Network Coding: A Computational Perspective

Michael Langberg Alexander Sprintsch Jehoshua Bruck

~ Abstract—In this work, we study the computational perspec- [4] developed an algebraic framework for network coding and
tive of network coding, focusing on two issues. First, we adess jnvestigated linear network codes for directed graphs with
the computational complexity of finding a network code for cycles. This framework was used by Ho et al. [5] to show that

acyclic multicast networks. Second, we address the issue ofl. twork cod be efficientl tructed th h
reducing the amount of computation performed by network Inear neétwork codes can be efliciently constructe roag

nodes. In particular, we consider the problem of finding a randomized algorithm. Jaggi et al. [1] proposed a detestimi
network code with the minimum possible number ofencoding polynomial-time algorithm for finding feasible network @l
nod? ie., n_od((ajs that_gener_atel_nekw packets by combining the for multicast networks.

packets received over incoming links. ; ; ;

We present a deterministic algorithm that finds a feasible "I1t' thlst pa[t)er Vlze qudy tfg)e Complut?tlongl_p_erspe_ctl\_ll_i of
network code for a multicast network over an underlying graph mu Icas .ne wor _CO_ Ing. Lur 903 0 minimize ('?_ ¢
G(V,E) in time O(|E|kh + |V |k2h? + h*k3(k + h)), where k time required for finding an feasible network code; (ii) The
is the number of destinations andh is the number of packets. total amount of computation performed by network nodes. In
Our result improves the best known running time of O(|E|kh +  particular, we consider the problem of finding a network code
[VIk"h"(k +h)) of the algorithm due to Jaggi et al. [1] in the  {hat yses a bounded number eficoding nodesEncoding
typical case of large communication graphs. In addition, ou d ¢ kets b binina th kets rdcei
algorithm guarantees that the number of encoding nodes in ta no e§ gene_ra e_new pac €ls Dy com |n|r_19 € packets raceve
obtained network code is bounded byO(h3k?). over incoming links, in contrast tforwarding nodes that can

Next, we address the problem of finding a network code with only forward and duplicate incoming packets.
the minimum number of encoding nodes in both integer and e study bothfractional and integer coding networks. In
fractional coding networks. We prove that in the majority of = gactional coding networks, each packet can be split into a
settings this problem is NP-hard. However, we show that if b f I k h of which i difite
h = 0(1), k = O(1), and the underlying communication graph num ero_ smaller pa_c ets, each of which is sent over re
is acyclic, then there exists an algorithm that solves thisppblem Paths. In integer coding networks packets cannot be spdit an
in polynomial time. have to be sent through the network in one piece.

I. INTRODUCTION A. Our results

The new paradigm of network coding promises to bene-Our study makes the following contributions. First, we
fit many areas of communication and networking [2]. Thpresent an efficient algorithm for integer coding networks.
network coding approach generalizes traditional routizyg IGiven an acyclic multicast network with packets andk
allowing intermediate network nodes to generate new packetrminals, our algorithm finds a network code that includes a
by combining incoming data packets. mostO(h3k?) encoding nodes. The computational complexity

Establishing efficient multicast connections is a centraf our algorithm isO(|E| + |V |k? + k*) for h = 2 and
problem in network coding. In thenulticast network coding O(|E|kh + |V [k?h? + h*k®(k + h)) for generalh. Our
problema sources needs to deliveh packets to a sel of k  algorithm improves the previously best known running time
terminals over the underlying communication graphit was of O(|E|kh + |V |k?h2(k + h)) of the algorithm due to Jaggi
shown in [2] and [3] that the capacity of the network, i.est al. [1]. The improvement is most significant in the case of
the maximum number of packets that can be sent betwesparse graphs with a large number of nodes, which is typicall
s and T per time unit, is equal to the minimum size ofthe case in communication networks.

a cut that separates the souredrom a terminalt € T. Second, we study the problem of finding a network code

Specifically, a sources can sendh packets to all terminals with the minimum possible number of encoding nodes, con-

T if and only if the total capacity of all links in any cut thatsidering both integer and fractional coding networks. \avpr

separates andt € T is at leasth. Li et. al. [3] proved that that in the majority of settings this problem §"P-hard.

linear network codesre sufficient for achieving the capacityHowever, we show that ih = O(1), k = O(1), and the

of the network. In a subsequent work, Koetter and Médatthderlying communication graph is acyclic, then the proble
can be solved in polynomial time. Our results are summarized
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[ Type of Coding Network | Restrictions | Acyclic | General(cyclic) |

Integer k andh are constant DTIME(n®"°%) (Theorem 14) | A"P-hard (Theorem 12)
no restrictions NP-hard (Theorem 13)

Fractional k andh are constan{ DTIME(n®"°%)) (Theorem 15) | Not resolved in this work
no restrictions NP-hard (Theorem 13) NP-hard (Theorem 13)

Fig. 1. Our results for the problem of finding a network cod¢éhvthe minimum possible number of encoding nodes.

nodes in integer coding networks with cycles is &iP-hard be transmitted from the source nosleo every terminat € T.
problem. In this paper we use the results of [6] in order fd/e assume, without loss of generality, that the sowrdms
devise an efficient algorithm for finding network codes witlmo incoming links and that the terminalshave no outgoing
bounded number of encoding nodes. links. We also assume that each packet is an element of a finite
The fastest deterministic algorithm for finding feasible-nefield =. We denote the sizf | of the terminal set bk. Each
work code for multicast networks prior to our work was dueodev € G, v # s, v £ T is referred to as aimternal node.
to Jaggi et al. [1]. Randomized algorithms for this problem In this section, we define network codes for acyclic inte-
have been presented in [1] and [5]. For acyclic graphs, tger coding networks. A more general settings of cyclic and
currently best known expected running time for randomizdtactional coding networks is discussed in Section IV.
algorithms isO(|E|kh + kh?-376) when the packet size may Definition 1 (Integer network code(N)): A network code
depend on the size of the netwaBandO(|E |kh+|V [k?h3)  for N(G,s, T, h) is defined by the set of encoding functions
when the packet size is independent of the siz&Softboth F(N) = {fe | e € E}. If e(v,u) is an outgoing link of
results appear in [1]. Recently, [7] proposed an algoritom fthe source nodes, then f. is a mapping from=" to .
finding multicast network codes based on matrix completio@therwisg,fe—js a mapping from=cinM to 3%, where
Their algorithm addresses a more general class of probleggs(v) = W) [ECW,v) is the total capacity of the incoming
and has a running time ehin(O(k|E[® log |E|), O(|E|kh + links of v.
IV [2k3h3 log(|V |h))). However, none of the previous work The encoding functiorf. of e(v, u) determines the packets
provide a non-trivial bound on the number of encoding nod@sinsmitted on linke for any possible combination of the
in the network. packets available at the source {if= s) or received over
A recent work by Bhattad et al. [8] considered severaghe incoming links ofv (if v #s).
several optimization problems that arise in fractional tmakt We focus on linear network cod&¢N), i.e., for eacte € E
coding networks. This work models the flow of information inhe encoding functiorf, is a linear function ovex. With
a coding network by a linear program with(|G|2K) variables, linear network coding, each packet transmitted over dirk E
where|G| is the size of the underlying communication grapls a linear combination of thé packets available at source
andk is the number of terminals. For small valueslothis s. Accordingly, we define a functioffe : =" — 3¢ that
program enables to optimize several objective functiord thdetermines the packets transmitted on limkas a function
are strongly related to the number of encoding nodes in godiof the packets available at If e is an outgoing link of the
networks. We use the framework of [8] in parts of this worksource node, theiie is identical tof.. For any other link

The rest of the paper is organized as follows. In Section HB(v,u) € E, F. is defined asFe = fe(Fey,... Fey (V)),
we formulate the network model and present the definitiqghere di(v) is the in-degree of and {e, ... e (:,r;} is

of integer coding networks. In Section Ill, we present ouhe set of the incoming links of.

efficient algorithm for finding feasible network codes ineigér A network code=(N) for N(G, s, T, h) is said to be feasible
networks. In Section IV, we define fractional coding netvsrkit for each destination node € T, there exists a decoding
and analyze the computational complexity of minimizing thginction g; : =¢~® — =h such thatge(Fe,...,Fer ) is

number of encoding nodes in both fractional and integgy, identify function, wherel ’ din®

coding networks in(t) is the in-degree'?)t and

{el, ..., &4, ) is the set of the incoming links df

An instanceN(G, s, T, h) of the multicast network coding
problem is said to be feasible if there exists a feasible adtw

The communication network is represented by a directedde forN. If N(G, s, T, h) is feasible we refer th as therate
graphG = (V, E), whereV is the set of nodes and the set of the multicast coding network. The multicast capacityhaf t
of links in G. The capacityg, of link e € E is defined to be the communication networks with respect to source and sefT
number of packets that can be sent aw@r one time unit. We of terminals is defined to be the maximum valuehoBuch
assume that link capacities are integer numbers. An instancehat the coding networkl(G, s, T, h) is feasible. Theapacity
N(G, s, T, h) of the multicast network coding problem is a 4-of the network is determined by the minimum capacity of a
tuple that includes the grapb(V, E), a source node € V, a cut that separates the souscand any terminat € T [2], [3],
setT C V of terminals, and the number of packétthat must where the capacity of a cut is the sum of the capacities of the
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links that belong to the cut. I1l. ALGORITHM FOR COMPUTING A FEASIBLE NETWORK

A coding networkN(G, s, T, h) is said to beminimal with CobE
respect to link removal if ()N(G,s, T,h) is feasible (i)  |n this section we present an algorithm that receives as
Removal of any link fromG would violate the feaS|b|I|ty of input an acycﬁc Coding networN(G' s, T, h) and computes
N(G,s, T, h). a feasible integer network code fot over a field of size

LetN(G, s, T, h) be a feasible coding network. We say thak = |T|. The computational complexity of our algorithm is
link e € G is vital if after removinge from G the resulting O(|E|kh + |V |k2h? + h*k3(h + Kk)).
network is no longer feasible. Note that every link of th
minimal network is vital.

Definition 2 (Encoding and forwarding links and nodes):  Our algorithm uses three auxiliary coding networks
Let F(N) be a network code. A linke is referred to as a N(G5's, T, h), NXG5%, T, h), andN(G, s, T, h), all of them
forwarding link if it is an outgoing link of the source node &aré equiva!ent tiN(G,s, T, h). .
or if f, can be decomposed tp functionsf,... fe that ~ The coding networkNGS's, T, h) is constructed by Pro-
map =%~ to 5 such that ea@hjpctimﬁg depends only cedure EPAND, described in Section I_II—BI.jThls network has
on one variable, wherein(v) = o, ) r=faw.vy- Otherwise, the__followmg properties: (|)_ All I_mkg_mG are of capacity
link e is referred to as aencoding link We say that a node 1; (ii) The total number of links irG-is bounded byV |hk;

v, v # s, is anencoding nodéf at least one of its outgoing (iii) For eacht; € T there existh node-disjoint paths G~
links (v, u) is encoding. If all outgoing links of a nodeare betweens andt;. _ _ _
forwarding, the node is referred to afawarding node Next, we apply Algorithm MN-GLOBAL, described in

Encoding links generate new packets by combining theection 111-D below. The algorithm constructs the auxiar

packets received over the incoming links; forwarding licks network NYG 5, T, h) by deleting redundant links frorg™ .
only forward incoming packets. such that the number of nodes of in-degree more than 2 in

32 H i
We will use the following lemma implied by (6] S, dosaibot b Segion Noc below Tois mosedrs
Lemma 3 ( [6]): Let N(G,s, T,h) be an acyclic coding ' ' P

LR T . . constructs coding network(G, s, T,h) by contracting all
network which is minimal with respect to link removal. Then : :
) . -~ hodes iNnNKG 55, T, h) of degree 2. The number of links
the number of internal nodes i of degree 3 or more is. <~ =

32 in N(G, s, T, h) is bounded byo(h%k?).
bofgtds?(;g\?g) ks )_'I_ h) andN(é(\7 |§) s T ﬁ) be mult This property enables us to find a network code Nbby

) 1 ; _ performing the following steps:

cast coding networks. We say thdtis equivalent toN if the e . & oA )

: . o S 1) Construct an auxiliary coding netwoN(G, s, T, h);
following three conditions hold (iN is feasible if and only : : ~ = S
e L . = S 2) Find a feasible network cod&(N) for N, i.e., by
if N is feasible; (ii) For any feasible network co@€N) for . . . )
= : . applying the algorithm due to Jaggi et. al. [1];
N, there exists a corresponding network céd®l) for N that i
. . ... 3) Find a network codd-(N) for N that corresponds to
includes the same or lower number of encoding nodes (iii)

Such code can be found through an efficient procedure whose, F(N). , . ~ )
running time is bounded b@(|E| + ||§|)_ which has the following properties: (jl is equivalent toN;

i) The number of links inG is bounded byo(h3k?).

%\. Algorithm overview

In some parts of our paper we use a notion of network rov&

[9]. B. ProcedureEXPAND
Definition 4 (Flow): An integer (s, t)-flow 8 is a function  procedure EPAND begins by assigning a unit cost for each
8 : E — R that satisfies the following two properties: link e € E. Then, the procedure finds, for each terminal
1) For alle = (u,v) € E, it holds thatfe is an integer ti € T, a minimum-cos(s, t;)-flow 6; of valueh. In order to
number that satisfie8 < 8. < Ce; find a minimum cost flow we employ the Successive Shortest
2) For each internal node € V, v # s, v € T it holds Path algorithm [9, Chapter 9]. Next, each liakv,u) € E is
that substituted bynax¢, (i (e) parallel links of unit capacity that
|:9' — I:6I connectv and u. All links for which maxg, rr0i(e) = 0 are
W) LT w.v) W) ET vw): removed from the graph. Note that the resulting graph costai
Thevalue 6| of a flow 8 is definéd'a$9| — |:9|(S - h link-disjoint paths b_etwegn_ s_ourseand any terminal; € T.
Vi(sV) [ET We denote a set dfi link-disjoint paths between andt; by
If each linke € E is associated with a cosi(e) then the cost Pi. The sets{P; |tj € T} can be found by invoking the flow
w(B) of a flow 6 is defined as follows: decomposition algorithm [9].
 — Finally, the procedure substitutes each internal neda
w(®) = WOeuv) * Oguv) (1) the resulting graph of degree larger than 3 by a gadiget
(u,v) [E1 constructed as follows: Lé&E!" andESU* be the incoming and

outgoing links ofv, respectively. For every linkx,v) € EI
A minimum cost(s, t)-flow w can be decomposed into awe add a nodex”to Iy and a link (x,x5. Similarly, for
set of |w| paths betwees andt [9]. every link (v,y) € ESYt we add a nodey“to I'y and a



ProcedureExpAND (N(G,s, T, h)):
Input:
N - a feasible coding network;

1 Assign a unit cost for every link [CH.
2 for each terminak; [T1do

3 Find a minimum cos{s, t;)-flow 6;.

4 for each linke(v,u) [CH do

5 if maxy; ctPi(e) > 0 then

6 Replacee by max¢; (r-0i(e) parallel links of

capacity one between andu

7 else

8 Removee

9 for each terminak; [T1do
10 Find a sef?; of h link-disjoint paths betwees andt;.

11 For each node [Q, v & s, v I Tlwhose degree is more
than 3, replacev by a gadgef .

12 Denote byG the resulting graph.

13 ReturnNYGU's, T, h).

Fig. 2. Procedure EPAND
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Fig. 3. Substituting a node by a gadgefy .

link (ySy). For each pattP € {P; | ti € T} let x“be
a node inl", that corresponds to linkx,v) € P; and y"”
be a node inlh, that corresponds to linkv,y) € Pj. If
Iy does not include link(x5yY, we add (x5yY to I.
Fig. 3 demonstrates the construction of the subgfaphrhe
resulting graph is denoted 3¢V JEY. Note that inG"the
paths corresponding t8; are node disjoint.

The formal description of ProcedurexBAND appears in link-dis
Fig. 2. We proceed to analyze the computational complexit
of the procedure. Finding flow&; |t; € T } and decomposing

them into paths[P; [ti € T} can be done irO(|E [h)-jime
[9]. The total number of links that belong to paths iR, +Pi

is bounded byV |hk. SinceGY(V JE") includeg-a;most two

links for every link that belongs to a path in,. Pi, the

number of links inGis bounded byO(|V |kh).' Thus, the
computational complexity of ProcedurexBanD is bounded

Algorithm MIN-LocAL (NXGs, T, h), P, Pj):
Input:
NU- a feasible coding network,
P; - a set ofh node-disjoint paths betweenandt;,
Pj - a set ofh node-disjoint paths betweenandt;;

1 Gij ~ the subgraph oG Hinduced by links that belong to
paths inP; andP;.

2 Assign zero cost to every link that belongs to a patfjrand
assign a unit cost to every other link @ijj.

3 Find h link-disjoint pathst‘jih Gij betweens andt;
of minimum total cost.

4 G‘ﬁ’ ~ the subgraph oG;j induced by links that belong tq
paths inP; and]P’j‘.:'

5 Assign zero cost to every link that belongs to a patlﬁ’j@nd
assign a unit cost to every other link (BE'.

6 Find h link-disjoint pathsP{—h G betweens andt; of
minimum total cost.

7 ReturnP—and ]Pj‘.:'

Fig. 4. Algorithm MIN-LOCAL

that connect source to terminalst; and tj, respectively.
The algorithm finds two sets df node-disjoint path®5'P{~
connectings to t; ands to t; such that the subgrap]ai‘j:'of
G"induced by paths iP{~L P;—Is minimal with respect to
link removal. That is, removal of any link fror@i‘j:'results in
a reduction of the value of the minimum cut betweeandt;
or s andt;j. The formal description of Algorithm Mi-LocAL
appears in Fig. 4.

Lemma 5:Let Gi‘j:'be a subgraph o6 induced by path
setsP—and PHeturned by Algorithm MN-LocAL and let
NE= N‘?Gijd,s, {ti,tj}, h) be a coding network formed by
GlJand two terminalsti and tj. Then, all links inN=&

NXG s, {ti,tj}, h) are vital.

Proof: We start by showing that the links I?!i‘:élre vital.
Consider graprGﬁ with link costs assigned at Step 2. We
assume, by way of contradiction, that there exists adimszj‘:'
which is not vital NG s, {ti.tj}, 2). Then, there exis
joint pathsP; betweers andt; in Gjjthat do not use

Mk e. We denote byF and f “the flows defined by sets of
disjoint pathsP; and P respectively. We denote bg[(f")
the residual graph o6jj with respect to flowf ~'That is,
Gij (fYis formed fromG{ by reversing links that belong to
pathst‘:'and negating their cost. Note that the cost of every
link e € Gjj(fD)'is either 0 or—1. By the Augmenting Cycle
Theorem [9, Chapter 3], flowf is equal to flowf “plus flow

! =TS
by O(|E|kh). In Theorem 7 below we show that the coding'0nd @ set of directed cycleS in Gjj (%) Moreover, the

network N{G5's, T, h) returned by Procedure ¥BAND is
equivalent to the original coding netwoN(G, s, T, h).

C. AlgorithmMIN-LOCAL

We proceed to describe Algorithm IM-LocCAL, which
is an important building block of Algorithm Mi-GLOBAL,
presented in the next section.

cost of f equals to the cost of “plus the cost of flow on
cycles inC, where the cost of flow is defined with respect to
costs assigned at Step 2. Siri%ﬁs a minimum cost set of
disjoint paths, the cost of flow is greater or equal to that of
5 1This implies that all cycles i€ contain only zero cost
links, i.e., links whose originals belong to pathsHn

Let C be a cycle inC. Note thatC must contain at least

Algorithm MIN-LOCAL receives as input a coding networkone cycle becaus€é and f “tiffer by at least one link. We

NYGY's,T,h) and two sets oh link-disjoint pathsP;, P;

classify the links inC into two categories: (1) the links that



were reversed with respect téﬁ (that is, whose origins in Algorithm MiN-GLoBAL (NXGUs, T, h)):
Gij belong to a path i®{}(2) the links that were not reversed Input:
We observe that the degree of any nodeGi (and thus in NYG5s, T, h) - a feasible coding network;
Gﬁ) is at most 3 and consider the following cases. 1P O
1) The cycleC contains only links of type (1) or only 2 fori < 1tokdo
links of type (2). Then, there is a cycle™e G%’ that 3 Assign zero cost to all links i (P). Assign unit costs
corresponds t&. Such a cycle is either equal © or to all other links inG™'
obtained fronC by reversing all its links. Since the total 4 Find a set oh link-disjoint pathsPi in G betweens
degree of each node B is at most 3,C™belongs to andt; of minimal total cost.
g 1] ! g 5 if i >1do
a single path inP;. This contradicts the minimality of 6 for j — 1toi—1do
P; (recall that these paths are chosen to be of minimym 7 Pi,Pj — MIN-LocaL(NYGEs, T, h), Pi, Pj)
cost when all links inG were of unit cost). i i
2) The cycleC contains links of both types (1) and (2)] 8 B _LZJIPJ' and Ei - _LZJlE(Pj)'
Then, there exists a nodec C whose incoming link 9 gL a Sjubgraph oGDinducecji by links inEy.
is of type (2) and whose outgoing link is of type (1) 10 ReturnNHETE, T, h).
Thus, inGﬁ nodev has two incoming links that belong Fig. 5. Algorithm MIN-GLOBAL
to two different paths ifPj. Such a node will also have
two outgoing links, which contradicts the fact that the
degree of any node i} is at most3. at mosth® nodes of in-degree 2, each such node has at most
We have proven so far that every Iinkmj% vital. To show two incoming links.
that every link inPs also vital, notice that every link of cost  For the induction step, we prove that for= 2,...,k it

1 with respect to costs assigned at Step 5 is vital. Indeedhe@lds thatE;| < 2hki. We divide the seE; into two subsets
non-vital link of cost one would contradict the minimality o E} = E;NE;_; andE? = E;\E}. By the inductive argument,
PI"Hence the lemma follows. B the number of links irE} is bounded by2h3k(i — 1). Thus,

It is not hard to verify that Algorithm MN-LOCAL runs in in order to complete the proof we need to bound the number
time O(|V |h?) (again we use the augmenting path approad links that belong tcE?.
to find h link-disjoint paths). We denote byE;; the set of incoming links of nodes of
D. Algorithm MIN-GLOBAL in-degree two _in the subnetwork @ induced by Iinks in

E(Pi) UE(P;) in step 7. By Lemma 3, stated in Section II,

Algorithm MIN-GLOBAL receives, as input, a feasible cody 1" of the setd€;j, j € {1,...,i — 1} contains at most

ing network N(G"'s, T, h). First, the algorithm iteratively 5,3 jinks each. We show that each link &2 belongs to
constructs, for eaclj € T, a setP; of h link-disjoint paths E !

. -ij for somej € {1,...,i— 1}, which, in turn, implies that
betweens andt;. We denote byE(P;) the set of links that IE?| < 2h3k which concludes our assertion
. R R — H R I:I 1 _— = .
belong to paths 'np." by E; = .UJ!=1I_E(PJ)' and byG_ Let e = (u,v) be a link iNnEZ. We consider two cases.
the subgraph ofG”induced by links inEyx. Our goal is ] _ S
to ensure that the total number of links @ —Wwhich are 1) Link e = (u,v) belongs toE; \ Ej—i1. This implies
incoming links of nodes of in-degree 2 or more is bounded ~ thate belongs toE(Pi). In fact, e belongs t0E(Pi)

by O(h3k?). To that end, we first minimize the number of at any time during iteration of the main loop (the loop
links in E; \ Ei_1. In addition, we apply Algorithm M- tha}t begins on I|.n§ _2). Indeed, otherwise, there would
LocaL for E(Pj) andE(P;), 1 < j < i, in order to further exists a set of disjoint paths betwgergnd t; that hgs _
delete non-vital edges froff;. The algorithm returns a coding a smaller cost than that selected in line 4, resulting in
networkN G 5%, T, h). The formal description of Algorithm a contradiction. Since the 'O'degfe%‘ofs at least two,
MIN-GLOBAL appears in Fig. 5. v has an additional incoming link = (w, V). N(_)tg

Theorem 6:Let NGV S EY's, T, h) be the coding net- that e~ ¢ P; becauseP; only contains node-disjoint
work returned by Algorithm NN-GLoBAL (N). Let V Fhe the paths. We conclude that belongs toE;; for some
subset ov SN T that includes nodes of in-degree two or more Je {L,....i—-1}p o )
and letE “be the set of incoming links of nodesVht-'Then, ~ 2) Link e = (u,v) belongs toEi—;. This implies that in
it holds that||§'—_k‘= O(h3k?). Gi__l n0(_1ev has in-degree one. Slnce_z_the |r_1-degr_ee of

Proof: We denote byG;(Vi, E;) the subgraph ofG” viin E; is at least two:v has an additional incoming

induced by links inE;. We also denote by; the subset of link e_Dz (w,v). Such link must belong tée; \ Ei—1,
Vi \ T that includes nodes of in-degree two or more and by ~ @nd, in turn toE(P;) (due to the same argument as in
E; the set of incoming links of nodes ;. We prove, by case 1). This implies that belongs toE;; for some
induction oni, that |E;| is bounded by2h3ki. jedl. . i-1}

For the base step, we note th&;,| is bounded by2h3. [ |

Indeed, Lemma 3, stated in Section Il, implies that the Note thatN{G55, T, h) is a feasible network obtained
subgraphG; » induced by links inE(P;1) U E(P,) includes from NYGY's,T,h) by deleting redundant links. Thus,



NSGES, T, h) is equivalent toNY{GEs, T, h), and, in turn, for N(G,s, T, h) requiresO(h*k3(k+h)) (using the algorithm

to N(G,s, T, h). of [1]). We conclude that the total running time of the
Algorithm MIN-GLOBAL invokes Algorithm MN-LocAL — algorithm is bounded b (|E|kh + |V [k2h? + h*k3(k + h)).
k? times, hence its running time B(|V |k?h?). [ |

For the special case &f = 2, the computational complexity
of the algorithm can be improved by using the algorithm due
Procedure BRINK receives as input the coding networko [10].
NXG55,T,h). The procedure forms an auxiliary network Corollary 8: Let N(G,s, T, h) be an acyclic coding net-
N(G,s, T, h) by repeatedly contracting nodes of total degregork with links of integer capacity in whicth = 2. If
2. Specifically, we remove every node € G™that has N(G,s,T,h) is feasible, then there exists a deterministic
one incoming link(u,v) and one outgoing linkKv,w) and algorithm that computes a network coBéN) for N in time
substitute links(u,v) and (v,w) by a single_link (u,w). O(|E|+ |V |k2+k*). Moreover, the number of encoding nodes
By Theorem 6, the total number of links IN(G,s,T,h) in F(N) is bounded byo(k?).
is bounded byO(h°k?). The computational complexity of  proof: In Procedure EPaND, when findingh = 2 link
Procedure BRINK is O(|V ). disjoint paths betwees and every terminat; we use the
algorithm of [10] which preforms this task in tin@(|E|). H

E. ProcedureSHRINK

F. Algorithm Analysis

We are ready to formally prove the correctness of our
algorithm for finding a feasible network code and analyze its

performance. In this section we consider the problem of finding a network
Theorem 7:LetN(G, s, T, h) be an acyclic coding network code with the minimum possible number of encoding nodes

with unit capacity links. IfN(G, s, T, h) is feasible, then there for hoth integer and fractional coding networks. We begin by

exists a deterministic algorithm that computes a netwodecoefining information flow in a fractional coding network. Fhe

F(N) for N in time O(|E|kh + |V [k*h? + h*k®(k + h)). we show a relation between information flow and network

Moreover, the number of encoding nodesFi(N) is bounded codes in fractional coding networks. Finally, we present ou

by O(h®k?). L results for both integer and fractional networks. We folkie

Proof: We begin by observing thal(G,s,T,h) is a definitions that appear in [8].

feasible coding network. Le%(N) be a feasible network code

for N. The number of enf:oding nodesfnis bounded by the A. Fractional information flows

number of nodes it of in-degree two or more. Theorem 6

implies that the number of such nodesG@t-and, in turn, in So far we considered integer coding netwol$, s, T, h)

G is at mostO(h3k?). that useh link-disjoint paths to deliver information between
Let NG L%, T, h) be the coding network formed by graphsources and each termina} € T. Fractional coding networks

G"'We construct a feasible network coBié(N"'for N~&s can use a set of paths betwesnand t; € T which are

follows. All nodes of G that belong toG have the same not necessarily link-disjoint, each path delivers packts

encoding function as ifr. All other nodes just forward their fractional size. For eaclt; € T we denote byP; the set

incoming packets. Since all nodes @that do not appear of paths used to deliver information betweerand t;. Each

in G have one incoming link and one outgoing lifk (N5’ pathP € P; is associated with a weighw(P) that specifies

is a feasible network code. Singég'ls a subgraph ofGY the size of a packet that can be sent ofer The setP;

FHND'can be immediately extended into a feasible netwo'rgjkip to bevalid if for every link e € G it holds that

codeF(NY for N¢G"'s, T, h). The number of encoding nodes 3 53 W(P) < 1. Menger's theorem [11] implies that

in FYNY is at mostO(h3k?). if N(G, s, T, h) is feasible then there exists a valid path Bgt
Next, we show how to construct a feasible network code foetweens andt; for everyt; € T.

the original networkN(G, s, T, h). Lete = (v, u) be a link in With the network coding approach paths that belong to

G. Let{e...,el} be the set of links ilG"that correspond different path sets i{7P; }\_; can share a link or a portion of

to e and letf{elj be the encoding function of linkin GY'  link capacity. In general, the capacity of a liskc G is divided

If eP¢ G5 we fi{elJ is equal to the zero element & Then between a number of subseds, ay, ..., 0x of T, such that

the encoding functiofie of e is a composition of the encodingthe paths in path setsP; | ti € a;} share the portion of’s

functions{f (e}, .. .,f(eCDe)}. The number of encoding nodescapacity allocated foo;. Accordingly, for each linke € G

in F(N) is now bounded by the number of encoding nodes ime associate aaggregation functiorxe : 7 — R™, where7T

FYND. is the power set o andR™ is the set of non-negative real
We proceed to determine the computational complexibumbers. The functioxe(a) specifies the capacity allocated

of the algorithm. Recall that the running time of Procedur® the subsetx of T. We refer to setsi; for which x¢(aj) > 0

EXPAND is bounded byO(|E|kh). The running time of as path aggregatesWe say that the seK = {Xe}era of

Algorithm MIN-GLOBAL is O(|V |k?h?). Since the graplc  aggregation functions is cor'@nt with path sefs..., Pk

containsO(h3k?) links, finding a feasible network cod&N) if for all e € G it holds that — Xe(cr) < 1 and

IV. MINIMIZING THE NUMBER OF ENCODING NODES



h and the number of path mixing nodes is bounded by et
L1 L1 P1,..., P, be valid path sets such that for eaghe T the
veeG, Vi €T w(P) = Xe(00). total weiglhtI of the path® € P; is h, and such that each path
elBIPIF ti bl in UP; has weight which is a multiple gf. LetX = {Xe}era
Note that for given path set®y,...,Px there may exist be a corresponding consistent family of functions that Have
many sets of consistent aggregation functions. path mixing nodes. Then, one can constructnasfractional
Let P1,..., Pk be valid paths sets and 1 be a set of feasible network code foN with at mostl” encoding nodes.
consistent aggregation functions. We divide the node& of The reduction in both directions can be done in time which is
into path routingnodes angbath mixingnodes. A path routing polynomial in |G|, m, and2X.
node either preserves or splits incoming path aggregates. W
represent the splitting of path aggregates by the functionC: Our results
defined below. Let@ C 7 x 7 be the set of all pairs of We are now ready to state and prove our results.
disjoint sets in7. A nodev is said to be a path routing node Theorem 12 ( [6], [12]): ComputingOpt;(N) is A"P-hard

with respect toX if there exists a functi i O — R*  for general network®(G, s, T, h) in whichk =h =2,
hat for e%e 7 it holds tht Xe(O) = Theorem 13:ComputingOpt(N) andOpt; (N) is N"P-hard

e [y Xe(@M)+ o pyrafv{a, B} — B@ rv({B,y}). even for acyclic network&(G,s, T, h) in which eitherk or
Intuitively, if ry(a,B) = x then path aggregate=a U of h is equal to2.
valuex is split into two path aggregatesand 3. Proof: We use a variant of the well know reduction from

Any nodev € G which is not path routing is referred to aghe minimum Set Cover (SC) problem. The input to the SC
a path mixing node. Path mixing nodes can preserve, split,@oblem is a univers&) = (Xy,...,Xn) of n elements and
combine path aggregates. The following theorem appears ia et systenB = {Si,...,Sm}; the objective is to find a
slightly modified form in [8]: minimum sized subse$™of S that coversall elements in

Theorem 9:Let N(G(V, E), s, T,h) be a coding network. U (namely each element € U is in at least one se&§; <
Let V; and V, be a partition ofV. Then, there exists a S". Consider the followingoase graphG = (V,E) with a
linear program withO(|E|2K) variables and coefficients insource nodes, m intermediate node$Ss,...,Sm}, andn
{-1,0, 1} which is feasible if and only if there exist feasibldeafs {x1,...,xn}. We use the same notation for nodes and
path setsPy, ..., Pjr| and a corresponding set of aggregatioporresponding sets/elements throughout this proof. Tadavo
functions X = {Xe}erc1in which only nodes inv, are path confusion, we will specify our exact meaning when needed.
mixing nodes. SuckP; }+, rmandX are obtained as a solutionWe add the linkgs, S;j) for all setsS;, and the linkg(S;, ;)

to the linear program. iff xj € Sj.
. In our reductions we use this base graph as a starting point,
B. Fractional network codes and enhance it with various nodes/links. We start with the

We begin with the definition of amn-fractional network case ofk = 2. We add some nodes @: ti, to (which will
code. Such a code partitions each of thpackets present atbe our terminal nodes), and a new na&le’We add the link
the source intan parts. (s,sY! We partition each link(s, Sj) into a path of length

Definition 10 (n-fractional network codd=(Nn,)): For an four (s, g, Bj, Yj. S;j). For t1 we add the links(x;, t;) (for
integerm, an m-fractional code forN(G, s, T, h) is defined all elementsx;); the link (s5t1); and the link(s, t1). For t,
by an integral network code fddm= N(Gm, s, T, mh). Here we add the link{s5B;), (v;j, t2), and(a;, t2) (for all j). The
Gm is the graphG in which each linke is replaced bym capacity of the links in our enhanced graph are eithen,
parallel links{es,...,em}). n(m—1) or nm. The links of capacityl are the links(S;, x;)

Note that al-fractional network code foN is an integral (for all i, j), and the links(x;j, t;). The links of capacitynm
network code. The notions of encoding nodes and of the feare the linkg(s, s®'and(s5t1). The link (s, ty) is of capacity
sibility of N(Gm, s, T, mh) and F(Ny,) are defined similarly n(m — 1). The rest of the links are of capacity. We now
to that of integer coding networks (see Section II). consider the networkl = (G, s5{ty, t}, 2nm). It is not hard

For a given instanc®l=N(G, s, T, h) and an integem, we to verify thatN is feasible. We now prove th@pt(N)= k iff
denote byOpty(N) the minimum number of encoding nodeghe minimum SC is of siz&
in any feasible network code fd¥,; wherem™< m. We First we note that any feasible set of paths (for ty)
then defineDpt(N) to beminy, Optm(N) (the minimum exists must consist of the path@, aj, t2) and (s,s5Bj,vj, t2). In
as Opt(N) is monotone inm and integral). The following addition, any feasible set of patRs for t; must include the
theorem connects fractional information flows with franb path(s, s5t;) of weightnm, the link (s, t1) of weightnm—n,
network coding and is sketched in [8]. and a set of valid paths of total weightthat entert; through

Theorem 11:Let N(G, s, T, h) be a given network. Given the nodes;. Consider any patR that enterd; through node
an m-fractional feasible network code fo¥ with I encoding X;. It must be of the form(s, aj, B, Yj, Sj. Xi, t1) for some
nodes one can construct valid path s@s...,P1; and a x; € Sj. Notice any such patR (of any weight) implies an
consistent set of aggregation functios = {X.}erc1such encoding node (or more specifically a path mixing node) at
that for eacht; € T the total weight of the pathB € P; is [3;. HenceOpt(N) is obtained when we design these paths to



pass through as few as possible noigdf there is a set cover P = {P (uj,Vvj)}j=;), and its solution implies a set df
of sizek (say by the setg,...k) then there is a set of valid link disjoint paths betwees and eacht; € T: {PF,. We
paths of weightn from s™o t; that only pass througB;j for now claim that one can construct the functios= {Xe}
j < k and we have tha®pt(N)< k. In the other direction, (as defined above) corresponding{e}_,, such that inX
if all the paths tot; of weightn (throughx;) pass througlk there are at mosfi,| path mixing nodes. Indeed, for all pairs
nodes off}; then there is a set cover of size at mkst (uj,vj) and alla € T definexe(a) to be constant along the
For the caseh = 2 and arbitraryk we consider another links of the path connectingu;, vj). More specifically, for
variant of the base graph. We add some node&toThe each linke € GPthere exists a subset, of 7 such that
terminal nodes will beXy,...,Xn, andty,..., tm. We also Xg(0e) = 1 andx.(a) = 0 for all a # a.. The subsetie
add a new node™We add the link(s, s")} and links(xi, Xi). is the set of indiced such thatP/~passes througk. The
We partition each link(s,S;) into a path of length four existence ofX in turn implies an integral network code with
(s, 0, Bj.Yj, Sj)- For terminalsk; we add the link{s5Xi). at most|li| encoding nodes (Theorem 11).
For terminalst; we add the links(aj,t;) and the links  The discussion above implies the following algorithm for
(s5Bj), (vj. tj)- All capacities of the links in our enhancedcomputingOpt(N1). For all subsetd” = i U Moyt Of V
graph are unit capacities. We now consider the netWwork and all subseté\ of My x Mout as defined above; define the

(G,s5 R, .., Rnita, ..., tm}, 2). Itis not hard to verify that integral multicommodity flow problenfil in which a unit of
N is feasible. We now prove th&pt(N)= k iff the minimum flow is to be routed betwe3er; each pairAn As G is acyclic,
SC is of sizek M is solvable in timen®®™°k) [13], and the solution td1

First we note that any feasible set of pakhg (for terminal implies the functionsX = {x.}. If X implies a set oh link
t;) must consist of the path, 0j,t;) and(s,s5B;j,vj.tj). disjoint paths betwees and eacht; € T, then X implies a
In addition, any feasible set of patRg, for X; must include network code with at mosfin| encoding nodes. We now take
the path(s,s5%;) and a set of valid paths of weigHt Opt(N;) to be the minimum value df"jn| over all choices of
that enterX; through the nodesS;. Consider any pattP ' =T, U, andA as defined above in which the solution
that entersX; through nodeS;j. It must be of the form to the correspondingl implies h link disjoint paths between
(s, aj,Bj,Yj, Sj, Xi, Xi). Notice any such pattP (of any s and eacht; € T. The total running time of our algorithm is
weight) implies a path mixing node ;. Hence as before ROk ac asserted. -
Opt(N) is obtained when we design these paths to passTheorem 15:For a given feasible acyclic network
through as few as possible nod@g If there is a set cover N(G, s, T, h), an m-fractional network code withOpt(N)
of sizek (say by the setd,...k) then there is a set of valid encoding nodes can be constructed in tinREh°k?) |
paths for eaclx; that only pass througf; for j <k and we Proof: In [6] it was shown thatN has a network
have thatOpt(N)< k. In the other direction, if all the set of code with at mosth3k? encoding nodes. This implies the
paths corresponding to aki pass througtk nodesp; then following procedure for constructing the asserted network
there is a set cover of size at mdst B code. For all subsets of nod¥s”in G of size at mosh3k?
Theorem 14:For a given feasible acyclic networkconstruct and solve a linear program as in Theorem 9 in
N(G,s,T,h), an integral network code withOpti(N) whichV; =V \V"andV, = V7 If the linear program is
encoding nodes can be found in tim&@M"°kY, feasible, one may construct a network code corresponding to
Proof: In [6] it was shown thaiN has a network code its solution (Theorem 11). We return the feasible networtkeco
with at mostO(h®k?) encoding nodes (alternatively one camorresponding to the smallest set' The running time follows
use the results of Section Ill). More specifically, it waswho from Theorem 11. [ ]
that for each terminat; € T there is a set oh link disjoint Our results for various settings are summarized in Figure 1.
pathsP;, such that for the subgrab-of G consisting only of
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