmentof a linear array to be a connected subgraph of the linear array. Then any

m non-overlappingsegmentsof Bi each of which containsL − 1 vertices are assigned at leastL distinct

integers;

(3) for j = 1 to L−1, thej-th last vertex ofBi is assigned the same integer as the(L− j)-th vertex

of Ai−1.

To find the arrayBi, (recursively) call Algorithm 2 in the following way: when calling Algorithm 2,

replace the inputs of the algorithm —N , K, m andL — respectively withi − 1, L, m andL − 1; then let

the output of Algorithm 2 be the arrayBi with an interleaving on it.

Scan the vertices inBi backward (from the last vertex to the first vertex), and insert a new vertex after

everyL− 1 vertices inBi. Assign the integer ‘i’ to every newly inserted vertex in the new array, and denote

this new array by ‘Ai’.

}
4. Get a new array by combining the arraysAN , AN−1, · · ·, AL+1 in the following way: combineAN

with AN−1, combineAN−1 with AN−2, · · ·, and combineAL+2 with AL+1 such that the lastL − 1 vertices

of AN overlap the firstL − 1 vertices ofAN−1, the lastL − 1 vertices ofAN−1 overlap the firstL − 1

vertices ofAN−2, · · ·, and the lastL− 1 vertices ofAL+2 overlap the firstL− 1 vertices ofAL+1. (In other

words, if we denote the number of vertices inAi by li, for L + 1 ≤ i ≤ N , then the new array we get has
∑N

i=L+1 li− (L− 1)(N −L− 1) vertices.) Let this new array beG = (V, E). OutputG and the interleaving

(which is an MCI) on it, then exit.

2

The following is an example of Algorithm 2.

Example 4:In this example, the input parameters for Algorithm 2 areN = 6, K = 4, m = 2 andL = 3.

That is, we use Algorithm 2 to compute an array that is as long as possible and interleave 6 integers on it,

such that in the array, any 2 non-overlapping clusters of length 3 are assigned at least 4 distinct integers.

Algorithm 2 firstly computes a linear arrayB4 as long as possible that satisfies the following two condi-

tions: (1) each vertex ofB4 is assigned an integer in{1, 2, 3}; (2) anym = 2 non-overlappingsegmentsof

B4 each of which containsL− 1 = 2 vertices are assigned at leastL = 3 distinct integers. To computeB4,

Algorithm 2 calls itself in a recursive way, by setting the inputs of the algorithm —N , K, m andL — to be

3, 3, 2 and 2; during that call, it uses Algorithm 1 to computeB4. There are more than 1 possible outcomes

of Algorithm 1; without loss of generality (WLOG), let us assume the output here is thatB4 is assigned

integers in the form of[1− 3− 1− 2− 3− 2]. The arrayB4 is shown in Figure 5 (a).

Algorithm 2 then scansB4 backward, inserts a new vertex intoB4 after everyL − 1 = 2 vertices, and

assigns the integer ‘4’ to every newly inserted vertex. As a result, we get a linear array whose assigned

integers are in the form of[4− 1− 3− 4− 1− 2− 4− 3− 2]. We call this new arrayA4. A4 is shown in
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15

Figure 5 (b).

Algorithm 2 then computes a linear arrayB5 as long as possible that satisfies the following three condi-

tions: (1) each vertex ofB5 is assigned an integer in{1, 2, 3, 4}; (2) anym = 2 non-overlappingsegments

of B5 each of which containsL − 1 = 2 vertices are assigned at leastL = 3 distinct integers; (3) the last

vertex ofB5 is assigned the same integer as the 2nd vertex ofA4 (which is the integer ‘1’), and the 2nd last

vertex ofB5 is assigned the same integer as the 1st vertex ofA4 (which is the integer ‘4’).

Algorithm 2 computesB5 by once again calling itself. Algorithm 2 can use the following method to find

an array that satisfies all the above 3 conditions. Firstly, use Algorithm 1 to find a linear array that satisfies

the first 2 conditions, which is easy, and call this linear arrayC5. All the integers assigned toC5 are in the

set{1, 2, 3, 4}; and from Algorithm 1, it is simple to see that the last two vertices inC5 are assigned two

different integers. (Note that the first two vertices inA4 are also assigned two different integers.) So by

permuting the names of the integers assigned toC5, we can get a linear array that satisfies not only the first

2 conditions but also the 3rd condition. Call this arrayB5. There are more than 1 possible result ofB5.

WLOG, we assume the integers assigned toB5 are in the form of[3− 4− 3− 1− 3− 2− 4− 2− 1− 4− 1].

B5 is shown in Figure 5 (c). Then Algorithm 2 inserts vertices intoB5 and gets a new arrayA5, whose

assigned integers are in the form of[3− 5− 4− 3− 5− 1− 3− 5− 2− 4− 5− 2− 1− 5− 4− 1]. A5 is

shown in Figure 5 (d).

Next, Algorithm 2 computes a linear arrayB6, by calling itself again. WLOG, we assume the integers

assigned toB6 are in the form of[1−3−1−4−1−5−1−2−3−2−5−2−4−3−4−5−3−5]. B6 is shown

in Figure 5 (e). Then Algorithm 2 inserts vertices intoB6 and gets a new arrayA6, whose assigned integers

are in the form of[6−1−3−6−1−4−6−1−5−6−1−2−6−3−2−6−5−2−6−4−3−6−4−5−6−3−5].

A6 is shown in Figure 5 (f).

Finally, Algorithm 2 combinesA6, A5 andA4 such that the lastL− 1 = 2 vertices ofA6 overlap the first

2 vertices ofA5, and the lastL−1 = 2 vertices ofA5 overlap the first2 vertices ofA4. As a result, we get an

arrayG = (V,E) of 48 vertices which is assigned the integers[6−1−3−6−1−4−6−1−5−6−1−2−6−3−
2−6−5−2−6−4−3−6−4−5−6−3−5−4−3−5−1−3−5−2−4−5−2−1−5−4−1−3−4−1−2−4−3−2].

G is shown in Figure 5 (g). This is the output of Algorithm 2. It can be verified that the interleaving onG is

indeed an MCI.
2

Algorithm 2 outputs an arrayG, which is as long as the algorithm can find, and an MCI onG. The MCI

on G has a ‘hierarchical-chain’ structure, becauseG is a chain of the sub-arraysAL+1, AL+2, · · ·, AN , and

these sub-arrays form the horizontal hierarchy because on them more and more integers are interleaved and

they have increasing lengths. EachAi (L + 1 ≤ i ≤ N ) is derived from an arrayBi. SinceBi is got by

recursively calling Algorithm 2, it also is a chain of its own sub-arrays — and the same analysis can be

performed for the sub-arrays inBi · · · · · · So such sub-arrays form the vertical hierarchy in the MCI.G’s

length,n, is unknown before Algorithm 2 ends. But if we can usen to evaluate the complexity of Algorithm

2, then Algorithm 2 can be easily seen to have complexityO(n). Algorithm 2 constructs the arrayG piece

by piece. So it is simple to see that the algorithm can be easily modified to efficiently compute MCIs on any

array of less thann vertices.

Below we prove the correctness of Algorithm 2.
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Theorem 4:Algorithm 2 is correct.

Proof: We prove this theorem by induction. IfL = 2, then Algorithm 2 uses Algorithm 1 to compute the

MCI — so the result is clearly correct. Also, we notice that for any MCI output by Algorithm 1, any two

adjacent vertices are assigned different integers. We use those as the base case.

Let I be an integer such that2 < I ≤ L. Let’s assume the following statement is true: if we replace the

inputs of Algorithm 2 — parametersN , K, m andL — with any other set of valid inputŝN, K̂ = i + 1, m̂

andi such that2 ≤ i < I, Algorithm 2 will correctly output an MCI on an array; and in that MCI, anyi

consecutive vertices are assignedi different integers. (This is our induction assumption.)

Now let’s replace the inputs of Algorithm 2 — parametersN , K, m andL — with a set of valid inputs

N ′, K ′ = I +1,m′ andI. Then Algorithm 2 needs to compute (in its step 2 and step 3)N ′− I arrays:BI+1,

BI+2, · · ·, BN ′. ForI + 1 ≤ j ≤ N ′, Bj is (recursively) computed by calling Algorithm 2. The interleaving

onBj is in fact an MCI where the size of each cluster isI − 1 — so by the induction assumption, Algorithm

2 will correctly output the interleaving onBj. Bj is assigned the integers in{1, 2, · · · , j − 1}; and by the

induction assumption, anyI − 1 consecutive vertices inBj are assignedI − 1 different integers. The array

AI+1 is constructed by inserting vertices intoBI+1 such that everyI consecutive vertices inAI+1 contains

exactly one newly inserted vertex, and all the newly inserted vertices are assigned the integer ‘I +1’. So any

I consecutive vertices inAI+1 are assignedI different integers. Therefore it is always feasible to adjust the

interleaving onBI+2 to make the lastI − 1 vertices ofBI+2 be assigned the same integers as the firstI − 1

vertices ofAI+1. Noticing that the lastI − 1 vertices ofBI+2 are assigned the same integers as the lastI − 1

vertices ofAI+2, we see thatAI+2 andAI+1 can be successfully combined withI − 1 overlapping vertices

by Algorithm 2. Similarly, forI + 3 ≤ t ≤ N ′, At andAt−1 can be successfully combined by Algorithm 2;

and forI + 2 ≤ t ≤ N ′, anyI consecutive vertices inAt are assignedI different integers. Algorithm 2 uses

G to denote the array got by combiningAL+1, AL+2, · · ·, AN . Clearly anyI consecutive vertices inG are

alsoI consecutive vertices inAj for somej (I + 1 ≤ j ≤ N ′), therefore are assignedI different integers.

And for anym′ non-overlapping clusters inG — each cluster here containsI vertices — either they are all

contained inAj for somej (I + 1 ≤ j ≤ N ′), or at least one cluster is contained inAj′ for somej′ and one

other cluster is contained inAj′′ for somej′′ 6= j′ (I + 1 ≤ j′, j′′ ≤ N ′). In the former case, by removing

those vertices that are assigned the integer ‘j’ in thosem′ clusters, we getm′ non-overlapping connected

subgraphs inBj each of which containsI − 1 vertices, which are assigned at leastI different integers not

including ‘j’ — so them′ clusters inG (which are also inAj) are assigned at leastI + 1 different integers.

In the latter case, without loss of generality, let’s sayj′ < j′′. Then the cluster inAj′ are assignedI different

integers not including ‘j′′’, and the cluster inAj′′ is assigned an integer ‘j′′’ — so them′ clusters inG

are assigned at leastI + 1 different integers. Therefore the interleaving onG is an MCI (with parameters

N ′, K ′,m′ andI). So the induction assumption also holds wheni = I.

Algorithm 2 computes the result for the original problem by recursively calling itself. By the above induc-

tion, every intermediate time Algorithm 2 is called, the output is correct. So the final output of Algorithm 2

is also correct.

2

The length of the longest array on which an MCI exists increases whenN , the number of integers that

are interleaved, increases. The performance of Algorithm 2 can be evaluated by the difference between the
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length of the array constructed by Algorithm 2 and the length of the longest array on which an MCI exists.

We’re interested in studying how the difference goes whenN increases. The following theorem shows the

result.

Theorem 5:Fix the values of the parametersK, m andL, whereK = L + 1 ≥ 3 andm ≥ 2, and let

N be a variable (N ≥ K). Then the longest linear array on which an MCI exists hasm−1
(L−1)!

NL + O(NL−1)

vertices. And the array output by Algorithm 2 also hasm−1
(L−1)!

NL + O(NL−1) vertices.

Proof: Let G = (V,E) be a linear array ofn vertices with an MCI on it. Then by Proposition 1,n ≤
(m− 1)L

(
N
L

)
+ (L− 1). Son ≤ m−1

(L−1)!
NL + O(NL−1).

WhenL = 2, Algorithm 2 outputs an array of(N − 1)[(m− 1)N − 1] + 2 vertices. WhenL ≥ 3, to get

the output, Algorithm 2 needs to construct the arraysAL+1, AL+2, · · ·, AN ; and forL+1 ≤ i ≤ N , Ai is got

by inserting vertices into the arrayBi. Bi is again an output of Algorithm 2, which is assignedi− 1 distinct

integers, and in which an corresponding ‘cluster’ hasL − 1 vertices. Let’s useF (N, m, L) to denote the

number of vertices in the array output by Algorithm 2, and useA(i,m, L) to denote the number of vertices

in the arrayAi. Then based on the above observed relations, we get the following 3 equations:

(1) F (N, m, 2) = (N − 1)[(m− 1)N − 1] + 2;

(2) whenL ≥ 3, F (N,m, L) =
∑N

i=L+1 A(i,m, L)− (N − L− 1)(L− 1);

(3) wheni ≥ L + 1 ≥ 4, A(i,m, L) = b L
L−1

· F (i − 1,m, L − 1)c. (Note thatF (i − 1,m, L − 1) is the

number of vertices in the arrayBi.)

By solving the above equations, we getF (N, m,L) = m−1
(L−1)!

NL+O(NL−1), which meets the upper bound

on the array’s length we’ve derived. So the longest linear array on which an MCI exists hasm−1
(L−1)!

NL +

O(NL−1) vertices; and the array output by Algorithm 2 also hasm−1
(L−1)!

NL + O(NL−1) vertices.

2

Theorem 5 shows that the array output by Algorithm 2 is asymptotically as long as the longest array on

which an MCI exists. What’s more, the lengths of those two arrays have the same highest-degree term (in

N ).

We end this part of discussion with some numerical results which are representative. In Table 1, the length

of the array output by Algorithm 2 (denoted by ‘Output of Algorithm 2’ in the table) is compared with the

upper bound on array lengths of Theorem 1 (denoted by ‘Upper bound’ in the table), for four different sets

of parameters —m = 2 andL = 3, m = 2 andL = 5, m = 5 andL = 3, andm = 5 andL = 5. (Note

that hereK = L + 1, so the value of parameterK is determined byL. The length of an array is defined to

be the number of vertices in it.) If we usen to denote the length of the array output by Algorithm 2, and

useUbound to denote the upper bound of Theorem 1, then the ‘relative difference’ in the table is defined to

be Ubound−n
Ubound

= 1 − n
Ubound

. Table 1 shows how the ‘relative difference’ decreases whenN increases. With

Theorem 5, we can prove that asN approaches+∞, the ‘relative difference’ becomes arbitrarily close to

0 — the optimal value. We comment thatUbound is a quite loose upper bound, so the relative difference

between the length of the array output by Algorithm 2 and the true length of the longest array on which an

MCI exists is even smaller than that shown in the table.
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m = 2 andL = 3 m = 2 andL = 5

N Output of Upper Relative Output of Upper Relative

Algorithm 2 bound difference Algorithm 2 bound difference

10 312 362 0.1381 930 1264 0.2642

20 3177 3422 0.0716 68265 77524 0.1194

50 57072 58802 0.0294 10081020 10593804 0.0484

100 477897 485102 0.0149 367196445 376437604 0.0245

150 1637472 1653902 0.0099 2.9093× 109 2.9580× 109 0.0165

200 3910797 3940202 0.0075 1.2521× 1010 1.2678× 1010 0.0124

m = 5 andL = 3 m = 5 andL = 5

N Output of Upper Relative Output of Upper Relative

Algorithm 2 bound difference Algorithm 2 bound difference

10 1383 1442 0.0409 4395 5044 0.1287

20 13428 13682 0.0186 298785 310084 0.0364

50 233463 235202 0.0074 41846205 42375204 0.0125

100 1933188 1940402 0.0037 1.4964× 109 1.5058× 109 0.0062

150 6599163 6615602 0.0025 1.1783× 1010 1.1832× 1010 0.0041

200 15731388 15760802 0.0019 5.0556× 1010 5.0713× 1010 0.0031

Table 1: Comparison between the length of the array output by Algorithm 2 and an upper bound, and their relative difference.

V. MCI ON RINGS

In this section, we generalize our results on MCI from linear arrays to rings, for the case ofL = 2 and

K = 3. The analysis for the two kinds of graphs bears plenty of similarity, even though the ‘circular’

structure of the ring leads to certain difference sometimes.

Let G = (V, E) be a ring. The following notations will be used in this section and the appendices of this

paper. We denote then vertices in the ringG = (V, E) by v1, v2, · · ·, vn. For 2 ≤ i ≤ n − 1, the two

vertices adjacent tovi arevi−1 andvi+1. Vertexv1 andvn are adjacent to each other. A connected subgraph

of G induced by verticesvi, vi+1, · · · , vj is denoted by(vi, vi+1, · · · , vj). If a set of integers are interleaved

onG, thenc(vi) denotes the integer assigned to vertexvi. The integers assigned to a connected subgraph of

G, (vi, vi+1, · · · , vj), are denoted by[c(vi)− c(vi+1)− · · · − c(vj)].

The following three lemmas reveal some structural properties of MCI on rings and present an upper bound

on the rings’ lengths.

Lemma 4:Let the values ofN , K, m andL be fixed, whereN ≥ 4, K = 3, m ≥ 2 andL = 2. Let nmax

denote the maximum value ofn such that an MCI exists on a ring ofn vertices. Then in any MCI on a ring

G = (V, E) of nmax vertices, no two adjacent vertices are assigned the same integer.

Lemma 5:Let the values ofN , K, m andL be fixed, whereN ≥ 4, K = 3, m ≥ 2 andL = 2.

Let nmax denote the maximum value ofn such that an MCI exists on a ring ofn vertices. Thennmax ≤
(N − 1)[(m− 1)N − 1].
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Lemma 6:Let the values ofN , K, m andL be fixed, whereN = 3, K = 3, m ≥ 2 andL = 2.

Let nmax denote the maximum value ofn such that an MCI exists on a ring ofn vertices. Thennmax ≤
(N − 1)[(m− 1)N − 1].

The techniques used to prove the above three lemmas are similar to the proofs of Lemma 1, 2 and 3 (but

also have difference, especially for Lemma 5 and Lemma 6). For simplicity, we present the proofs of the

above three lemmas in Appendix II.

Below we present an algorithm for finding MCIs on rings. Note that an Eulerian walk in a graph is a

closed walk that passes every edge of the graph exactly once.

Algorithm 3: MCI on ring with constraintsL = 2 andK = 3

Input: A ring G = (V,E) of n vertices. ParametersN , K, m andL, whereN ≥ 3, K = 3, m ≥ 2 and

L = 2.

Output: An MCI on G.

Algorithm:

1. If n > (N − 1)[(m− 1)N − 1], there does not exist an MCI onG, so exit the algorithm.

2. If n ≤ N , arbitrarily selectn integers in the set{1, 2, · · · , N}, and assign one distinct integer to each

vertex, then exit the algorithm.

3. If N < n ≤ (N−1)[(m−1)N−1] andn−{(N−1)[(m−1)N−1]} is even, then letH = (VH , EH) be

such a multi-graph: its vertex setVH = {u1, u2, · · · , uN}; for any1 ≤ i < j ≤ N , there arexi,j undirected

edges betweenui anduj; there is no loop inH. The integersxi,j (1 ≤ i < j ≤ N ) satisfy the following four

requirements:

(1) for 1 ≤ i ≤ N − 1, xi,N is even and0 ≤ xi,N ≤ 2m− 2;

(2) for 1 ≤ i ≤ N − 2 andj = i + 1, xi,j is odd and1 ≤ xi,j ≤ 2m − 3; also,x1,N−1 is odd and

1 ≤ x1,N−1 ≤ 2m− 3;

(3) for 1 ≤ i ≤ N − 4 andi + 2 ≤ j ≤ N − 2, xi,j is even and0 ≤ xi,j ≤ 2m − 2; also, for

2 ≤ i ≤ N − 3 andj = N − 1, xi,j is even and0 ≤ xi,j ≤ 2m− 2;

(4) if we defineS asS = {xi,j|i = 1, 2, · · · , N ; j = 1, 2, · · · , N ; i < j}, then
∑

x∈S x = n.

Find an Eulerian walk inH, uk1 → uk2 → · · · → ukn (and finally back touk1), that satisfies the follow-

ing condition: for any1 ≤ i < j ≤ N , the walk passes all thexi,j edges betweenui anduj consecutively.

For i = 1, 2, · · · , n, assign the integer ‘ki’ to the vertexvi in G, then exit the algorithm.

4. If N < n ≤ (N−1)[(m−1)N−1] andn−{(N−1)[(m−1)N−1]} is odd, then letH = (VH , EH) be

such a multi-graph: its vertex setVH = {u1, u2, · · · , uN}; for any1 ≤ i < j ≤ N , there arexi,j undirected

edges betweenui anduj; there is no loop inH. The integersxi,j (1 ≤ i < j ≤ N ) satisfy the following

three requirements:

(1) for 1 ≤ i ≤ N − 1 andj = i + 1, xi,j is odd and1 ≤ xi,j ≤ 2m − 3; also,x1,N is odd and

1 ≤ x1,N ≤ 2m− 3;

(2) for 1 ≤ i ≤ N − 3 andi + 2 ≤ j ≤ N − 1, xi,j is even and0 ≤ xi,j ≤ 2m − 2; also, for

2 ≤ i ≤ N − 2 andj = N , xi,j is even and0 ≤ xi,j ≤ 2m− 2;

(3) if we defineS asS = {xi,j|i = 1, 2, · · · , N ; j = 1, 2, · · · , N ; i < j}, then
∑

x∈S x = n.
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N = 4 , K = 3 , m = 3 , L = 2n = 12 ,

Fig. 6. (a) The graphH = (VH , EH) (b) MCI on the ringG = (V, E)

Find an Eulerian walk inH, uk1 → uk2 → · · · → ukn (and finally back touk1), that satisfies the follow-

ing condition: for any1 ≤ i < j ≤ N , the walk passes all thexi,j edges betweenui anduj consecutively.

For i = 1, 2, · · · , n, assign the integer ‘ki’ to the vertexvi in G, then exit the algorithm.

2

The following is an example of Algorithm 3.

Example 5:AssumeG = (V, E) is a ring ofn = 12 vertices, and the parameters areN = 4, K = 3,

m = 3 andL = 2. ThereforeN < n ≤ (N − 1)[(m− 1)N − 1] andn− {(N − 1)[(m− 1)N − 1]} = −9

is odd. So Algorithm 3’s step 4 is used to compute the interleaving. We can (easily) choose the following

values forxi,j: x1,2 = 3, x1,3 = 2, x1,4 = x2,3 = x3,4 = 1, x2,4 = 4. Then the graphH = (VH , EH) is as

shown in Fig. 6(a). We can then (easily) find the following Eulerian walk inH: u1 → u3 → u1 → u2 →
u1 → u2 → u4 → u2 → u4 → u2 → u3 → u4 (then back tou1). Corresponding to that walk, we get the

MCI as shown in Fig. 6(b).

2

Theorem 6:Algorithm 3 correctly outputs an MCI on the ringG.

Theorem 7:WhenL = 2 andK = 3, there exists an MCI on a ring ofn vertices if and only ifn ≤
(N − 1)[(m− 1)N − 1].

For simplicity, we skip the proofs of the above two theorems. (The correctness of these two theorems

should be very clear once the proofs for Theorem 2 and Theorem 3 are understood.)

It is simple to see that Algorithm 3 has complexityO(n).
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VI. CONCLUSION

In this paper, the multi-cluster interleaving (MCI) problem is defined for flexible parallel data-retrieving.

Two families of MCI problems are solved for arrays/rings. MCI seems to have natural applications in data-

streaming, broadcasting, disk storage, etc.
There exist many open problems in MCI. How to optimally construct MCI without the constraint that

K = L + 1 is still unknown. On the other hand, in the MCI problem, the linear array / ring can also be

extended to be more general graphs. We hope that the techniques for solving the MCI problems presented

in this paper will provide insights of value for solving those more general MCI problems.

APPENDIXI

In this appendix, we present Algorithm 4, which computes MCIs for linear arrays whenL = 2 andK = 3.

Algorithm 4: MCI on linear array with constraintsL = 2 andK = 3

Input: A linear arrayG = (V, E) of n vertices. ParametersN , K, m andL, whereN ≥ 3, K = 3, m ≥ 2

andL = 2.

Output: An MCI on G.

Algorithm:

1. If n > (N − 1)[(m− 1)N − 1] + 2, there does not exist an MCI onG, so exit the algorithm.

2. If n ≤ N , arbitrarily selectn integers in the set{1, 2, · · · , N}, and assign one distinct integer to each

vertex, then exit the algorithm.

3. If N < n ≤ (N − 1)[(m − 1)N − 1] + 2 andn − {(N − 1)[(m − 1)N − 1] + 2} is even, then let

H = (VH , EH) be such a multi-graph: its vertex setVH = {u1, u2, · · · , uN}; for any1 ≤ i < j ≤ N , there

arexi,j undirected edges betweenui anduj; there is no loop inH. The integersxi,j (1 ≤ i < j ≤ N ) satisfy

the following four requirements:

(1) for 1 ≤ i ≤ N − 1, xi,N is even and0 ≤ xi,N ≤ 2m− 2;

(2) for 1 ≤ i ≤ N − 2 andj = i + 1, xi,j is odd and1 ≤ xi,j ≤ 2m− 3;

(3) for 1 ≤ i ≤ N − 3 andi + 2 ≤ j ≤ N − 1, xi,j is even and0 ≤ xi,j ≤ 2m− 2;

(4) if we defineS asS = {xi,j|i = 1, 2, · · · , N ; j = 1, 2, · · · , N ; i < j}, then
∑

x∈S x = n− 1.

Find a walk inH, uk1 → uk2 → · · · → ukn , that satisfies the following two requirements:

(1) the walk starts withu1 and ends withuN−1 — namely,uk1 = u1 andukn = uN−1 — and passes

every edge inH exactly once;

(2) for any1 ≤ i < j ≤ N , the walk passes all thexi,j edges betweenui anduj consecutively.

For i = 1, 2, · · · , n, assign the integer ‘ki’ to the vertexvi in G, then exit the algorithm.

4. If N < n ≤ (N − 1)[(m− 1)N − 1] + 2 andn− {(N − 1)[(m− 1)N − 1] + 2} is odd, then use step

3 to find an interleaving on a linear array ofn + 1 vertices. Remove one vertex from an end of that linear

array, and we get an interleaving onG. Then exit the algorithm.
2



22

We comment that in step 3 of the above algorithm, the numbers of edges between the vertices ofH, xi,j

(1 ≤ i < j ≤ N ), can be easily determined using just elementary methods, since the constraints there are

very simple.

APPENDIXII

In this appendix, we present the proofs of Lemma 4, 5 and 6.

Lemma 4: Let the values ofN , K, m andL be fixed, whereN ≥ 4, K = 3, m ≥ 2 andL = 2. Let nmax

denote the maximum value ofn such that an MCI exists on a ring ofn vertices. Then in any MCI on a ring

G = (V, E) of nmax vertices, no two adjacent vertices are assigned the same integer.

Proof: The proof is by contradiction. LetG = (V, E) be a ring ofnmax vertices. Assume there is an

MCI on G; and assume two adjacent vertices ofG are assigned the same integer. Then WLOG, one of the

following two cases must be true (because we can always get one of the two cases by permuting the names

of the integers and by shifting the indices of the vertices):

Case 1: There exist 4 consecutive vertices inG — vi, vi+1, vi+2, vi+3 — such thatc(vi) = 1, c(vi+1) =

c(vi+2) = 2, andc(vi+3) = 1 or 3.

Case 2: There existx+2 ≥ 5 consecutive vertices inG — vi, vi+1, · · ·, vi+x, vi+x+1 — such thatc(vi) = 1,

c(vi+1) = c(vi+2) = · · · = c(vi+x) = 2, andc(vi+x+1) = 1 or 3.

With the same argument as for the case 1 and case 2 in Lemma 1’s proof, we can show that for both cases

here, there is a ring of more thannmax vertices on which an MCI exists. And that contradicts the definition

of nmax. So this lemma is proved.
2

Lemma 5: Let the values ofN , K, m andL be fixed, whereN ≥ 4, K = 3, m ≥ 2 andL = 2.

Let nmax denote the maximum value ofn such that an MCI exists on a ring ofn vertices. Thennmax ≤
(N − 1)[(m− 1)N − 1].

Proof: Let G = (V, E) be a ring ofnmax vertices. Assume there is an MCI onG. By Lemma 4, no two

adjacent vertices inG are assigned the same integer. And clearly, each one of theN ≥ 4 integers is assigned

to at least one vertex inG. We color the vertices inG with three colors — ‘red’, ‘yellow’ and ‘green’ —

through the following three steps:

Step 1, for1 ≤ i ≤ nmax, if the two vertices adjacent tovi are assigned the same integer, then we

colorvi with the ‘red’ color;

Step 2, for1 ≤ i ≤ nmax, we colorvi with the ‘yellow’ color if vi is not colored ‘red’ and there exists

j such that these four conditions are satisfied: (1)j 6= i, (2) vj is not colored ‘red’, (3)c(vj) = c(vi), (3) the

following vertices betweenvj andvi — vj+1, vj+2, · · ·, vi−1 (note that if a lower index exceedsnmax, it is

subtracted bynmax, so that the lower index is always between 1 andnmax) — are all colored ‘red’;

Step 3, for1 ≤ i ≤ nmax, if vi is neither colored ‘red’ nor colored ‘yellow’, then we colorvi with the

‘green’ color.

Clearly, each vertex inG is assigned exactly one of the three colors.
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If we arbitrarily pick two different integers — say ‘i’ and ‘j’ — from the set{1, 2, · · · , N}, then we get a

pair [i, j] (or [j, i], equivalently). There are totally
(

N
2

)
such un-orderedpairs. We partition those

(
N
2

)
pairs

into four groups ‘A’, ‘ B’, ‘ C ’ and ‘D’ in the following way:

(1) A pair [i, j] is placed in groupA if and only if the following two conditions are satisfied: (i) at least

one ‘green’ vertex is assigned the integer ‘i’ and at least one ‘green’ vertex is assigned the integer ‘j’, (ii)

there doesn’t exist a connected subgraph ofG such that the subgraph contains exactly two green vertices

(and possibly also vertices of other colors), where one of the green vertices is assigned the integer ‘i’ and

the other green vertex is assigned the integer ‘j’.

(2) A pair [i, j] is placed in groupB if and only if the following two conditions are satisfied: (i) at least one

‘green’ vertex is assigned the integer ‘i’ and at least one ‘green’ vertex is assigned the integer ‘j’, (ii) there

exists a connected subgraph ofG such that the subgraph contains exactly two green vertices (and possible

also vertices of other colors), where one of the green vertices is assigned the integer ‘i’ and the other green

vertex is assigned the integer ‘j’.

(3) A pair [i, j] is placed in groupC if and only if one of the following two conditions is satisfied: (i) at

least one ‘green’ vertex is assigned the integer ‘i’ and no ‘green’ vertex is assigned the integer ‘j’, (ii) at

least one ‘green’ vertex is assigned the integer ‘j’ and no ‘green’ vertex is assigned the integer ‘i’.

(4) A pair [i, j] is placed in groupD if and only if no ‘green’ vertex is assigned the integer ‘i’ or ‘ j’.

E is the set of edges inG = (V,E). For any1 ≤ i 6= j ≤ N , let E(i, j) ⊆ E denote such a subset of

edges ofG: an edge ofG is in E(i, j) if and only if the two endpoints of the edge are assigned the integer ‘i’

and the integer ‘j’ respectively. Letz(i, j) denote the number of edges inE(i, j). Upper bounds forz(i, j)

are derived below.

For anypair [i, j] in groupA or groupC, z(i, j) ≤ 2m−2. That is because otherwise there would existm

non-overlapping clusters inG — note that a cluster contains exactly one edge — each of which is assigned

only integers ‘i’ and ‘j’, which would contradict the assumption that the interleaving onG is an MCI.

Now consider apair [i, j] in groupB. z(i, j) ≤ 2m−2 for the same reason as in the previous case. Assume

z(i, j) = 2m − 2. Then in order to avoid the existence ofm non-overlapping clusters inG each of which

is assigned only integers ‘i’ and ‘j’, the z(i, j) = 2m − 2 edges inE(i, j) must be consecutive in the ring

G, which means, WLOG, that there are2m− 1 consecutive verticesvy+1, vy+2, · · ·, vy+2m−1 (y ≥ 0) whose

assigned integers are in the form of[c(vy+1)− c(vy+2)−· · ·− c(vy+2m−1)] = [i− j− i− j−· · ·− i− j− i].

According to the definition of ‘groupB’, there exist a ‘green’ vertexvk1 and a ‘green’ vertexvk2, such

thatvk1 is assigned the integer ‘i’, vk2 is assigned the integer ‘j’, and either all the vertices in the subgraph

(vk1+1, vk1+2, · · · , vk2−1) (note that if an index is greater thannmax, then it is subtracted bynmax so that the

index for a vertex is always between 1 andnmax; the same applies to the following contexts) are ‘yellow’

or ‘red’, or all the vertices in the subgraph(vk2+1, vk2+2, · · · , vk1−1) are ‘yellow’ or ‘red’. By the way the

vertices are colored, it’s not difficult to see that either ‘vk2−1 is assigned the integerc(vk1) = i’ (let’s call

this ‘case 1’), or ‘vk1−1 is assigned the integerc(vk2) = j’ (let’s call this ‘case 2’). If ‘case 1’ is true, then

since there is an edge betweenvk2−1 (which is assigned the integer ‘i’) andvk2 (which is assigned the integer

‘j’), vk2 is in the set{vy+1, vy+2, · · · , vy+2m−1}. However, it’s simple to see that every vertex in the set

{vy+1, vy+2, · · · , vy+2m−1} that is assigned the integer ‘j’ must have the color ‘red’ — sovk2 must be ‘red’

instead of ‘green’ — therefore a contradiction exists. Now if ‘case 2’ is true, since there is an edge between

vk1−1 (which is assigned the integer ‘j’) and vk1 (which is assigned the integer ‘i’), both vk1−1 andvk1 are
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in the set{vy+2, vy+3, · · · , vy+2m−1}. Then again since every vertex in the set{vy+1, vy+2, · · · , vy+2m−1}
that is assigned the integer ‘j’ must have the color ‘red’, and since the color ofvk1 is ‘green’, it is simple

to see that all the vertices in the set{vy+1, vy+2, · · · , vk1−1} that is assigned the integer ‘i’ must have the

color ‘red’. Then since the color ofvy+1 is ‘red’, the vertexvy must have been assigned the integer ‘j’ —

and that contradicts the statement that all the edges inE(i, j) are in the subgraph(vy+1, vy+2, · · · , vy+2m−1).

Therefore a contradiction always exists whenz(i, j) = 2m− 2. Soz(i, j) 6= 2m− 2. So for anypair [i, j]

in groupB, z(i, j) ≤ 2m− 3.

Now consider apair [i, j] in groupD. By the definition of ‘group D’, no ‘green’ vertex is assigned the

integer ‘i’ or ‘ j’. Let {vk1 , vk2 , · · · , vkt} denote the set of ‘yellow’ vertices that are assigned the integer ‘i’,

wherek1 < k2 < · · · < kt. If {vk1 , vk2 , · · · , vkt} 6= ∅, by the way vertices are colored, it’s simple to see that

every vertex ofG that is not in the set{vk1 , vk2 , · · · , vkt} is ‘red’. And if {vk1 , vk2 , · · · , vkt} = ∅, then all

the vertices that are assigned the integer ‘i’ are ‘red’. Similarly, we can show that either all the vertices that

are assigned the integer ‘j’ are ‘red’, or there is no ‘green’ vertex inG and every ‘yellow’ vertex is assigned

the integer ‘j’. Together, there are three possible cases in total — case 1, every vertex that is assigned the

integer ‘i’ or ‘ j’ is ‘red’; case 2, there is no ‘green’ vertex inG and every ‘yellow’ vertex is assigned the

integer ‘i’; case 3, there is no ‘green’ vertex inG and every ‘yellow’ vertex is assigned the integer ‘j’. If

case 1 is true, assume there is an edge whose two endpoints are assigned the integer ‘i’ and the integer ‘j’

respectively. Then since the two vertices adjacent to a ‘red’ vertex must be assigned the same integer, every

vertex inG is assigned either the integer ‘i’ or the integer ‘j’, which contradicts the fact that all theN ≥ 4

integers must have been assigned to the vertices inG. So for anypair [i, j] in groupD, if case 1 is true, then

z(i, j) = 0. If case 2 is true, then for anyk 6= i, there are at most2m−2 edges inE(i, k); and for anyk1 6= i

andk2 6= i, since every vertex that is assigned the integer ‘k1’ or ‘ k2’ is ‘red’, there is no edge inE(k1, k2)

— therefore, there are at most(N − 1) · (2m− 2) < (N − 1)[(m− 1)N − 1] edges inG. So when case 2

is true, there are less than(N − 1)[(m− 1)N − 1] vertices inG, and this lemma is proved. Similarly, when

case 3 is true, there are also less than(N − 1)[(m− 1)N − 1] vertices inG, and this lemma is also proved.

For this reason, in the following paragraph, we’ll simply assume that case 1 is always true — and therefore

z(i, j) = 0 is true for anypair [i, j] in groupD.

Let the number ofdistinct integers assigned to ‘green’ vertices be denoted by ‘x’, and let ‘X ’ denote the

set of thosex distinct integers. It’s simple to see that exactly
(

x
2

)
pairs [i, j] are in groupA and groupB,

wherei ∈ X andj ∈ X — and among them at leastx pairs are in groupB. It’s also simple to see that

exactlyx(N − x) pairs are in groupC and exactly
(

N−x
2

)
pairs are in groupD. By using the upper bounds

we’ve derived onz(i, j), we see that the number of edges inG is at most[
(

x
2

)
− x] · (2m− 2) + x · (2m−

3)+x(N −x) · (2m−2)+
(

N−x
2

)
·0 = (1−m)x2 +(2mN −2N −m)x, whose maximum value (at integer

solutions) is achieved whenx = N − 1 — and that maximum value is(N − 1)[(m − 1)N − 1]. Sonmax,

the number of vertices inG, is at most(N − 1)[(m− 1)N − 1].

2

Lemma 6: Let the values ofN , K, m andL be fixed, whereN = 3, K = 3, m ≥ 2 andL = 2.

Let nmax denote the maximum value ofn such that an MCI exists on a ring ofn vertices. Thennmax ≤
(N − 1)[(m− 1)N − 1].

Proof: Let G = (V, E) be a ring ofnmax vertices that has an MCI on it. We need to show thatnmax ≤
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(N − 1)[(m − 1)N − 1]. It’s simple to see thatG is assignedN = 3 distinct integers. If in the MCI on

G, no two adjacent vertices are assigned the same integer, then with the same argument as in the proof of

Lemma 5, it can be shown thatnmax ≤ (N −1)[(m−1)N −1]. Now assume there are two adjacent vertices

in G that are assigned the same integer. Then there are three possible cases.

Case 1:nmax is even.

Case 2:nmax is odd, and there are at least 2 non-overlapping clusters inG each of which is assigned only

1 distinct integer.

Case 3:nmax is odd, and there don’t exist 2 non-overlapping clusters inG each of which is assigned only

1 distinct integer.

We consider the three cases one by one.

Case 1:nmax is even. In this case, clearly we can findnmax

2
non-overlapping clusters (of sizeL = 2)

such that at least one of them contains two vertices that are assigned the same integer. Among thosenmax

2

non-overlapping clusters, letx, y, z, a, b andc respectively denote the number of clusters that are assigned

only integer ‘1’, only integer ‘2’, only integer ‘3’, both integers ‘1’ and ‘2’, both integers ‘2’ and ‘3’, and

both integers ‘1’ and ‘3’. Since the interleaving is an MCI, clearlyx + y + a ≤ m− 1, y + z + b ≤ m− 1,

z +x+ c ≤ m−1. So2x+2y +2z +a+ b+ c ≤ 3m−3. Sox+ y + z +a+ b+ c ≤ 3m−3− (x+ y + z).

Sincex + y + z ≥ 1 andnmax = 2(x + y + z + a + b + c), we getnmax ≤ 2[3m − 3 − (x + y + z)] ≤
6m− 8 = (N − 1)[(m− 1)N − 1].

Case 2:nmax is odd, and there are at least 2 non-overlapping clusters inG each of which is assigned only 1

integer. In this case, clearly we can findnmax−1
2

non-overlapping clusters (of sizeL = 2) among which there

are at least two clusters each of which is assigned only one integer. Among thosenmax−1
2

non-overlapping

clusters, letx, y, z, a, b andc respectively denote the number of clusters that are assigned only integer ‘1’,

only integer ‘2’, only integer ‘3’, both integers ‘1’ and ‘2’, both integers ‘2’ and ‘3’, and both integers ‘1’

and ‘3’. Since the interleaving is an MCI, clearlyx+ y +a ≤ m− 1, y + z + b ≤ m− 1, z +x+ c ≤ m− 1.

So2x+2y+2z+a+b+c ≤ 3m−3. Sox+y+z+a+b+c ≤ 3m−3−(x+y+z). Sincex+y+z ≥ 2 and

nmax = 2(x+y+z+a+b+c)+1, we getnmax ≤ 2[3m−3−(x+y+z)]+1 ≤ 6m−9 < (N−1)[(m−1)N−1].

Case 3:nmax is odd, and there don’t exist 2 non-overlapping clusters inG each of which is assigned only 1

integer. Letx′, y′, z′, a′, b′ andc′ respectively denote the number of edges inG whose two endpoints are both

assigned integer ‘1’, are both assigned integer ‘2’, are both assigned integer ‘3’, are assigned integers ‘1’ and

‘2’, are assigned integers ‘2’ and ‘3’, are assigned integers ‘1’ and ‘3’. (Thenx′+y′+z′+a′+b′+c′ = nmax.)

It’s simple to see that amongx′, y′ andz′, two of them equal 0, and the other one is either 1 or 2. So without

loss of generality, we consider the following two sub-cases.

Sub-case 1:x′ = 1, andy′ = z′ = 0. In this case,a′ ≤ 2m − 3, because otherwise there will bem non-

overlapping clusters inG that are assigned only integers ‘1’ and ‘2’. Similarly,c′ ≤ 2m − 3. Also clearly,

b′ ≤ 2m − 2. If a′ = 2m − 3 andc′ = 2m − 3, then since there don’t existm non-overlapping clusters

in G that are assigned only 1 or 2 distinct integers, the MCI onG can only take the following form: inG,

there area′ = 2m − 3 consecutiveedges each of which has integers ‘1’ and ‘2’ assigned to its endpoints

(the segment of the ringG consisting of these edges begins with a vertex that is assigned the integer ‘2’

and ends with a vertex that is assigned the integer ‘1’), followed by an edge whose two endpoints both are

assigned the integer ‘1’, then followed byc′ = 2m − 3 consecutiveedges each of which has the integers
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‘1’ and ‘3’ assigned to its endpoints (the segment of the ringG consisting of these edges begins with a

vertex that is assigned the integer ‘1’ and ends with a vertex that is assigned the integer ‘3’), then followed

by b′ consecutiveedges each of which has the integers ‘2’ and ‘3’ assigned to its endpoints (the segment

of the ringG consisting of these edges begins with a vertex that is assigned the integer ‘3’ and ends with

a vertex that is assigned the integer ‘2’) — then it’s simple to see thatb′ can’t be even, which implies that

b′ < 2m− 2 here. So in any case, we havea′ + b′ + c′ < (2m− 3) + (2m− 2) + (2m− 3) = 6m− 8. So

nmax = x′ + y′ + z′ + a′ + b′ + c′ < 6m− 7. Sonmax ≤ 6m− 8 = (N − 1)[(m− 1)N − 1].

Sub-case 2:x′ = 2, andy′ = z′ = 0. In this case, with arguments similar to those in sub-case 1,

we geta′ ≤ 2m − 4, c′ ≤ 2m − 4, and b′ ≤ 2m − 2. So nmax = x′ + y′ + z′ + a′ + b′ + c′ ≤
2 + (2m− 4) + (2m− 2) + (2m− 4) = 6m− 8 = (N − 1)[(m− 1)N − 1].

So it’s proved that in any case,nmax ≤ (N − 1)[(m− 1)N − 1]. And this lemma is proved.

2
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