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Abstract— The existence of a perfect 1-factorization of the
complete graph K n , for arbitrary n, is a 40-year old open
problem in graph theory. Two in�nite families of perfect 1-
factorizations are known for K 2p and K p+1 , where p is a prime.
It was shown in [8] that �nding a perfect 1-factorization of K n

can be reduced to a problem in coding, i.e. to constructing an
MDS, lowest density array codeof length n. In this paper, a new
method for shortening arbitrary array codesis intr oduced.It is
then used to derive the K p+1 family of perfect 1-factorizations
fr om the K 2p family, by applying the reduction metioned above.
Namely, techniquesfr om coding theory are used to prove a new
result in graph theory.

I . INTRODUCTION

Array Codesareerasure-correctingcodesrepresentedby an
array of bits. Erasurescorrespondto the loss of columns.A
two-erasurecorrectingarraycode,for example,is capableof
recoveringany two lost columns.For a survey on arraycodes
see[4]. For recentresultsin arraycodessee[1], [2], [3], [6].

Example1 (SimpleArray Code): A simple two-erasure
correctingarray codeof length four is shownbelow:

a b c d
b+ c c + d d + a a + b

The �r st row consistsof four information bits a, b, c and
d. The secondrow contains four parity bits. The '+' sign
indicatesbitwise exclusive-OR,so that x + x = 0. One can
verify that any two columnscan recover all four information
bits. Suppose, for example, that columnsthree and four are
lost:

a b
b+ c c + d

c can be recovered by addingb+ c to b:

c = (b+ c) + b

d can be recovered usingc + d and c:

d = (c + d) + c

Similar decodingchainsare usedfor other erasure patterns.
The B-Code, introducedin [10] (only the K p+1 in�nite

family of codes),andin [8] (bothK p+1 andK 2p families),is a
two-erasurecorrectingarraycodeof length2n, representedby

a n by 2n array. It canrecoverany two out of 2n lost columns.
The constructionof the B-Code is basedon the perfect 1-
factorizationof the completegraph,K 2n .

De�nition 1 (Perfect1-factorization): A perfect 1-
factorization of a graph is a partitioning of the set of
its edges into subsets,called factors, such that each factors
is a graph of degree one, and the union of any two factors
formsa Hamiltoniancycle.

In the caseof the completegraphof even size,K 2n , it is
still unknown whetheror not a perfect1-factorizationexists
for all valuesof n ([5], [7]). The following was conjectured
in 1963:

Conjecture 1 (Perfect1-factorization): A perfect 1-
factoriztion of the completegraph K 2n exists for all values
of n, n > 1.

So far, two in�nite familiesof perfect1-factorizationshave
beenshown to exists, namely, the factorizationsof K p+1 and
K 2p, wherep is an arbitraryprime number(p > 2).

The contributionsof this paperare twofold:

� A methodfor shortening the B-Code is introduced.It
could be used in generalto shortenan arbitrary array
code.

� The method along with additional manipulation
(separation) is usedto derive the perfect1-factorization
of the complete graph K p+1 from the perfect 1-
factorization of K 2p. The derivation consists of the
following steps:

1) P2p: perfect1-factorizationof K 2p, obtainedby known
construction([5], [7]). Shown in SectionII-A.

2) P2p =) B2p� 1: extendedB-Codeof length2p � 1, by
known constructionfrom [8]. SectionII-B.

3) B2p� 1 =) ~X p: generalizedX-Code of length p, by
shortening: new construction.SectionIV-A.

4) ~X p =) Bp: extendedB-Codeof length p, by separa-
tion: new construction.SectionIV-B.

5) Bp =) Pp+1 , by Theorem5 in [8].

Theabove stepsareillustrated,in SectionIII, by examplesfor
p = 5. Proofsare provided for arbitrary p, for steps3 and 4
(SectionsIV-A andIV-B).



I I . CONSTRUCTIONS

In this section we summarizetwo known constructions
needed for sections III and IV, namely the perfect 1-
factorizationof K 2p, from [7] and the B-Code construction
from [8].

A. P2p: Perfect1-factorizationof K 2p

For any prime numberp the completegraphof 2p vertices,
K 2p, hasa perfect1-factorization,P2p.

Construction1 (General case:P2p): The construction of
P2p is as follows: there are a total of 2p � 1 factors, f i , of
which oneis theprincipal factor, f p, p� 1 are evennumbered
factorsandp� 1 areoddnumberedfactors.Belowis theformal
de�nition of the construction.Notethat a factor is labeledf i

if it containsedge (0; i ).

P2p = f f i g, for i 2 f 1; ::; 2p � 1g, where:

f i =

8
<

:

f (0; p); e0;1; e0;2; ::; e0;p� 1g , for i = p
f ( i

2 ; i
2 + p); ei; 1; ei; 2; ::; ei;p � 1g , for i even,i 6= 0

f ei; 0; ei; 1; ei; 2; ::; ei;p � 1g , for i odd, i 6= p

ei;j =
�

(( i
2 � j ) mod 2p; ( i

2 + j ) mod 2p) , for i even
(2j; (2j + i ) mod 2p) , for i odd

Where ei;j is theedge betweenverticesi and j . Thefollowing
tablesshowP2p as a list of edges per factor. All entriesare
modulo2p. Principal factor f p:

f p

0; p
� 1; 1
� 2; 2

...
� p + 2; p � 2
� p + 1; p � 1

Evenfactors f i , i even:

f 2 f 4 ::: f 2p� 2

1; 1 + p 2; 2 + p ::: p � 1; � 1
0; 2 1; 3 ::: p � 2; 0

� 1; 3 0; 4 ::: p � 3; 1
...

... :::
...

� p + 3; p � 1 � p + 4; p ::: 1; � 3
� p + 2; p � p + 3; p + 1 ::: 0; � 2

Odd factors f i , i odd, i 6= p:

f 1 f 3 ::: f p� 2 f p+2 ::: f 2p� 1

0; 1 0; 3 ::: 0; p � 2 0; p + 2 ::: 0; � 1
2; 3 2; 5 ::: 2; p 2; p + 4 ::: 2; 1
4; 5 4; 7 ::: 4; p + 2 4; p + 6 ::: 4; 3

...
... :::

...
... :::

...
� 4; � 3 � 4; � 1 ::: � 4; p � 6 � 4; p � 2 ::: � 4; � 5
� 2; � 1 � 2; 1 ::: � 2; p � 4 � 2; p ::: � 2; � 3

Noticethat theoddfactors haveedgesof oddlength,while the
principal factor and the evenfactors haveeven-lengthedges,
with theexceptionof exactlyoneedge per factor, the �r st one,
which is of lengthp.
For the proof that P2p is indeeda perfect1-factorizationsee
[7].

B. Erasure-CorrectingCodebasedon P2p

To eachperfect1-factorizationof size 2p, correspondtwo
erasure-correctingarray codes:the B-Code, of size 2p � 2,
and the extendedB-Codeof size 2p � 1, B2p� 2 and B2p� 1

respectively [8].
Construction2 (From P2p to B2p� 1): The constructionof

B2p� 1 is as follows: there are a total of 2p � 1 columns,of
which oneis a columnof pure informationbits corresponding
to theedgesof theprincipal factor, f p, of P2p. Theremaining
2p � 2 columnscorrespondto p � 1 even factors and p � 1
odd factors. They each contain one parity bit, corresponding
to vertex i , and p � 2 information bits, correspondingto the
other edgesin f i . Theparity bit is the sumof all information
bits correspondingto edgesconnectedto vertex i . Here is the
formal de�nition of the construction:

B2p� 1 = f bi g, for i 2 f 1; ::; 2p � 1g, where:

bi =

8
<

:

f ê0;1; ê0;2; ::; ê0;p� 1g , for i = p
f p̂i ; ( i

2 ; i
2 + p); êi; 1; êi; 2; ::; êi;p � 1g , for i even,i 6= 0

f p̂i ; êi; 0; êi; 1; êi; 2; ::; êi;p � 1g , for i odd, i 6= p

p̂i =
X

( j;k )=i 2 ej;k

êj;k

êi;j =

8
<

:

; , if 0 2 ei;j

; , if p 2 ei;j

I ei;j , otherwise

ei;j =
�

f ( i
2 � j ) mod 2p; ( i

2 + j ) mod 2pg , for i even
f 2j; (2j + i ) mod 2pg , for i odd

Where ei;j are the edges of P2p. I ei;j (and êi;j ) are the
information bits. They correspondto the edges ei;j minus
edges connectedto vertices0 and p. p̂i is the parity bit in
columni . It is de�ned as the sumof all informationbits êj;k ,
such that i 2 ej;k . Notice that by de�nition every information
bit appears in exactly two parity bits.

I I I . EXAMPLES

Example2 (P10: perfect1-factorizationof K 10): The fac-
torizationconsistsof nine factors with �ve edgesper factor. It
is shownbelow in both graph and table formats.The factors
are indexed by the numberof the vertex connectedto vertex
0.

Principal factor, f 5:

0

1

23

4

5

6

7 8

9



Evenfactors f 2, f 4, f 6, f 8:

0

1

23

4

5

6

7 8

9

0

1

23

4

5

6

7 8

9

0

1

23

4

5

6

7 8

9

0

1

23

4

5

6

7 8

9

Odd factors f 1, f 3, f 7, f 9:

0

1

23

4

5

6

7 8

9

0

1

23

4

5

6

7 8

9

0

1

23

4

5

6

7 8

9

0

1

23

4

5

6

7 8

9

f 5 f 2 f 4 f 6 f 8 f 1 f 3 f 7 f 9

0; 5 1; 6 2; 7 3; 8 4; 9 0; 1 0; 3 0; 7 0; 9
9; 1 0; 2 1; 3 2; 4 3; 5 2; 3 2; 5 2; 9 2; 1
8; 2 9; 3 0; 4 1; 5 2; 6 4; 5 4; 7 4; 1 4; 3
7; 3 8; 4 9; 5 0; 6 1; 7 6; 7 6; 9 6; 3 6; 5
6; 4 7; 5 8; 6 9; 7 0; 8 8; 9 8; 1 8; 5 8; 7

Reminder:factors are labeled f i , where i is the vertex con-
nectedto 0.

Example3 (B8: B-Codeof size8): We constructB8 from
P10 by deletingthe principal factor f 5, as well as vertices0
and5 andall edgesconnectedto them.Here are the resulting
factors in graph format:

1

23

4

6

7 8

9

2

1

23

4

6

7 8

9

4 1

23

4

6

7 8

96

1

23

4

6

7 8

9

8

1

23

4

6

7 8

9

1 1

23

4

6

7 8

9

3

1

23

4

6

7 8

9

7

1

23

4

6

7 8

99

Verticescorrespondto parity bits, while edgesare information
bits.Black vericesare theonesthatwereconnectedto vertex 0.
They indicate the placementof parity bits relativeto columns
of information bits. Notice that the union of any two factors
forms a graph such that starting at the black nodes and
following edgesonecanuniquelytraverseall remainingnodes
(this is the erasure-recovery path). The array representation
of the above graphsis obtainedfrom the table of Example2:

a1;6 a2;7 a3;8 a4;9 a2;3 a4;7 a2;9 a2;1

a9;3 a1;3 a2;4 a2;6 a6;7 a6;9 a4;1 a4;3

a8;4 a8;6 a9;7 a1;7 a8;9 a8;1 a6;3 a8;7

p2 p4 p6 p8 p1 p3 p7 p9

Theaj;k are informationbits. Thepi are parity bits. They are
relatedby:

pi =
X

( j;k )=i 2f j;k g

aj;k

In other words, parity bit i is the sumof all informationbits
thathavei asoneof their two indices.Noticethatbyde�nition
every informationbit appears in exactly two parity bits.

Example4 (ExtendedB-Codeof size9, B9): B8 can be
extendedby theadditionof a columnof informationbits.Those
are the bits correspondingto theedgesof theprincipal factor
f 5 (which wasdeletedin the constructionof B8):

1

23

4

6

7 8

9

a1;9 a1;6 a2;7 a3;8 a4;9 a2;3 a4;7 a2;9 a2;1

a2;8 a9;3 a1;3 a2;4 a2;6 a6;7 a6;9 a4;1 a4;3

a3;7 a8;4 a8;6 a9;7 a1;7 a8;9 a8;1 a6;3 a8;7

a4;6 p2 p4 p6 p8 p1 p3 p7 p9

Example5 (ShorteningB8 into ~X 4): In the array repre-
sentingB8 (from Example3) we set all information bits in
the last 4 columnsto zero. We obtain the following array:

a1;6 a2;7 a3;8 a4;9 0 0 0 0
a9;3 a1;3 a2;4 a2;6 0 0 0 0
a8;4 a8;6 a9;7 a1;7 0 0 0 0

p2 p4 p6 p8 p1 p3 p7 p9

Noticethat thezeroedcolumnscorrespondto paritieswith odd
indices.By de�nition thoseparities can now be written as:

p1 = a1;6 + a1;3 + a1;7

p3 = a9;3 + a1;3 + a3;8

p7 = a2;7 + a9;7 + a1;7

p9 = a9;3 + a9;7 + a4;9

Noticethat each equationhasexactlyoneinformationbit, ai;j ,
with an even index. Rewriting the above equationswe get:

a1;6 = p1 + a1;3 + a1;7

a3;8 = a9;3 + a1;3 + p3

a2;7 = p7 + a9;7 + a1;7

a4;9 = a9;3 + a9;7 + p9

Renaminga1;6, a3;8, a2;7 and a4;9 as parities and p1, p3, p7

andp9 as informationbits, we setthe informationbits to zero
and relabel:

p1 p7 p3 p9 0 0 0 0
a9;3 a1;3 a2;4 a2;6 0 0 0 0
a8;4 a8;6 a9;7 a1;7 0 0 0 0

p2 p4 p6 p8 0 0 0 0

Notice that, becauseof the change of variables, the even-
numbered parities dependon two extra informationbits. This
fact will be ignored in the graphical representation,but will
be taken into accountin the �nal proof.



Rearranging and removing the zeroed columnswe get the
array representing ~X 4:

a9;3 a1;3 a2;4 a2;6

a8;4 a8;6 a9;7 a1;7

p1 p7 p3 p9

p2 p4 p6 p8

In thegraphdomaineach factor hastwo edgesand two black
vertices:

1

23

4

6

7 8

9

2

1 1

23

4

6

7 8

9

4

7

1

23

4

6

7 8

96

3

1

23

4

6

7 8

9

8

9

Example6 (ShorteningB9 into ~X 5): B9 hasan extra col-
umnof informationbits. Thosebits are of the form ai;j where
i and j are either both odd, or both even. Therefore they
do not interfere with the choice of information bits that are
substitutedwith parities. Theresultingarray for ~X 9 is:

a1;9 a9;3 a1;3 a2;4 a2;6

a2;8 a8;4 a8;6 a9;7 a1;7

a3;7 p1 p7 p3 p9

a4;6 p2 p4 p6 p8

Example7 (Separation of ~X 4): Notice that the arrays for
~X 4 and ~X 5 abovecontainedgesof only evenlength.We color

grey all even nodesand edges touching them.All odd nodes
and edges– black:

2

4

6

8

1

3

7

9

1

2 2

4

6

8

1

3

7

9

7

4

2

4

6

8

1

3

7

9

3

6

2

4

6

8

1

3

7

99

8

Putting everythingtoghetherand disentangling:

2

4

6

8

1

3

7

9
=)

2

4

6

8

1

3

7

9

In array from the separation looks like:

a9;3 a1;3 a2;4 a2;6

a8;4 a8;6 a9;7 a1;7

p1 p7 p3 p9

p2 p4 p6 p8

=)

a9;3 a1;3 a9;7 a1;7

p1 p7 p3 p9

a8;4 a8;6 a2;4 a2;6

p2 p4 p6 p8

Example8 (Separation of ~X 5): Here is the processwith
the extra informationcolumn:

2

4

6

8

1

3

7

9

2

4

6

8

1

3

7

9

1

2 2

4

6

8

1

3

7

9

7

4

2

4

6

8

1

3

7

9

3

6

2

4

6

8

1

3

7

99

8

Putting everythingtoghetherand disentangling:

2

4

6

8

1

3

7

9
=)

2

4

6

8

1

3

7

9

In array from the separation looks like:

a1;9 a9;3 a1;3 a2;4 a2;6

a2;8 a8;4 a8;6 a9;7 a1;7

a3;7 p1 p7 p3 p9

a4;6 p2 p4 p6 p8

=)

a1;9 a9;3 a1;3 a9;7 a1;7

a3;7 p1 p7 p3 p9

a2;8 a8;4 a8;6 a2;4 a2;6

a4;6 p2 p4 p6 p8

IV. THEOREMS AND PROOFS

A. Shortening:B2p� 1 =) ~X p

Let n = p � 1. B2n is representedby a n � 2n array. By
settingn2 informationbits to zero,thearraycanbe shortened
into a n � n arraycorrespondingto a new, square-shapedarray
codeof sizen. It hasthedimmensionsof theX-Code[9]. We
call this new code“generalized”X-Codeof sizen anddenote
it by ~X n .



Construction3 (ShorteningB2p� 2 and B2p� 1): Referring
to Construction2:

1) In the columns correspondingto odd factors set all
informationbits to zero:

I ei;j = 0, for i odd, i 6= p

2) For the parity bit in each zeroed column identify an
information bit in a non-zeroed column and exchange
themby a change of variables:

p̂i = êj;k + Si =) êj;k = p̂i + Si

where êj;k is interpreted as a new parity bit and p̂i

a new information bit. Si is the sumof the remaining
informationbits in the original p̂i .

3) Setthe new informationbits to zero:

p̂i = 0
Theorem1 ( ~X p� 1 and ~X p are MDS): The shortened B-

Codes, ~X p� 1 and ~X p, obtainedby the constructiondescribed
above areMDS.

Proof: The proof consistsof two parts.We �rst show that
a single changeof variables betweena parity bit and an
information bit preserves the MDS propertiesof the array.
We then show that to the parity bit, p̂i , in every zeroed
columnuniquelycorrespondsonenon-zeroedcolumn,andan
informationbit, êj;k , in it, suchthat:

p̂i = êj;k + Si

Part 1: A single changeof variablesdescibedin the con-
structionabove correspondsto addinga row to anotherrow
of the parity checkmatrix of the B-Code,thuspreservingthe
MDS propertyof the code.

Part 2: Considerthe informationbit indexed by:

e = f
i
2

;
i
2

+ pg

(see Construction2). One such bit appearsin each even
numberedcolumn(i even)of thearray. p beingandoddprime
implies that either i

2 is odd or i
2 + p is odd, but not both.

ThereforeI e thebit indexedby edgee, appearsin exactly one
parity bit pk , k odd, i.e. in exactly oneof thezeroedcolumns.

B. Separation: from ~X p to Bp

Becauseof the particularshorteningusedin SectionIV-A,
we show thateachcolumn,Ci , of ~X p dividesinto two setsof
bits A i andB i , suchthat theparity bit of setA i only depends
on information bits in setsA j (and not on information bits
of any of the B j sets).We can thereforeextract a new array
basedon the A i , which turnsout to be the arrayrepresenting
the B-Code,Bp. Here follows the formal theoremandproof:

Theorem2 (Separation of ~X p): ~X p] can be separatedinto
two arrays,of which onecorrespondsto Bp.

Proof:By examiningConstruction2, noticethataftershort-
eningtheB-Code,B2p� 1, we areleft only with edgesof even

length.In otherwords,all informationbits in ~X p areindexed
by pairsof the form:

e = f (
i
2

� j ) mod 2p; (
i
2

+ j ) mod 2pg

Therefore,half of the informationbits of every columnin ~X p

areof the form ai;j whereboth i andj areodd.For theother
half both i and j are even. By de�nition, the even-indexed
parities in B2p� 1 dependonly on information bits with at
leastoneeven index. That is true alsofor the new paritiesof
~X p, de�ned by the changeof variableduring the shortening

process.Therefore,all even-indexedbits form an independent
p� p� 1

2 arraysuchthatevery informationbit appearsin exactly
two parity bits. As mentionedin Example5, the even parities
dependonsomeoddinformationbits.Thosecanbesetto zero.
The resultingcodeis MDS because~X p is MDS. A counting
argumentshows that sucha codecanonly be Bp. Indeedthe
number of parity bits (nodes) is p � 1 and the number of
informationbits (edges)is: pp� 1

2 � (p� 1) = (p� 1)( p� 2)
2 That

is the numberof edgesin the completegraphK p� 1.

V. CONCLUSION

We presenteda method for shorteningthe B-Code and
usedit to derive the perfect 1-factorizationof the complete
graph K p+1 from the perfect 1-factorization of K 2p. The
constructionconsistsof the following steps:

1) P2p: perfect1-factorizationof K 2p, obtainedby known
construction([5], [7]). Shown in SectionII-A.

2) P2p =) B2p� 1: extendedB-Codeof length2p � 1, by
known constructionfrom [8]. SectionII-B.

3) B2p� 1 =) ~X p: generalizedX-Code of length p, by
shortening: new construction.SectionIV-A.

4) ~X p =) Bp: extendedB-Codeof length p, by separa-
tion: new construction.SectionIV-B.

5) Bp =) Pp+1 , by Theorem5 in [8].
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