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Abstract

We initiate the study of distributed protocols over directed anonymous neiwioat are not neces-
sarily strongly connected. In such networks, nodes are aware otligioincoming and outgoing edges,
have no unique identity, and have no knowledge of the network topologyesr bounds on its parame-
ters, like the number of nodes or the network diameter. Anonymous netvaoe of interest in various
settings such as wireless ad-hoc networks and peer to peer netwarkgo8) is to create distributed
protocols that reduce the uncertainty by distributing the knowledge of ttweorietopology to all the
nodes.

We consider two basic protocols: broadcasting and unique label assignifhese two protocols
enable a complete mapping of the network and can serve as key buildicigs bio more advanced
protocols. We develop distributed asynchronous protocols as welkiag ttwver bounds on their com-
munication complexity, total bandwidth complexity, and node label complexitye resulting lower
bounds are sometimes surprisingly high, exhibiting the complexity of togadatraction in directed
anonymous networks.

Keywords: Anonymous networks, directed networks, distributed proks.

1 Introduction

In this work we study the fundamental problems of broadogsind mapping (label assignment and topol-
ogy extraction) in directed anonymous networks. In suchtaeork G, processors do not have unique
identifiers, they execute identical protocols, and theyehaw knowledge of the topology of the network
(even the size or bounds on it are unknown). The only knovédedlgilable to a vertex is its own degree.

Anonymous and unknown networks have been extensivelyesiutliring the last few decades. These
studies include graph exploration [3, 1, 7], where a robattoaconstruct a complete map of an unknown
environment; the study of network communication or morecjally the task of broadcasting and la-
bel assignment [4, 2, 5]; and various characterizationgtafreble and unattainable tasks with respect to
additional symmetry breaking assumptions [6, 8].

All studies above consider the underlying network to be tewdéed or directed but strongly connected.
In such networks, the typical paradigm used in the contexdmafnymous networks is adaptive message
passing. Namely, vertices in the network learn of each otlzeinformation transmitted up an down paths
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that connect these vertices, and construct their outgoiegsages based on the information gained so far.
In this work we address the design of distributed protocdiemvthe underlying network is directed but
not necessarily strongly connected. This setting diffeissgantially from the undirected case as a vertex
may only have a single chance to transmit an outgoing mesaagethus the protocols must be designed
accordingly.

1.1 Our contribution

This work initiates the study of distributed asynchronort@gcols over directed anonymous networks that
are not necessarily strongly connected. To this end, wenasshat the networks has twospecialvertices,

a roots and a terminat; and we assume that there is a path conneectimugdt. Our objective is to preform
certain tasks orz. Roughly speaking, the protocols we present proceed asa®ll An initial message
is sent from the root vertex to its children. This initiates the distributed protocoliathends when the
terminal vertex is in a final state with its state as output.

The algorithmic tasks we present in this work are the basistaf broadcasting and label assignment.
For broadcasting, a messageis given at the roos, and we wish to distribute: throughout the entire
network G. This, in itself, seems a trivial task obtained by simplepgagation ofm. However, we also
want the protocol to terminate iff all the vertices Gfhave receivedn. This turns out to be significantly
more involved as our protocol cannot use the standard tetiamtechniques used for graphs which are
strongly connected (namelmessage passijgWe start by presenting a simple broadcasting protocal tha
will terminate correctly ifG is essentially a tree. We then present the main result ofxbig, a distributed
asynchronous broadcasting protocol for general direatephg. Finally we turn to design a protocol which
assigns unique labels to all vertices Gf(thus enabling us to map the graph topology) and terminates
after these labels have been assigned. Our label-assigrbgcol is strongly built on our broadcasting
protocol, and can be viewed as a slight modification of it. thk protocols we present are distributed
and asynchronous. We consider several measures of comypiekich will be discussed in greater detail
later): total communication complexity — the number of bitmsmitted throughout the protocol, required
bandwidth — maximal number of bits transmitted over a sirglge, and the maximal number of bits in a
label. Our results can be roughly summarized as follows:

Broadcasting in acyclic networks: A graphG is said to be agrounded tredf every vertex ofG has
in-degree 1, excluding the soursewith no incoming edges and the termirtalvhich may have several
incoming edges.

For grounded tree&, we describe an asynchronous distributed protocol thatdwasts a message
from the root vertex to all of G, and halts iff all vertices have receiverl The protocol has required
bandwidthO(log |E|) + |m| and total communication complexity at mast|E|log |E|) + |E| |m| (here
|m| is the size ofn). We show that our results are tight by providing a matchowger bound on the total
communication complexity of broadcasting in groundedgree

For general directed acyclic graphs we provide an asyncldistributed protocol for broadcasting
with required bandwidttO(|E|) + || and therefore total communication complexid¢|E|*) + |E| |m].
Our results are the best possible when considering centatognls we refer to as commaodity preserving.

Broadcasting in general networks: For generals, we describe an asynchronous distributed protocol that
broadcasts a messagdrom the root vertex to all of G, and halts iff all vertices have received The pro-
tocol has total communication complexity at m6&t E|* |V | log dou) + |E| || andO(|E| |V | log dout) +

|m| required bandwidth (here and in what followfs,,; is the maximal out-degree in the given network).



Unique label assignment in general networks: For generals, we describe an asynchronous distributed
protocol that assigns unique labels to all vertice&:pfand halts iff all vertices have been assigned labels.
The protocol has total communication complexity at mO$tE|* |V | log dout), andO(|E| |V|logdout)
required bandwidth. The labels have length@f|V|logd,yt) bits which is also shown to be tight by
proving a lower bound.

The resulting label complexity in the last protocol is sigimgly high. One might expect to be able to
label the vertices with at mo§2(log |V'|) bits, which is also achievable in both the undirected case: flze
directed but strongly-connected case. However, the lowant) we describe shows our result to be tight,
and the exponential blowup necessary.

1.2 Proof Techniques

We describe the main ideas behind our broadcasting pratdablel assignment protocol and lower bounds.

Broadcasting: Our objective is two-fold. First of all we want to transmit a&ssagen from the roots to

all vertices ofG. This is done by propagation, every vertex that receivdésrwards it on its outgoing edges.
Secondly, we want the protocol to terminate iff all vertibase receivedn. To this end, each internal vertex
that has received: will send out an additional message or messages that ellgntiiareach the terminal
vertext. These additional massages should be constructed in sua @att will be able to decide whether
all vertices ofG have been visited or not. This would be a trivial task if thetices of G were to have unique
labels and the terminalwould know the size ofs (or even a bound on it), namely each vertex could simply
send its label which will eventually rea¢chHowever, in our model of study we assume both that vertices i
G do not have unique labels, and that they do not have an estonahe size of.

We now turn to the task of termination. Clearly, only usinggmgation, the terminalhas no idea when
the entire graph has been visited. Thus, additional inftiomahould be sent from the internal vertices in
G to t. Roughly speaking, this additional information will repeat a certain commodity. Furthermore, the
actions taken by each vertex @n are commodity-preservingNamely, each internal vertex partitions the
commodity it receives among its outgoing edges. Thus, isthece were to send a unit of commodity into
the graphG and over time the terminal were to receive a unit of commodite could conclude that all
vertices inG have been visited.

For example, first consider the case of grounded trees. Hemmoimmodity we use is a scalar value, and
the intuition behind our protocol is that of commodity-pesng network flows. Namely, the source starts
by transmitting as termination information the valuéhere we assume the source has a single outgoing
edge). This corresponds to a flow of vallikeaving the source. When a vertex of out-degteeceives the
valuex as termination information, it sends the valugl on each of its outgoing edges (corresponding to
the distribution of the flow of value it received). The terminglwill declare termination once the values it
receives on its incoming edges sum up to 1. Such a protocbingiéed work, however it will not achieve
the tight communication complexity stated earlier. In T8, we improve on this protocol by using a
different rule that governs the flow distribution at intdrnades.

But what happens whe6 is not a grounded tree? The main difficulty lies in the case lmctvG
contains cycles. In this case an internal vertemay receive multiple commodities over time, some of
which need to be discarded as they have already been viewed By deal with cyclic networks, we use
the commodity-preserving paradigm as before, but our codit;n more involved. Instead of transmitting
as termination information a scalar value, we transmit ipléitvalues. Loosely speaking, the commodity
leaving the source is the unit intenfdl, 1) (represented by its end points). Each vertex, after reugian
interval will send on its! outgoing edges d-partition of the interval received. The terminal will dact
termination only after it has received (over time) a famifyirdervals whose union is exactly the interval
[0,1). Each internal vertex can detect cyclesrBgnemberingvhich intervals it has seen so far. Once a
cycle is detected, additional information is sent to theniaal which guarantees correct termination. A
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naive implementation of these ideas will lead to exponé(itia V|) communication complexity. To obtain
the polynomial complexity stated above, our protocols eseal additional ideas.

Label assignment: As mentioned earlier, our unique label assignment prot@csirongly based on the
commodity preserving paradigm used in the broadcast pobthscussed above. However, roughly speak-
ing, now once a vertex in the graph receives a certain commadity, it partitions tommodity not only
among its outgoing edges but rather a portion of the commadtiso preserved faritself. The commodity
preserved fov will act as a distinct label for the vertex To ensure correct termination of the protocol (once
part of the commodity istoredat internal vertices of the graph) some changes to the basagdcotocol are
needed.

Lower bounds: We present both lower bounds on the total communication texitp of any broadcasting
protocol and lower bounds on the length of labels in any lalssignment protocol. For our lower bound
on the communication complexity, we first bound the numbetistinct messages that must be transmitted
as termination information throughout the protocol. Rdygipeaking, we show that if the termination
information of a given protocol is limited to exist in a smalessage space (s&y, then one can design a
graphG on which the protocol will either terminate before all veeis have received the broadcast or not
terminate at all. A detailed analysis of this line of proopeprs in Section 3.2. Once we have established
a bound onX|, a bound on the communication complexity essentially fedidy noticing that (under any
encoding) most of the distinct messages ~ must be represented by log || bits.

For our lower bounds on the label size of any label assignmestbcol we use a standard pruning
technique (e.g., [4]). Namely, we start by considering gooeentially large graph for which any protocol
must assign labels of polynomial size. We then prune thehgimguch a way that for certain vertices the
protocol behaves exactly as if it were running on the origiaage graph. The pruned graph will on one
hand have vertices which are assigtede labels and on the other hand have few vertices. This willympl
our result.

1.3 Organization

The paper is organized as follows. In Section 2 we presennodel and working assumptions. We continue
in Section 3 to present our broadcasting protocol for gredniees and DAGSs, along with the proof that
our protocol is optimal. In Section 4, we present our broatlog protocol for general graphs. Finally, our
label-assigning protocol is presented in Section 5. We loolecwith a discussion and open problems.

2 The Model

In this work we study anonymous protocols on directed graphs (V, E) with two special vertices. The
root vertex, denoted by and the terminal vertex denoted by Vertices inV \ {s, t} will be referred to
as internal vertices. We assume thdtas no incoming edges and only one outgoing edge,tdras no
outgoing edges. As our accessdas only throughs andt, if there are internal vertices which are not on a
path froms to ¢ but are still reachable fromor connected té, our protocols will not terminate. Throughout,
to simplify our presentation, we assume that all verticeS ire reachable from

All vertices in G are assumed to know nothing of the topology of the networgl(iing its size) nor
do they have unique identifiers. Each vertex is assumed te kimsv many incoming and outgoing edges
it has, and has the power to distinguish between differarttriing/outgoing edges. The model we present
is asynchronous. Our results can be easily extended to Heeicavhich there are multiple root/terminal
vertices, the root has multiple outgoing edges, the caséichwhere are vertices i that are not reachable
from s, and to the case that the communication throughout the met&synchronous.



Anonymous protocols An anonymous protocol of is defined by the following primitives: a state space
[T, a message space an initial stater € TT, an initial massagey, a state functiorf : TT x . x N — T, a
message functiog : TT x X x N x N — {X, ¢}, and a stopping predicate: TT — {0, 1}.

An anonymous protocol is executed as follows. Initially v8s@ciate the statg with every vertex irG.
The messagey is sent on the outgoing edge ©fEach vertex that receives messagen itsi-th incoming
edge while having current state moves to stater’ = f(7, o, i) and sends messagér, o, i, j) on its j-th
outgoing edge. If in the scenario abayer, 0,1, j) = ¢, then no message is sent on outgoing efdgé/e
say that an anonymous protocol has terminateid if) = 1 for the stater of ¢, in this caser is the output
of the protocol.

Quality There are several quality parameters that may be considdrenl studying anonymous protocols.
The size of the state space is related to the amount of meneeyed at each vertex of the network. The
size of the message space is a bound on the maximum messgtettansmitted on edges on the network
(i.e., bandwidth). Multiplying the bandwidth by the totaimber of messages sent over the network be-
fore termination will imply an upper bound on the total commmation complexity of the protocol. In a
synchronous model one may also consider the time it takethiégorotocol to terminate.

In this work we focus on the asynchronous model in which wek seelesign anonymous protocols
with minimal total communication complexity. To this endewtudy both the total number of messages
transmitted throughout the network, and the maximum messizg. There is an obvious trade-off between
the two, and their product is the total communication corxipfe

3 Broadcasting over Grounded Trees and DAGs

3.1 Broadcasting on grounded trees

We start with the task of broadcasting a messagwver grounded trees. The protocol will terminate iff all
vertices in the network have received the broadcast messaBeughly speaking, the protocol starts when
the root vertex sends the messagend additionaterminationinformation on its outgoing edge. Each
vertex in the graph, will transmit information on its outggiedges only when it has received the message
m from its incoming edge. A vertex of out-degréewill transmit both the message and termination
information which depends on the incoming termination infation and the valug.

As stated in the Introduction, the intuition behind the poat is that of commodity-preserving network
flows. Namely, the source starts by transmitting as ternunabformation the valud. This corresponds
to a flow of valuel leaving the source. When a vertex of out-degfaeceives the valug as termination
information, it sends the value/d on each of its outgoing edges (corresponding to the distoibwf the
flow of valuex it received).

A naive implementation of this protocol results in total cammication complexity bounded @(\E\3/2) +

|E| |m|. The|E| |m| factor corresponds to the messagend is inevitable. The remainir@(|E|*/?) fol-
lows from the fact that we must be able to represent manyrdiiter values sent as termination information.
Using a slightly different rule that governs the flow distiion at internal nodes, we are able to reduce this
complexity toO(|E|log |E|)) (which we show to be optimal). In the rule we present, theestutransmit-
ted as termination information will always be a poweR0ofThis way,x can be represented efficiently.

More specifically, the flow distribution of our protocol pexxds as follows. When a vertex of out-degree
d receives the value as termination information, it sends the va%@m on its first2d — 219841 outgoing
edges and the valuﬁb;iT on its remaining outgoing edges. It is not hard to verify thath a distribution
rule is commodity preserving and that thevalues transmitted will always be a power2f Indeed, for



deNanda = 24 — 2M1°841 jt holds thata - 2-110841 + (4 — &) - 2~ Mlegd1+1 = 1. The terminalt will
declare termination iff the sum of valugst receives on its incoming edges equals 1.

Theorem 3.1 The protocol above terminates iff each vertexGofs connected té. On termination each
vertex inG will have received the message The total communication complexity of the protocol is
bounded bYO(|E|log |E|) + |E| |m| (here|m]| is the size ofn).

Proof. Let G be a grounded tree in which each vertexdris connected to the termin&l During the
execution of our protocol, each ed@e, v) will carry a message only once: immediately aftereceives
the messagém, x) on its sole incoming edge. if has out-degreé, the messages leavimgare of the form
(m, Srmgar) OF (M, 5= ) The termination values leavingsum up to the incoming termination value of
x. This corresponds to thifeow conservatiomescribed earlier and implies that, eventually, after egctex
has been visited, the sum of all termination values entdghiaderminal will be equal ta. If at some point

in time there is a vertex that has not yet been visited, themifoilar reasons the sum of all termination
values that have entered the terminal so far will be striethg than 1 and thus the terminal will not be in an
accepting state.

In the case that there exist verticesGrthat are not connected tqbut reachable from), we are again
guaranteed that the protocol will not terminate. Indeed témmination value: > 0 entering such a vertex
will not reacht, implying that the sum of termination values entering thieniaal will not reach the sum of
1.

For the communication complexity we bound the siz&dqthe message space), which consists of the
message: and the termination valuesc< [0, 1]. However, in the design of our protocalis always a power
of 2. Moreover, when applied to graphs witB| edges, the size of is at leas2 ~©CUED | This implies the
asserted complexity. O

3.2 Lower bounds for broadcasting on grounded trees

We now turn to show that our broadcasting protocol is optifmagjrounded trees. The proofs of the claims
that follow appear in Appendix A. The outline of our proof isen in Section 1.2 of the Introduction.

Theorem 3.2 Any broadcasting protocol that (1) terminates on groundeesG in which each vertex of
G is connected tg, and (2) does not terminate otherwise; must have total camgation complexity at
least Q(|E|log |E|) + |E| |m|. Namely, for any broadcasting protocol as above, theretexs infinite

family of graphsG for which the communication complexity of the protocol wheacuted o1t is at least

c|E|log |E| + |E| |m| for some universal constant> 0.

Proof. Consider any broadcasting protocol that satisfies the meapgints specified in the statement of the
theorem with alphabeXf. For a given graplt;, we denote by ; C X the set of symbols transmitted over
the edges ofs when the protocol is applied 6. Let ,, be the union o& s over graphss with n edges. In
what follows we present lower bounds on the siz& pf Namely, we present for infinitely many valuesrof

a family of graphs with E| = n for which the union o over these graphs satisfies the lower bound. Once
we have established a lower boundXp a bound on the total communication complexity easily folo

Lemma 3.3 In any grounded tre€; we may assume w.l.o.g. that during any broadcasting pro@sssh
vertex ofG transmits a single message.

Lemma 3.3 implies that the decision to declare terminatfdheprotocol is based solely on the multiset
of symbols entering the terminal noédleThus, for a protocoA we define théermination sefl’4 to be the
set of all finite multisets over alphabEtwhich are terminating, namely, if the terminal node werede s
exactly those symbols on its incoming edges it would dedkmmination.
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Let o4(e) € X denote the character transmitted on edgehen the protocoM is executed. Similarly,
let o4 (E’) denote themultisetof symbols transmitted over edgesih C E. We say that vertex; € V is
anancestorof vertexv, € V if there is a path fronv; to v,. In that case we also say is adescendanof
v1. The following definition will help us construct the main tad the proof.

Definition 3.4 LetG = (V, E) be a directed acyclic graph with sourseand terminal node. A linear cut
is a partition of V into two disjoint non-empty setg, and V, such that there are no; € V; andv, € V,
wherev, is a descendant af;.

Obviously, in any linear cut € V; andt € V5. Linear cuts are useful since they provide us with possible
shapshots of the symbols crossing the cut in some runningegbriotocol. This is shown in the following
lemma.

Lemma 3.5 Let E’ be the set of edges crossing some linear cu oftheno 4 (E’) € T4, i.e., any multiset
of symbols crossing a linear cut when running protodglis terminating.

Having seen the connection between terminating sets apdrlicuts, we can state in the following
theorem which is the main tool used in our proof.

Theorem 3.6 Let us consider two distinct linear cuts (not necessarigrewm the same grounded tree!) with
sets of edges crossing théthand E” respectively. Then for any protocat (E') ¢ o4(E”) (where the
strict-subset notatiorT is taken in the multiset sense).

Lemma 3.5 and the resulting Theorem 3.6 apply equally wedigh with some extra work) to directed
acyclic graphs, and are the main tools we use for provingiteends. A simple application of Theorem 3.6
is given in the following lemma.

Lemma 3.7 LetG = (V, E) be a grounded tree. € E is an ancestor of” € E, and at least one of the
vertices on the path between them has out-degree at2e#tstno, (¢’) # o4 (e”).

We are now at a position to complete the proof of Theorem JRakyn € N we construct a grounded
treeG, = (V,, E,) with V,, = {s,t,v1,...,v,} and edges

En={(s,01)} U{(vi,vis1) |1 <i<n—=1}U{(v;,t) |1 <i<n}.

Thus,G,, hasn + 2 vertices an®n edges (see Figure 5 of Appendix C).

According to Lemma 3.7, any protocol running 6} requires an alphabet of size at least 1. It
follows that|x,| = Q(n). Now, no matter how we encode the elementspit must be the case that
at leastQ(n) elements will require a representation of at le@gflogn) bits. Thus, agE| = Q(n),
the total required bandwidth and communication complegityany protocol isQ(log|E|) + |m| and
Q(|E|log |E|) + |E| |m| respectively (the additional dependencegmnfollows from the need to broadcast
the messager). ad

3.3 Broadcasting on directed acyclic graphs

As we move on to directed acyclic graphs, the overall picisiret so well understood. On the positive side,
a straightforward modification of the commodity-presegvimotocol for grounded trees presented earlier (in
which the commaodity is a scalar value) implies a broadcggtiotocol for DAGs with required bandwidth
O(|E|) 4 |m| and therefore total communication complexidy|E|*) + |E| |m|. For a lower bound: we
can assume w.l.0.g. that each node does not send out anygegssdil hearing a message on each of its
incoming edges. (We omit the rigorous proof of both claimeva#y) Under this assumption, the linear-cut
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method presented for grounded trees applies, and we getest lmyund on the required bandwidth from
each edge, af2(log | E|) bits. Unfortunately, closing this gap currently seems dueach. However, as we
will see, if we restrict ourselves to commodity-preserviprgtocols our results are tight (namely we obtain
a lower bound that matches the upper bound stated above)usfed that an analogous lower bound can
be proved for general protocols as well. The proof of theofelhg theorem appears in Appendix B.

Theorem 3.8 Any commodity-preserving protocol requires bandwidthtdéastQ(|E|) bits.

4 Broadcasting over General Graphs

We now turn to address the case of broadcasting over genaatigy Loosely speaking, the protocols we
present generalize the commodity-preserving flow of th&ipus section, only the commodities are now
distinct and uniquely identifiable. This basic commoditgigen in the following definition.

Definition 4.1 Theinterval setover [0,1) is defined a<[0,1) = {[a,b) € [0,1) | a,b € R}. Similarly,
theinterval-unionover|0, 1), denoted a&/[0, 1), is defined as the set of all finite unions of disjoint intesval
fromZ[0,1). Elements af{[0, 1) will be calledinterval-unions A partitionof an interval-unionx € /[0, 1)

is a finite set of disjoint interval-unions whose uniomxis

For our purposes, an interval, b) may be simply represented by the numbeasndb, and since we will
have a choice in selectingandb, we will choose them to be binary-point numbers of finite esgntation,
i.e., a sum of powers df with a finite number of summands. By convention, an interéahe form|a, a)
is the unique empty interval which we consider a subset ofirsieyval.

We are now in a position to state our broadcasting protocaoskly speaking, both the messages
transmitted throughout the protocol and the state spacsistaf elementsc € /[0, 1). The protocol starts
when the root vertex transmits as its initial message the interval-union caimgjsof the single interval
[0,1). Each vertex has a statewhich includes the union of all the intervals it hssenso far. When a
vertex receives as a message an interval-unigiit addsa’ to its statex and then partitions its new state
among its outgoing edges. In such a way the intef@¥al ) is partitioned among the vertices of the graph
(vertices may have correspondins that intersect). Our protocol will terminate onchas seen the entire
interval [0, 1). However, if there exists a cycle in the graph, part of theriwval may get “stuck” in a loop
never reaching the terminal Our protocol identifies such cases and through simple gatjgn “notifies”

t to disregard this missing part. A crucial aspect of our protds the so-calledtate-monotonicitproperty,
which ensures that for every vertexthe interval-union which is the state ofat timeT is included in the
interval-union which is the state ofat any timeT” > T.

More specifically, our state spaBeconsists of the sgfZ/[0, 1)} . Namely, each vertex of out-degree
d holds a stater = (&, 3), wherea = (a3, a, ..., a4) € {U]O, 1)}d andpB €U[0,1). Intuitively, each
a; corresponds to the interval-union previously sent onjttie outgoing edge ob; and 3 corresponds to
additional information needed to cope with cycles. The mgsspace will consist of two union-intervals,
namelyX = («, 3) €U[0,1) x 1[0, 1), and a message (to be broadcast). In our protocol, each message
sent includes the message In what follows, we focus on the additional informationZi0, 1) x 2£[0, 1)
sent in a message, and for simplicity of notation, we do not mention the messag The initial message
sent bys is op = ([0,1),[0,0)). We assume that the initial state of all verticesris= ({[0,0)}*, [0,0)).
Again, each vertex of out-degreel holds initial state(«, o) = ([0,0)%,[0,0)).

Now we come to define the functiorfsandg. Consider a vertex of out-degreel. Letr = (&, 3) =
((a0)4_,, B) be the state o, and leto = («, ) be the messagereceives on incoming edgeWe define
the valuerr” = (&, ") = ((&/)4_,, B") of f(m,0,i). We start by defining a canonical partition of the

j/ =
union-intervaly’ into d parts. Letr’ = (J;._; I where eachiy is a non-empty interval of the forfa, b). Let
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I,..., If‘l be a partition of the first interval into d — 1 parts. A canonical partition af’ into 4 union
intervalsas, ..., g is defined by = I[forje {1,...,d — 1} anda; = Uj_s L.
Now, if 7 = mp then&” is a canonical partition of’ into d parts, and3” = B'. If @ # m then

for je {1,...,d —1} the interval-unionoc}/ = «aj (e, oc;.’ remains unchanged), and the interval-union

of = o Uoy\ U?;ll aj. The interval-uniond” = B'U B U UL, (« Na;). The functiong is defined
entirely by, namelyg (7, o, i, j) = g((& B), (o, B'), i, j) = (a/ \ aj, B\ B).

We elaborate on the definition #fandg. We start by noticing that the state= (&, 3) of each vertex is
increasing (with respect to set inclusion) over time. Batlkeveryx; portion and in the8 portion of (, 3).
Forje {1,...,d — 1}, «; is changed only once in the entire running process, whjlenay change many
times. 3 may also change many times during the running of the protdta$ important to notice that a
message is sent fromon outgoing edgg iff either «; changes op changes.

Finally, the predicat&(7) = 1iff m = (a, ) anda U 3 = [0, 1).

Theorem 4.2 The protocol above terminates iff each vertexGois connected té. On termination each
vertex inG will have received the message The total communication complexity of the protocol is
O(|E[* |V|log dout) + |E| |m].

Proof. Let (&, ) be the state of a vertexin G at some timeT'. Leta € R. We say that the-th outgoing
edge ofv a-carriesa at time T if a € «; at that time. We say that theth outgoing edge ob 3-carriesa
attimeT if a € 3 at that time. Notice that if an edgecarries 3-carries) a value at timeT, it continues
carrying it at timeT” > T due to our state-monotonicity.

Forac|0,1), consider the edges-carryinga over timeT. These edges form a (monotonically in-
creasing over time) subgragghy(a2) of G in which the root has out-degree 1, verticesGwith in-degree
zero have out-degree zero, and the remaining vertices hasdegree at mogt, i.e., Gr(a) is either a path
betweers and some vertex, or a path starting atwhich at some point closes a loop. This follows from the
fact that for a stater = ((«;), B) of v, the interval-unionst; have an empty intersection, and their union is
equal to the union of all union-intervadg that have passed through Thus for eaclu € [0, 1) either there
exists a timel for which the subgrapks(a) is connected te, in which case will eventually receiver, or
there exists & for which Gr(a) contains a cycle which preventform reaching.

If for somea andT the corresponding subgragh-(a) contains a cycle, then it is not hard to verify that
by our definitions: will be 3-carried throughout the predecessors of the cycle. Spaktyfie will eventually
be 3-carried on edges leading toWe conclude that will eventually be in a stater for which S(7r) = 1
(namely, the protocol will always eventually halt).

Assume that the protocol terminated at tiffiewhile there was still a vertex in G that has not been
visited. LetP be a path frons to v and letu be vertex on this path closest 4dhat has not been visited.
By our definitions there is a valuewhich is «x-carried on the pat? up tou (including) but notx-carried
on any other edge along the pathbetweenu andv. Namely, at timeT the graphGr(a) consists of a
path that ends at the vertex Thus,a has not beem-carried tot yet at timeT. Theoretically, it may still
be the case that has beergB-carried tot, however in order for to be 3-carried on any edgeat timeT,
the graphGr(a) must contain a cycle, and thus no vertices with in-degreatgrehan 1 and out-degree 0,
which contradicts the properties of the vertex

It is left to analyze the communication complexity of our tmapl. This is done by analyzing both the
total number of messages sent along the edgég ahd by analyzing the bit complexity of each message.
We start with the latter.

Theorem 4.3 At mostO(|E| |V |logdout) + |m| bits are required to represent a symbol from the edge
alphabet.



Proof. As described previously, an intervial, b) C [0,1) will be encoded by writing down the numbers
a andb. We will always make sure thatandb are binary-point numbers of finite representation. Given an
interval[a, b) C [0,1), say we want to partition it intb > 1 disjoint intervals. Lef\N be the smallest power
of 2 such thatN > k and denote\ = (b — a)/N. We partition[a, b) in the following manner:

[a,a+A),[a+Aa+2A7),....[a+(k—=2)Aa+ (k—1)A), [a+ (k—1)A,b)

i.e., intok — 1 intervals of sizeA and one interval of sizéb — a) — (k — 1)A. Each of the new intervals
requires additionaD(log k) bits to encode relative to the encoding[efb).

Consider any interval-union transmitted on an edgé&inLet d,,: be the maximal out-degree of any
vertex inG. We show that (a) the number of intervals in this union is limehby|E|, and (b) the endpoints
of any interval in this interval-union can be representedX{yV'| log dou¢) bits. This suffices to prove our
assertion.

Leta andb be the end points of an interval in an interval-union traradiin G. The bit representation
of a andb is an artifact of how may times the intervals that includeaindb were partitioned during the
execution of our protocol. As each vertexGonly preforms interval partitioning once during the exémut
of the protocol (only when it received a message for the fins¢), and this partition is into at most,;
parts, we conclude that the total bit representatiomafidb is O(|V|log dout)-

We now bound the number of intervals which constitute amrvladeunion. In general, this is done by
bounding the total number of different intervals viewed um protocol. A new interval may be formed only
by canonical partitioning of the part, or by the intersection of two intervals in tBegart. At mostO(|E|)
intervals may be obtained by canonical partitioning (eaattexv does the partitioning once, and produces
dout(v) Nnew intervals). By observing that the set of interval enéhsin the part must be a subset of the
interval end-points of the part, we conclude that the part is also made up of at moSt |E|) intervals.O

Continuing the proof of Theorem 4.2, an essential obsemwas the fact that for any edge, amy¥ R is
«-carried (3-carried) by it at most once. It follows from the previousigiahat the total communicatioon
any one edgés O(|E| |V|logdout) + |m|, which concludes the proof. O

5 Label Assignment on General Graphs

The protocol from the previous section, though polynomiathe parameters of the graph, seems over-
complicated for the task achieved — broadcasting over gégeaphs. However, this lays the foundation
for a protocol which assigns unique labels to vertice& of

A slight variation to our previous protocol for broadcagtiover general graphs allows us to assign
unigue id’s to the vertices df. In the label-assignment protocol, the state of each vevitxnclude an
additional union-interval which represents its label. N#ynthe state of each vertex of out-degrewill
now ber = (&, f3) = ((Oéj)’f:ofﬁ) instead ofr = ((oc]')‘]’-lzl, ) as before. The additional union-interval
ap will be the label of the vertex. We need to define the functiorfsand g accordingly. f (7, 0,i) =

= (@&, p") = ((oc;.’)‘]’.lzo, B") is essentially defined as before, but nowrif= 7, thena” is a canonical

partition ofa intod + 1 parts(oc}’)‘fzo, andp” = B’ Uay. If m # mp thenf is exactly as defined previously
with the addition that the value off is identical to that ofy;,. The functiong is defined as before.

Theorem 5.1 The unique labeling protocol above terminates iff eacheserdf G is connected tad. On
termination each vertex ity will have a unique label. The total communication complegitthe protocol
is O(|E|* |V|1og dout). Each resulting vertex label is of leng®( |V | log doy) bits.

Proof. The proofis essentially the same as that of Theorem 4.2 saly@ive the intuition behind it. What
this protocol does is send the interJ@} 1) into the graph. Vertices receive interval-unions on inaagni

10



edges and send subsets of those on outgoing edges. But thdikeotocol described in Section 4, they do
not partition the incoming interval-unions among the ourigaedges, but rather partition them among the
outgoing edges and themselves, keeping a sub-intervalusdatas a unique identification.

Thus, like the proof of Theorem 4.2, we follow the path whieltarries some value< [0,1). Like
before, this path may either end in an output vertex, or clgsen itself because of a cycle, and theis
B-carried to the output through simple propagation. Only mahave a third option, whetestops being
«-carried not because of a cycle or because of reaching amitoegptex, but rather because a vertex has
taken an interval containingas its label. From then on,is beingj3-carried by propagation to the output.
The monotonicity and the partitioning done by each vertesuemthat the resulting identification intervals
are disjoint.

For the bit complexity of a label, notice that each label israle interval, and use the analysis of
Theorem 4.2. a

One might think that a labeling ¢¥/| vertices by labels oD (|V| log dout) is inefficient, but the follow-
ing theorem shows that this number is actually required lyyl@meling protocol. The outline of our proof
is given in Section 1.2 of the Introduction.

Theorem 5.2 Any labeling protocol giving unique labels to the verticasduces labels each of length
Q(|V]logdout) bits.

Proof. Let us consider a full tree of heightand degred where the edges are directed away from the root
s. Lett be a vertex connected to all leaves of the tree. Any labelitppol that gives unique labels to the
vertices will use at least” distinct labels. Thus, there exists some leaf vertewhich receives a label of
Q(hlogd) bits.

The main observation is that in such a graph without cyclesh @ertex receives a label which depends
only on the messages sent to it along a path from the root. efdrer, we can remove all vertices of the
original tree not on the path from the root #9 and connecting all othet — 1 edges from each of the
vertices on the path to the termirtalsee Figure 6 of Appendix C).

Thus we get a new graph with a total of 3 vertices and maximal out-degrde By our previous
observationp still receives a label of)(hlogd) = Q(|V|logdout) bits. We stress that the execution of
the labeling protocol on the path toin the newprunedgraph is identical to the execution of the labeling
protocol on the path to in the original graph. Indeed, letbe a vertex along the path to The label ofu
and the messages leavinglepend solely on the incoming messages &md the number of outgoing edges
of u: both remain unchanged. ad

6 Conclusion and Open Problems

In this work we explored asynchronous distributed protecohning on anonymous directed networks. By
showing how to broadcast and assign labels on such netwegksan transform anonymous networks to
labeled networks and even map the whole topology by floodiogllinformation available to nodes. This is
a crucial step since most existing protocols require eibare knowledge of the network or unique labeling
of the nodes.

By comparing the results of this work with those owerdirectedanonymous networks, we can see a
wide gap in performance which may be attributed mainly toghablem of termination, and the possible
lack of feedback due to the directionality of edges. Thistiergyly pronounced in the case of assigning
labels, where instead @ (log|V|) bits for labels in undirected anonymous networks (or eveactid
but strongly-connected networks) we require at l€a6tV| log doyt), @an exponential gap. This is directly
attributed, as seen from the lower-bound proof, to the lddkexback from terminal to source.

11



Another possible gap can be seen in the broadcasting ptatbem moving from the restricted case of
grounded trees, to the slightly more general case of diestgclic graphs. Protocols which are commodity
preserving suffer from an exponential increase in requir@adwidth over the edges, fro@(log |E|) to
Q(|E|) bits per edge. However, we do not know how to improve the Idweemd for DAGs, and so, we
pose as an open guestion: what is the required bandwidthdgerfer broadcasting over DAGs? and over
general graphs?
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A Proof of Theorem 3.2

A.1 Proof of Lemma 3.3

Proof. The proof is by a simple induction on the distance from ther@®s. The induction basis is
obvious: the source sends only one message on each of isimyitgdges. For the induction step, it is
easy to see that inner vertices (i.e., not the terminal x¢jtehave only one incoming edges which, by the
induction hypothesis, carries just one message. Thust ireréces send exactly one message on each of
their outgoing edges. ad

A.2 Proof of Lemma 3.5

Proof. Let G be a grounded tree, ari a set of edges crossing some linear cut which partitiéristo
V1 U V,. By the definition of a linear cut, and due to the fact that we tie asynchronous model, we can
easily think ofV; as the set of vertices which already processed the symbdlsearincoming edges (and
sending symbols on their outgoing edges), &ads the set of vertices which did not yet process incoming
symbols. Thus, the linear cut resembles a snapshot in tirmgogsible running of the protocol.

At this point we can construct a different grounded t€&e= (V*, E*) with V* = V; U {t}, all the
edges between vertices Bf remain the same, and the edges crossing the linear ¢utafi connect to the
terminal node (see Figure 1).

() (b)

Figure 1: (a) The grounded tréewith the linear cut partitioning it intd’; andV5. (b) The grounded tree
G*

Obviously, G* is also a grounded tree, and furthermore, all inner vertizeson a path from to ¢.
It follows that the protocol should run on it correctly as eind terminate. The sequence of running
the vertices orG until reaching the linear cut could be repeated when runam@* and so the multiset of
symbols on edges crossing the cu@iis exactly the same as that@i. Thus, the protocol should terminate
upon gettingo4 (E’) when running orG*, which by definition means thats (E’') € T4, as we wanted to
prove. O

A.3 Proof of Theorem 3.6

Proof. Assume to the contrary thafy(E’) C c4(E"”). LetG = (V, E) be the grounded tree from whiét
was obtained, and léf; U V, be the appropriate linear cut. In a similar fashion to theopad Lemma 3.5,
we construct a new grounded tréé = (V*, E*), with V* = V3 U {t,t*} wheret is the terminal vertex
andt* is an auxiliary vertex. All the edges between verticed/pfremain the same. Now, there exists a
partition ofE” into two disjoint non-empty sets/ U E7 such thav s (E{) = 04 (E’). We connect the edges
E7 to the vertext, and the vertices d/ to t* (see Figure 2).
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(b)

Figure 2: (a) The grounded tréewith the linear cut partitioning it intd’; andV,. (b) The grounded tree
G* and auxiliary node*

As before, running protocoll on G* produces symbols identical to those produced wAde run on
G. By Lemma 3.5,04(E’) € T4, but we constructed&:* so thato(E]) = o4(E’), and so it follows
that protocolA will terminate when running orz*. However, vertext* is reachable frons but is not
connected to the terminal vertéxand so a proper protocol should not terminate — a contiiadichus,

O'A(E/) gZ O'A(E//). O

A.4 Proof of Lemma 3.7

Proof. Let us choose arbitrarily a linear cut which the edterosses, and let the appropriate partition of
V be V1 UV,. Denote byE’ the edges crossing the cut. Sindas an ancestor of’, there exists a path
Vo, 01, - - -, Ux_1, U Such that{vy, v1) = ¢’ and(vx_1,v¢) = €¢”. We note that by the definition of a linear
cut, necessarilyy € V7 and{vy, ..., vx} C V5.

We can now consider another partitionlofinto V3 U V4 where,

Vs =V U {01,02,. . -/kal} Vy=V, \ {01,02,. . -/kal} .

This partition is clearly another linear cut (see Figure3@note byE” the vertices crossing this cut. Now
¢/ ¢ E" bute’ € E”. Also, since we required at least one vertex frém, ..., vx_1} to have an out-degree
at leas®, it follows that|E”| > |E’|.

Figure 3: The two linear cuts of Lemma 3.7

Now, assume to the contrary that (¢/) = o4 (e”). Inthat case, necessarity, (E') C o4 (E”), which
is impossible by Theorem 3.6. a
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B Proof of Theorem 3.8

As mentioned, we consider protocols in which each node doesand out any messages until hearing a
message on each of its incoming edges. For such protocolbavege the definition of the functignthat
governs the outgoing messages. Namely, for a vertex of ireédg,, ¢ is now defined as a function from
T x % x N to . For incoming messages = {o7,. .., 04} and staterr, g(7,5,1i) is the message
transmitted on outgoing eddggiven incoming messag@ésand stater.

Definition B.1 A protocol is commodity-preserving if there exists a reactiong : £ — R™ such that
for any in-degreed;,, any out-degreel,,;, any staterr € TI, and any set of incoming messages=

{0'1, e ’Udin}
din dout

> (o) = 5 q(8(m,0,i)).

i=1 i=1
Proof. Unlike previous proofs which considered a graph and maatpdlit, we consider a set of graphs of
some general form, and prove that at least one of those gcaypises the protocol to require a bandwidth of
Q(|E|) bits.

Let us fix a commaodity-preserving protocal We build these graphs step by step, starting with the two

verticess andt. We connecs to vy. Since we can easily scale the commaodity, let us assumegy,lthat
the sources sendsoy with g(oy) = 1 to vy under protocolA. We now draw two outgoing edges from.
Protocol A must divide the commodity, between the two edges, and for convenience of illustratein,
us assume the smaller quantity is transmitted over the digfe evhile the larger is sent over the right edge.
Namely, if vy transmitsoy to v1 andoy to ug theng(oy) < g(o2). We connect the left edge to a vertex we
call v1. We now continue in the same fashion: vertekas two outgoing edges and the protocol divides the
quantity entering; so that the smaller quantity flows over the left outgoing etige . ;. We connect the
right outgoing edge from; to a vertex we call;;. We continue this splitting until we reaceh,,_1 which we
do not split anymore, but rather connectt®Ve also connect all; withi = 1 (mod 2) tot. The resulting
graph is seen in Figure 4 (a).

(a) (b)
Figure 4: (a) The skeleton tree far= 3 and (b) after choosing the subdety, u; }

We introduce an auxiliary vertew which we connect té. We can now choose arbitrarily any subset
S C {uo,uy, ..., uz,—2}, and connect the vertices 6fto w, while the rest we connect to(see Figure 4
(b)). For each choice af we get a different graph. We note that if not for vertexthe resulting graphs
would all be grounded trees.
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Let us denote by (v) = g(o,) the quantity flowing into vertex under ProtocolA. We can write the
following general inequality chain:

1 1
g(u2i2) < q(v2i42) < EQ(UZiJrl) < EQ(UZi)~ (1)

Since protocolA is a commodity-preserving protocol, the quantity trangaditfrom w to t is simply
Soesq(v). But by inequality (1), for two subses S’ C {ug, up, ..., uzs—2}, S # ', it follows that

S q@) # S q(v)
veS ves
and so we get as many different quantities flowing frono ¢ as there are subsets, i 2! different quantities
implying 2" different symbolsr € X.
It follows that to encode- we needQ) (1) bits. However, the graph itself contaifXn) vertices and
O(n) edges. Hence the proof is complete. 0
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Figure 6: (a) The full tree and (b) the pruned tree, which @egdun Theorem 5.2
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