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Abstract—=NAND flash memories have become the most widely coding-based algorithm using at madt — 1 erasures for
used type of non-volatile memories. In a NAND flash memory, 5 = 1 was presented [4], which is worst-case optimal. The
every block of memory cells consists of numerous pages, andalgorithm in [4] requires coding over a large Galois field:;

rewriting a single page requires the whole block to be erased. . N .
As block erasures significantly reduce the longevity, speed and [© reduce the coding complexity, it was shown in [3] later

power efficiency of flash memories, it is critical to minimize the that there exist solutions with coding ovérF(q) for g > 3.
number of erasures when data are reorganized. This leads to the However, it remained an open question whether there exist
data movement problenwhere data need to be switched in blocks, optimal solutions that use coding OVEIF(2). The answer

and the objective is to minimize the number of block erasures. i jmnortant for obtaining optimal data movement algorithms
It has been shown that optimal solutions can be obtained by . - . -
with the minimum coding complexity.

coding. However, coding-based algorithms with the minimum

coding complexity still remain an important topic to study. . . .
In this paper, we present a very efficient data movement [N this paper, we prove that the answer is positive by

algorithm with coding over GF(2) and with the minimum storage ~ presenting a very efficient optimal algorithm oveF (2) when
requirement. We also study data movement with more auxiliary 6 = 1 (i.e., minimum number of auxiliary blocks). When

blocks and present its corresponding solution. Furthermore, we 5 > 2 we present a coding-based algorithm that uses at
extend the study to the data aggregation problemwhere data i o o
can not only be moved but also aggregated. We present both Most 27 m1n{5, Ln/ZJ} erasures. Although it is NP hard

non-coding and coding-based solutions, and rigorously prove the 1© Minimize the number of erasures for every instance (i.e.,
performance gain by using coding. per-instance optimization), the above algorithms can achieve

constant approximation ratios.
I. INTRODUCTION
We further extend the study to thiata aggregation prob-

NAND flash memories have become by far the most W|de|¥m where data can not only be moved, but also aggregated.

f -volatil i NVMs). | NAND fl g o . .
used type 0 fon-vo atile memories ( S)- In a asrépecmcally, data of similar attributes are required to be placed
memory, floating-gate memory cells are organizedlasks

Every block is further partitioned intpages The page is together, although the destination may not be specified; in

i . ) ) .__other cases, the final data can be functions of the original data.
the basic unit for read and write operations [1]. A typic ata aggregation has many applications in flash memories
page stores 2KB to 4KB of data, and a typical block consi 9areg y app '

. . r example, fomwear leveling(i.e., balancing erasures across
of 64 or 128 pages [2]. Flash memories have a promme&ﬂ%cks), it is beneficial to store frequently modified data (i.e.

block erasureproperty: once data are written into a page, t
modify the data, the whole block has to be erased and thEe(r)]t datg together and store cold data together [2]. In flash-

reprogrammed. A block can endure orlg* ~ 10° erasures ased databases, the temporarily stored raw data need to be

before it may break down, so the longevity of flash memorié)srgamzed as structured data [5]. The external memories of

is measured by the block erasures [1]. Block erasures arsg oS often use flash memories [6], where aggregation is

significantly reduce the writing speed and the power efficienc':rf/]pOrtant for analyzing the collected data.

of flash memories. Therefore, it is critical to minimize the e present both non-coding and coding-based algorithms
number of erasures when data are reorganized [2]. This legglsqata aggregation. We present a lower bound for the number
to thedata movement problenwhich has been studied in [3], 5f erasures needed by non-coding solutions, which is very
[4]. Although data movement is very common in all storaggiose to the upper bound obtained from our algorithm. The
systems, the unique block erasure property of flash memorigger hound also rigorously proves the performance gain by
calls for very special solutions. using coding because the coding-based algorithms use only a

In the data movement problem [3], [4], there areblocks  jinear number of erasures, which is asymptotically optimal.
storing data, where every block haspages. Theim pages

of data need to be switched among thélocks with speci-  The rest of the paper is organized as follows. In Section II,
fied destinations. There a® empty blocks calledauxiliary we present the optimal data movement algorithm with coding
blocks that can help store intermediate results during ttever GF(2) and with one auxiliary block. In Section Il
data movement process. The objective is to minimize thee study the data movement problem with multiple auxiliary
number of block erasures. It was proved in [4] that optimdllocks. In Section IV, we define and study the data aggregation
solutions can be obtained by using coding. Furthermore,peoblem. In Section V, we present the concluding remarks.



[I. OPTIMAL DATA MOVEMENT OVER GF(2) necessary [4]. Note that we can label thblocks storing data

In this section, we present an optimal data movemeftB1 .-, Bn in n! different ways and get different values of
algorithm with coding oveGF(2), which has very low coding Y- If e focus on per-instance optimization (i.e., optimization

complexity. First, let us define the data movement problem [‘{P_.r every given instance), thenitis .know that there is a solution
with n 4+ z 4 1 erasures if and only if we can label théblocks

Definition 1. DATA MOVEMENT PROBLEM as By, ..., B, such thaty < z [4]. Therefore, our algorithm

Considern blocks storing data in an NAND flash mem-an also be readily utilized in per-instance optimal solutions.
ory, where every block has: pages. They are denoted bquwever, it is known NP hard to labd, ..., B, such that

Bi,...,By, and them pages in blockB; are denoted by yis minimiz.ed [4]. )
Pty pim fori =1,...,n. Leta(i, i) andB(i, j) be two The algorithm to be presented will work the same way for

the m block-permutation data sets in parallel. Specifically, for

functions:
every block and at any moment, the blockispages are used
a(i,j):{1,...,n} x{1,...,m} - {1,...,n}; by the m block-permutation data sets (one for each). So for
. convenience of presentation, in the following, we consider only
Bl ) AL, o my x {1, m}p —{1,...,m}. one of them block-permutation data sets. So B denote the

The functionsx(i, j) andB (i, j) specify the desired data move-auxiliary block, and fori = 0,1,...,n, assumeB; has only

ment. Specifically, the data initially stored in the page are ©One page. (Again, note that the block-permutation data set in

denoted byD; ;, and need to be moved into pageg; ;) s i) consideration uses onl_y.one pageAn) For i = 1,...,n, let

forall (i,j) € {1,...,n} x {1,...,m}. D; denote the data originally stored By. Fori =1,...,n,
There ares empty blocks, called auxiliary blocks, that carVe usea(i) € {1,...,n} to mean that the dat®; need to

be used in the data movement process, and they need td®®dnoved to blockB, ;). Let a~! be the inverse function of

erased in the end. To ensure data integrity, at any momenwef(That is,V i € {1,...,n}, a(a~1(i)) =i.)

the data movement process, the data stored in the flash memok)e now introduce the data movement algorithm. In our al-

blocks should be sufficient for recovering all the original datgorithm, every block is erased at most twice. More specifically,

The objective is to minimize the total number of block erasurése algorithm has three stages:

in the data movement process. 1) Stage oneFori =1,2,...,y+ 1, we write some coded

We assume that each 8f, ..., B, has at least one page of data (which are the XOR of the original data) irfip 5,
. then eraseB;.
data that need to be moved to another block, because otherwis, . .
) . f) Stage two For i = y+2,y+3,...,n, we write
it can be excluded from the problem. Since a block has to be . .
. ) - D,-1(_qy into B;_q, then eraseB;. Then, we write
erased whenever any of its pages is to be modified, the data .« '(i=1)
D,-1(, into B, and eraseB,.
movement needs no less tharerasures. a(n) . .
3) Stage threeFori = y—1,y—2,...,0, we write
n pages of datd Dy j,, Dy j,, - .., Dy, j, } are called dlock- D 10 B.+ then erace:
permutation data seif a(i+1) i+ i
. , . We still need to specify what theoded dataare in the
{a(l, 1), (2, j2), .. a(n, ju)} = {1,2,...,n}. algorithm, and prove that at all times, the data stored in the
flash memory are sufficient for recovering all the original
data. The data stored during the data movement process can
be represented by a forest. For example, for the problem in
Example 2, if we consider the block-permutation data set
labelled by, then the forest is as shown in Fig. 2. Here
every vertex represents a page of original data, and every edge
(or hyper-edge) represents the XOR of its endpoint vertices.
The forest shows all the data used by the algorithm. When
the algorithm runs, there are alwayslinearly independent
data symbols stored in the flash memory, which enables
the recovery of all the original datB®+, ..., D,. The forest
structure will make it very efficient to analyze the linear
independency.
Let us show how the forest is obtained. For =
In the remaining of this section, we consider1. Lety 1,2,...,y+1, we defineS; C {i,i+1,...,n} as a set that
be the smallest integer ifil, 2, ...,n — 2} with this property: Is recursively constructed as follows:
foranyie {y+3,y+4,...,n} andj e {1,...,m}, either 1) ie§;
a(i, j) <yora(i,j) >i—1. Ouralgorithm willuse1 +y+  2) For anyj € &, if
1 < 2n — 1 erasures. This isvorst-case optimalbecause it
is known that there exist instances whére— 1 erasures are max{j,y+1} < a(j) <mn,

Clearly, the data in a block-permutation data set belong to
different blocks (i.e.,By, ..., B;) both before and after the
data movement process. It is proved in [4] that the pages
of data inB;, ..., B, can be partitioned exactly inta block-
permutation data sets.

Example 2. Letn = 21 andm = 3. Let thenm values of
«(i, j) be shown as the: x n matrix in Fig.1. (For example,
a(1,1) = 6,a(1,2) = 15,a(1,3) = 7.) We can patrtition
thenm = 63 pages of data inte: = 3 block-permutation data
sets, denoted b, & and<> in Fig. 1. In the figurep(i, j)° (or
a(i, j)®, ali, j)©, respectively) means that the d&ilg; belong
to the block permutation data sét(or &, <>, respectively).



67 4% 10V 11¢ 20 34 58 179 16Y 14Y 1290 1% 169 30 17% 210 29 17¢ 69 190 49
15% 19 9% 10% 119 19 99 11% 139 14¢ 13V 199 128 194 180 20V 5¢ 18V 20% 74 g#
70 40 89 129 28 9V 59 100 16% 14% 13# 15¢ 159V 8Y 21V 184 214 o® 7V 39V 200

Fig. 1. The matrix ofx(i, j) fori=1,...,n,j=1,...,m, and the partition of data inte: block-permutation data sets.

Lemma 4. Throughout the stage one and stage two of the
algorithm, for any € {1,...,y + 1}, among the$S;| pages of
data in{D;|j € S;}, at least S;| — 1 pages of data are stored
in their orlglnal form in the flash memory.

When the stage two of the algorithm ends, all \t&g’ pages
of data in{D;|j € S} are stored in their original form. And
,,,,,,,,,,, for anyi € {1 ..,y +1}\ {n}, the only page of data in

N L s C0) o
| ' ,‘ {Djlj Si} that may not be stored in its original form is
DEBD 1D DLD Dy DGBD > D Dy GBD f D, DDy

D

max(§;)

L : Proof: For anyi € {1,...,y + 1}, the integers ir§; are
of the form:

0y § i ali)+1, a(a(i)+1)+1,
D, EBD EDD GBD .

| In the stage one and stage two of the algorithm, afder
1 is written into B,;y, Dy()+1 Is erased fromB, ;) ; then
Dy(iy41 1s written into B, 5y 1-1),» @Nd Dy (i) 41)41 IS erased
from By (4(i)+1)+1: @nd so on. So the conclusions hold. m
We defineSy, Sy, ..., Sy41 as follows. Ifn =y + 1, then
S;=S§ifori=1,...,y+1.1fn#y+1,thenS; =S, for

thena(j) +1 € §;. ie{l,...,y+1}\{n} and
Sn= Snu{max(syﬂ)}.

Fig. 2. Data movement with coding oveiF(2).

Lemma3. They + 1 setsSy, S, ..., 5,41 form a partition of

the set We defineAq, Ay, ..., Ay as follows. Ifn = y + 1, then
' ' . . A =max(S;) fori =1,...,y. If n # y+1, thenA; =
(L2, onp\{ily+2<i<nai)=i-1}. max(S;) fori € {1,...,y} \ {n}, and A, = max(S,1).

Proof: We need to prove that . .

1) 5135 =0 foranyi £ i Example 5. Consider the data movement problem in Exam-

) SiNS; = yi# J; ' e _ ple 2, wheren = 21. We can easily verify thay = 8 in this

2) Foranyi € {1,...,n}, i ¢ Up_y5; if and only if case. Consider the block-permutation data set labelléd by

i>y+2anda(i) =i—1. 5 Example2, for which we get

Fori € {1,...,y+ 1}, the integers inS; form a prefix _
o the secuenct’, a(i) 1 1, ala() 1 1) 11, a(aa) (o) = (611012119517, 161415,
1)+1)+1, ...}. The setS; is the longest prefix that satisfies P SR S S SR S
two conditions: (1) it monotonically increases; (2) the second Then, we getS; = {1}, S, = {2}, 53 = {3,11,14},
number (if it exists) is at leasg + 2. Sincea is a bijection, 5:4 = {4,13,16,21}, S5 = {5,12,20}, S¢ = {6,10,15},
we can see thas; N S; = () wheni # j. Sy ={7},85 = {8,18,19}, Sg = {9,17}. Andn = 6.

Fori=1,...,y+1,sincei € §;, we havei ¢ U/Y|§;. So  Furthermore, we gef; = {1}, S, = {2}, 53 =
N . {3,11,14}, S; = {4,13,16,21}, S5 = {5,12,20}, S¢ =
if i ¢ Uiy S] .thez >y+2 Letie {y.+ 2,yf3,...,n}. {6,10,15,17}, S, — {7}, Ss — {8, 18,19}, So — {9,17}.
a(i) =i—1,0ra(i) > i Whencx() <y ora(i) > i, by howSy,...,S,41andDy,,..., D, appearin Fig2.)
the definition of$y, S5, ..., 5,41, we can see that belongs y ! y

71 .

to the S (for somex € {1,...,y +1}) thata™!(i—1) also | gmmas, (a(A1),a(Az),...,a(Ay)) is a permutation of
belongs to. Whenx(i) = i — 1, i cannot belong to an,. (1,2,...,9).
So we get the conclusion. m i

Letnn € {1,2,...,y + 1} be the unique integer such that  Proof: By the definition ofS; andS;, we can seex(4;) €
a~1(n) € ;. For any set of numberS, let max(C) denote {1,...,y}fori € {1,...,y}. Sincexis a bijectiona(A4;) #
the greatest number i@. We have the following observation.«(A;) wheni # j. [ |



Let y be the permutation ovefl,2,...,y) such that for Proof: We first show how to build a forest as the one
ic{1,...,y},v(i) = a(4;). Lety~! be the inverse function in Fig. 2, which contains all the data stored during the data
of y. Sincey is a permutation, it can be decomposed intmovement process. The forest hasertices, representing the
disjoint permutation cycles. (A permutation cycle ynis an data
ordered set of distinctive integefs, x1,...,x,_1), where D1,...,Dy.

J,C"_EO {11’2""’]/1} for ’i i 10,1,...,z = 1}, such that for (So we will let D; also denote its corresponding vertex.) For
1=0,1,...,2=1, ¥(%i) = %11 mod =) every edge in the forest (which can be a hyper-edge), the data

Fori=1,....y, we d‘?f'”e the datly as follows. If% IS not it represents are the XOR of the edge’s incident vertices. Let’s
the greatest number in its corresponding permutation CydeéQplain how the edges are built:

v, then e First, fori = 1,...,y+1, if |Si| > 1 (which means
bi = DAfl(z-)' {i} € S;), then the vertices i{D;|j € S;} are incident
Otherwise to the same edge.
' « Second, for every permutation cycleg, x1,...,%;_1)
bi=0. in y, for i = 01,...,z—1, if x
(Here 0 denote a page of data where all the bits are 0.) max{xg, x1,...,x;-1}, then VerteXDAV—l(,-) is incident
to the edge with vertices ifD;|j € S;} as endpoints.
Example 7. We follow Example5, wherey = 8. We (If S; = {i}, then connect verteb, _, = to vertexD;.)
have (y(1),v(2),...,v(8)) = (6,1,8,4,3,2,5,7), and Itis simple to verify that the data in the forest are exactly the
(v 1(1),y1(2),...,.y'(8) = (2,6,54,7,1,8,3). same data used by the algorithm.

The permutation y consists of three permutation We now prove that there are alwaydinearly independent
cycles: (6,2,1), (8,7,5,3), and (4). So we have pages of data stored in the flash memory. First, for those data
(b1,by,...,bg) = (Da, Da,,Das,0,D4,,0,D4,,0) = in{Dily+2<i<nai)=i-1}, they are always stored
(D,, D17, D2, 0,D7,0, D19, 0). in their original form, and the only thing the algorithm does
to them is to move them — say it is daky — from block B;
Let & denote the bit-wise XOR operation. In the followingto B;_; (in stage twoof the algorithm). So in the following,
the summation sigry also denotes the> operation. We can we consider the rest of the data, namely, the datéaln|i
now specify thecoded datawritten into B; _; in the stage one S, US, U--- U sy+1} = {Djli € SiUS,U---U §y+1}_
of the algorithm. Foi = 1, ..., y, the coded data written into  Throughout the stage one and stage two of the algorithm, by
Bi_qis Lemma 4, for the data ifDj|j € S;} (fori=1,...,y+1),
b; & Dj; at most one page of data may not be stored in its original
Jj€S; form. In that case, the data represented by the edge that has
{Djlj € S;} as endpoints has been stored in bldgk i,
whose representation contains the fom;l_ D;. (Note the
Z D;. close relation betweef; and S;.) They together are sufficient
J€Sy+1 for recovering all the data i1s;.
When the stage two of the algorithm ends, the only data that
Example 8. We follow Example5. When we use our algorithm may not be stored in their original form in the flash memory
to move data, the data stored in thet 6 = 22 blocks at are

and the coded data written infg, is

different times are shown in Fi@. Fori = 0,1,...,21, the Da,,Da,,---, DAy.
gata in the column labelled byare the data stored in the blockAnd by the requirement of the data movement problem,
i'

hat i he alaorith ites i they need to be moved to the block, By, ..., By (in
We can see that in stage one, the algorithm writes linegg o permuted order). (All the other— i pages of data

functions of the data int@®o, By, ..., By. In stagé two, the o e peen stored in their original form in their respective
algorithm writes the final data iny i1, By, ..., Bu. INSt€P  yagtination blocks, which ar8,.1,By.2,...,By.) We can
three, the algorithm writes the final data irfg, B, 1, ..., By. partition {D,, Dy, ..., DAy} into subsets according to the
JAgrmutation cycles in the permutation We see that for

that at all time, there are linearly independent pages of datd’'¢"Y germutaﬂgn CyCIE(xO'xl"""ézgl) n ?’_thﬁ o]lcata
stored in the flash memory. This is proved in the following Az’ Az 7 -+ s P Ay, , @€ connected by a path in the forest.
theorem. The proof also shows that when the algorithm ruf&C" €x@mple, in Fig. 2, corresponding to the three permutation

both encoding and decoding of the data are easily computali¥c'es (6,2,1), (8,7,5,3) and (4), we have the three paths
Di; — Dy — Di), (D19 — Dy — Dyy — D14), and

Ds1).)

Theorem 9 Whel? the data-movement algorithm runs, there a;“e Consider such a path. Say it is
alwaysn linearly independent pages of data stored in the flash
memory, which can be used to recover all the original data. (DAxO - DA,(1 — = Dszfl )-

To show that the algorithm is correct, we just need to sh



Originally Dy D, Ds Dy Ds Ds D7 Ds | Dy | Dig | Diy | Dip | D1z | Dig | Dis | Dig | D1z | Dis | Dig | Dy | D
After Dy | D2 | Ds® | Da® | Ds® | D¢ | D7 | Ds® | Do Dy | D11 | D12 | Dig | Duia | Dis | D | D17 | Dis | Do | Dao | Dz
stage &3} 3 D11® | Di3® | D126 | Do &3} Dig® &3}
one Dy | D17 | Duu® | D1s® | Dao® | D15® | D1 Dy D17
Dy Dy Dy Dyy
After Dy | Dy | Ds& | Ds® | Ds® | Ded | D7 | Dsd Ds | Ds | Ds | Ds | Dun | Dio | Dis | Do | Ds | Dis | D1z | Dig | D1s
stage ® @© | Du® | D13® | D12® | Dio® | © | D1sD
two Dy | D17 | Dua® | D16® | Do® | Dis® | D9 | Dyg
Dao D Dy Dyy
After Dy D1y Dao D D7 Dy D19 Dy | Do | D3 | Ds | Da | Din | Dio | Dis | Dy | Ds | Dig | D12 | D1s | Di1s
stage
three

Fig. 3. The data in the 4+ 6 = 22 blocks at different times, using the data-movement algorithm with coding G¥€2).

At the end of stage two of the algorithm, all the dat&Ve defineE,,;; as

represented by the — 1 edges in the path are stored in )

the flash memory, as well as the data represented by the Ein = scun 5}A+”(A)+”-

edge that hadD;|i € Sy,} as endpoints. We can use them T

(along with the other original data stored 1, ..., B,) to We present a data-movement algorithm that uges,

recover{DAXO,DAx1,...,DAXF } by simply following the erasures. LetA,;,, € {1,...,6} be an integer such that

path. Then, in stage three of the algorithm, first, the data A, + n(Apyin) + 1 = Epiy. Let C be an (A +
D, N(Apin) + n)m,nm) MDS code, whose codeword is

are written into blockB,, and the data represented by the edge (h I oo Inm Py Paoooo Pra n(An))m)-
that has{D;|i € Sy,} as endpoints are erased. (By foIIowinq_'ere the codeword symboldy, I L are the nm
the path, we can still recovefD4. ,Da_,...,Da. }.) ey 1752 -y S

: ! 1 Y21 pages of data originally stored iBq,...,B, (nhamely,
Then, every time after we write the daﬂani (for i € the dataDsq,Di4,...,Dym), and the codeword symbols
{0,1,...,z -2} into block Py, Py, Pa,. tn(a,,))m ar€ their parity-check symbots.
The MDS code has the property that amy: symbols out of
the (Amin + 1(Ayin ) + n)m symbols in the codeword can be

Xz—1

By(x;) = Bxi1/

we erase from block used to generate the original ddi@ly, . .., I,,;. We can use
Byiii—1 the generalized Reed-Solomon code(asThe algorithm has
the (now redundant) data represented by the edge betwé¥ige steps:
Da,, and Dy, = Da, .+ SO We can still recover all the 1) Step oneFori = 1,2,...,A,,,, We write the data
data by following the path. So the final conclusion holda. Pi_1yms1: Pi1yms2s -+ Pli-1ym+m INto the block
I11. DATA MOVEMENT WITH MULTIPLE AUXILIARY nti-

2) SteptwoFori=1,2,...,y, we erase the block;, and

BLOCKS write the dataPy . 1 (i-1)m+10 PAsumt (i-1)ym+2 -+ -
In this section, we study data movement wigh > 1 P, -m+(1>1)m+mmlin”t0 the blockB;.
auxiliary blocks,. whlch we denote b@nH,BHz,...,BnM.. 3 Stélg threeFori = y+1,y+2,...,n and then for
Note that the existing coding-based data-movement algorithms * ; _ 1,2,...,y, we erase the blockB;, then write
are foré = 1 [3], [4], where2n — 1 erasures are necessary into B; the m pages of data that the data move-

in the worst case. We will derive bOI_Jnds for the number of ment problem requires to move int;. Then, erase
erasures fob > 1, and present a coding-based algorithm for

But1,But2, - Bt Ay, -
optimal performance. We first define some terms. ' Y i

Fory=1,2,....n—2andk = y+1,y+2,...,n we To prove the correctness of the algorithm, we need to show
define R (1, k) as that dunng t_he data movement process, there are always at
leastnm distinct codeword symbols from the MDS codg
Ry, k) ={Gj)k<i<n1<j<my<a(ij)<k}.  storedin the flash memory, with which we can recover all the
é)riginal data.

Thatis,{D; ;|(i, j) € R(y,k)} are those data that need to b
moved fromBy_q,..., By t0 By11,..., Bx_1. We definer(y)
as Theorem 10. When the data-movement algorithm runs, at any
r = max IR (y,k)| . time, there are at leastn distinct codeword symbols from the
ke{y+1y+2,...n} MDS codeC stored in the flash memory.

ForA=1,2,...,9, definen(A) as
. 1We assume that a page is large enough so that the MDS code exists. In
n(A) = min{y € {1,2,...,n—2} | r(y) < (A—1)m}. practice, a page has 2KB or 4KB, so this is essentially always true.



Proof: When the algorithm runs, each of the parity- It is NP hard to find the labellingr that minimizesE,,;,,,
check symbols of the codeword is written only once. Fdyecause it is NP hard even whén= 1. However, we can
i = 1,2,...,nm, the original datal; may have two easily geta 2-approximation algorithm by choosing parameters
copies in the flash memory at some point, and that & specified in the following theorem.
when it is copied from one blockB; (for some j €
{n(Amin) +2,m(Apin) +3,...,n} to another blockB; (for  Theorem 12 For any labelling of the block§B, ..., B, }, we
somej € {n(Amin) +1,1(Apin) +2,...,j—1}). If we can choose to us& = min{s, |n/2|} auxiliary blocks and
consider those moments step threewhen a block among y — 2A blocks amond By, ..., B, } to store the parity-check
{B(Apin)+17 Bn(Ays)+27 - -+ Ba} 1S erased, there can be atsymbols ofC. Then the data movement algorithm will use

t

e T(W(Amin)) < (Amin - 1)m A+ y +n=2n— min{é, I_I’I/ZJ}

duplicated copies of the original data. So the number €fasures in total, which is a 2-approximation.
distinct codeword symbols in the flash memory is at least

(1 + Appin )1t — 11— (Appin — 1)mm. S0 the conclusion holds. Proof: The chosen parameters and y satisfy the con-

straintr(y) < (A —1)m. And every possible solution uses at

The performance of the algorithm (i.eE,,;, erasures) leastn erasures (even just to eraBg, ..., By). u

depends on how we labé, B, ..., B,. There aren! ways IV. DATA AGGREGATION
to label then blocks storing data a8, ..., B;, and every

labelling can give a different value di,,;;,. If we usen to

denote the labelling, then the minimum number of erasur
the algorithm can achieve isiny Ey;,. We show that this A The Basic Data Aggregation Problem
is alsostrictly optimal Note that here we consider the strong
per-instance optimization.

In this section, we generalize our studydata aggregation
ggncludes the data movement problem as a special case.

In storage systems, it is common to aggregate data based
on their attributes. That is, data of the same type need to

Theorem 11 For every given instance of the data movemef Stored together; and for data of the same type, they can

problem, the minimum number of erasures needed to move dagaStored in any order. The many examples incluear
equals leveling [2], where the data of similar update frequencies are

stored in the same blocks; anidtabaseg5], where the data

are sorted based on certain attributes. We call thisbtmc
Proof: First, consider a given solution to the data movedata aggregation problemit will be extended to the case

ment problem. Say that it uses < ¢é auxiliary blocks to where the final data can be functions of the original data.

really store intermediate data. Since every used block is erased

at least once, and the solution usest- A blocks, we can Definition 13. BASIC DATA AGGREGATIONPROBLEM

say that the solution uses + A + y erasures in total for  Considern blocks storing data in a NAND flash mem-

somey > 0. Let P be the set of blocks i{By,By,..., By} ory, where every block has: pages. They are denoted

that are erased more than once. Cleafl§| < vy. For by By,...,B,. There are als@ empty blocks denoted by

those blocks in{By, ..., B,} \ P, since they are erased onlyB,,,+,...,B,,s. The m pages in blockB; are denoted by

once, the best strategy is to write into them the final data,,...,p;,, fori = 1,...,n+ é. The data initially stored

(i.e., the data required by the data movement problem 'WJPi,]' are denoted b]Di,j, fori=1,...,nandj=1,...,m.

move into them) as soon as they are erased. Without lasstk < n be a positive integer. Let(i, j) andC (i) be two

of generality, let us denote the blocks {By,...,B,} \ P functions:

by Bp|+1, Bp|12,-- -, Bn and assume they are erased in the . '

same order, namelyB p |, is erased first and, is erased a(i,j) « {L...n} x{L,...,m} —{1,... k};

last. (This is just a matter of labelling.) We can see that N

during the data-movement process, the data originally stored Cl) s {Leeyn 48} = {1 KPULLY

in Bl'p|+l,B|’p|+2,...,Bn can have duplicated copies writtenThey satisfy the condition that for = 1,...,k,

into the same set of blocks (that Byp|,1, Bjp|42,---,Bx), [, ) € {1,....n} x{1,..., m}|a(i,j') =i} = m-

and the number of such duplicated copies can be as mugh € {1,...,n +6}|C(j) = i}|. We say that the data; ; are

as r(|P|) > r(y); when that happens, a block amongf the colora(i, j), and that the blocB; is of the colorC (i) if

{Bp|+1, Bjp|+2,---, Bu} is also erased. So to ensure we cafi(i) € {1,...,k}. If C(i) = L, then we sayB, is colorless.

recover all the original data, by the Singleton bouadheeds The functionsx(i, j) andC (i) specify the desired data aggre-

to satisfy the constraint that|P|) < (A —1)m. Then, by the gation. Specifically, for=1,...,nandj =1,...,m, the data

definition of E,;;;,,, it is not hard to see that the solution use®; ; need to be moved into a block of the matching cod@; j).

at leastmin, E,,;;;, erasures. So at leastin, E,;;;, erasures The colorless blocks need to be erased in the end. To ensure data

are needed. The other direction of the proof comes from tiegrity, at any moment of the data aggregation process, the

existence of our data-movement algorithm. W data stored in the flash memory blocks should be sufficient for

min E,;;;,.
7T



recovering all the original data. The objective is to minimize the — Erase blociB;, and removeB; from Q.

total number of block erasures in the data aggregation process. )
The above algorithm uses at masterasures, and when

The colors of the data represent their types, and we wahtends, for each of the: non-empty blocks, its data have
to store the data of the same type together. For the d#te same color. (But the color of a block is not necessarily
aggregation problem, we can also classify solutions basedtbe same color of its data.) Let us prove that the algorithm
whether they use coding or not. Let us first specify a codingan end successfully. The key is to show that during the
based solution. iteration, whenever a labelled block becomes full, there must

Let x denote the number of colorless blocks amongxist an empty unlabelled block (to be given the label). It is
B1,...,By. (This means there are colored blocks among true because when a labelled block becomes full, there are at
Byi1,---,Bnis.) We first shift the colors of thex col- most(s—1)m empty pages in the labelled blocks. If we use
ored blocks inB,.1,...,B,.s to the x colorless blocks B; to denote the unlabelled block whose data are being copied
in By,...,B,. We then arbitrarily decide which page eaclto the labelled blocks, then at this moment, if all the data in
data D; ; should be moved to, as long as the colors of thB; have been copied; will be erased and become the empty
data and the block match. We then use the data-movembluck; otherwise, by the pigeonhole principle, there must be
algorithm to move the data. As the final step, we copy the empty page in another unlabelled block, which means that
data from thex colorless blocks iBy, ..., B, to thex colored that unlabelled block is empty. (Note that initially, there are
blocks inB,, 11, ..., By,.1s, then erase the colorless blocks in ém empty pages.) So the algorithm can end successfully.
B4,...,By. This way, this coding-based algorithm solves the We now use Algorithm 14 as a building block to solve the
data aggregation problem using at m2st— min{4, 5]} + data aggregation problem in Definition 13.

x <2n—min{$, | 5]} +min{n, 6} <2n+ [n/2] = O(n)
erasures. Algorithm 15. DATA AGGREGATION WITHOUTCODING

We will prove the benefit of coding by rigorously proving First, divide the set of colors,{1,2,...,k}, into 6 subsets
that when coding is not used, it is necessary for all algorithnds, So, ..., S5 as evenly as possible. (That is, eaglcontains
to use either[k/5] or |k/&| colors.) See ever§; as a “super color”

Q(nlogsk/logsn) and use Algorithnl4 to move the data, so that in every non-
. i _ . empty block, all the data are of the same “super color.” Then,
erasures in the worst ca$a\e first presengnan algorithm with- ¢ everyi € (5], divide S; into 5 subsetsS; 1,S; 5, ..., S; s as
out coding that uses at mosflog, k| + 5 = O(nlogsk)  eveniy as possible, and use Algoriths to move the data of
erasures, which is very close to the proved lower bound. super coloiS; so that in the end, in every non-empty block, all

When coding is not used, the data are simply copied frofje ¢ata have their colors belong to the sa@pe Repeat this
page to page. To see how the algorithm works, let us fifStocesdlog, k| times, so that in the end, the data in every non-

consider the special case whére= 6. empty block have the same color. As the last step, we move the
) data to their target blocks (that is, blocks of the same color as
Algorithm 14 . DATA AGGREGATION FORk = & the data) by copying the data from block to block.

We label the empty blockB,, 1, B, 12, ..., B, s with the
integersl, 2, ...,5. Then, we perform the iteration described In the above algorithm, each of trfeog5 k] rounds using
below. During the following iteration, whenever a block laAlgorithm 14 as a subroutine takes at mastrasures, and the
belled by an integerc {1,...,5} becomes full (namely, when last step takes at most:/2 erasures. So Algorithm 15 uses
m pages of data have been written into it), we find a block that mostn [logs k]| + 37” erasures. We now prove that this is
is empty at this moment, and give the labt the empty block. nearly optimal.

The full block will no longer be labelled.

Let Q C {By,By,...,B,} denote the set of blocks Theorem 16 Form > logén/logz n, when coding is not
whose data have at least two different colors. Thatsed, no data-aggregation algorithm can use less than
is, fori € {1,...,n}, B; € Q if and only if

{a(i,1),(i,2),...,a(i,m)}| > 2. The iteration is: Q(nlog; k/log; n)
o While Q # 0, do: erasures in the worst case.
B C”"?SG ablock; Q ) Proof: The proof follows from the authors’ related result
— Forj = 1 tom, do: Write the datd); j to a block o gata movement in [3]. Namely, in [3] we show a lower
labelled byu(i, f). bound ofQ (- min{log n/ log; n,m}) for the special case

P : . . , in which the number of color& is equal to the number of
og; n is theiterated logrithmof n, which is defined as the number of . .

times the logrithm function must be iteratively applied before the result is lediata blocksn. For our setting ofr, this lower bound equals
than or equal to 1. Namelyogs n = 1+ log;(logs n) for n > 6. Notice - Q) (nlogsn/ log ). The proof in [3] is based on the study
thatlogy n growsveryslowly with n. Sincelogj n is practically a very small of a certainconfiguration graph G that models all possible
number, this lower bound is very close (1 log k). . .

3For algorithms without coding, we assumie> 2, because it is known Erasure strategies. The node set ®@frepresents _pOSS|bIe

that if 5 = 1, there are unsolvable instances if coding is not used [4].  configurations of the data aggregation problem, while the edge



set corresponds to the ability to move from one configuratidfij € {1,...,n+ 6}|C(j) = i}| = 1. We say that the output

to another using a single erasure. Roughly speaking, in [8¥; the aggregation functioF, ; is of the colora(i, j), and that

a lower bound on the number of erasures needed in tite block B; is of the colorC(i) if C(i) € {1,...,k}. If

data aggregation problem (f&@) is obtained by analyzing the C(i) = L, then we sa3B; is colorless.

diameter ofG. The functionsx(i, j) andC(i) specify where to store the
For the generalized lower bound, we present a reductionaatput data of the aggregation functions. Specifically,ifer

the results of [3]. We assume thhat> § (otherwise there 1,...,kandj=1,...,m, the output otFl-,j needs to be stored

is a trivial tight lower bound ofQ)(n)). Assume that the in a block of the matching colax(i, j). The colorless blocks

data aggregation problem fdr < n colors can be solved need to be erased in the end. To ensure data integrity, at any

using E(n, k, 5) block erasures. Let > 0 satisfyn = k°, moment of the data aggregation process, the data stored in the

namelyc = log, n. Recursively using the solution farcolors flash memory blocks should be sulfficient for computing all the

(using the notion of “super colors” described in Algorithm 15)aggregation functions. The objective is to minimize the total

one can solve the data aggregation problem Kbrcolors number of block erasures in the data aggregation process.

using E(n, k, 8) + kE(n/k,k, 5) erasures. In general, using a

recursion of depth[c], one can solve the data aggregation HEré We see the aggregation functiofig; as general
. [c] i ; functions. That is, the output of an aggregation function cannot
problem forn colors usingy;” k'E(n/k', k, 6) erasures.

- _ be used to recover any original data or to help compute any
NIOW allcsslum*e by fvvray orfn cor\1/tr?d|ct|ofnk thgt(n,tl;,é) di_- other aggregation function. This means that no datg jncan
o(n 985 /logg ) Jor some vaue otk. By e dis- o emoved from the flash memory before the output of the
cussion above, this implies that the problem fer col- f ionE i d
ors can be solved using less tha“| KiE(n/ki,k,5) = unction 1 1s stored. -

h g =0" = 1 C) = An interesting question for the above data aggregation
o(nlogy nlog; k/logsn) = o(nlogsn/logs n) erasures, a yoplem with functions is to determine whether a solution
contradiction. In the calculation above, we use the boundisis For the data movement problem and the basic data
E(”/kl*f k&) = o(n/k -log; k/ loigé(n/kl)) for i ZS [e(1 = aggregation problem in Definition 13, it is simple: a solution
1/1ogsn)| and the bouncE(n/k',k, &) = o(n/k'-logsk) exists as long a$ > 1. However, for the problem here,

for remaining values of. _ B the aggregation function outputs need to be stored before
The above result rigorously proves the benefit of coding.ie inputs can be erased. In the worst case, where egry
B. Data Aggregation with Functions consists of all the original data, no original data can be erased

. . . . before all the function outputs are stored, 58 k becomes
We now study data aggregation with functions. That is, L

- . totfh sufficient and necessary.
the end of data aggregation, the stored data can be functions Qet us use a bijective function
the original data. Such aggregation is more general and very
useful in databases, statistical applications, etc., where original 7 : {1,2,...,km} — {1,...,k} x {1,...,m}
data are aggregated to provide summary data [5].

The data aggregation problem considered here is define

follows.

dt%sdenote the order in which the aggregation functions are
computed in the data aggregation solution. That is, in the
solution, for anyi < j, the output ofF,; is stored before
the output ofFﬂ(j). Since a page of datR; ; is ready to be

Definition 17. DATA AGGREGATION PROBLEM WITH FUNC- erased once all the functions using it as input are computed,

TIONS we can derive a bijective function
Considern blocks storing data in a NAND flash mem- )
ory, where every block hasn pages. They are denoted @ {1,...,nm} —{1,...,n} x{1,...,m}

by By,...,B,. There are als® empty blocks denoted by

Byt1,...,Byrs. The m pages in blockB; are denoted by . . 7

Pil, .-, Pim, fori = 1,...,n+ 5. The data initially stored {1""."”}’ if max{i € {1,...,km}|Dj j, E_ls.n(i).} <

in p; ; are denoted by, ;, fori = 1,...,nandj =1,...,m. max{i € {1,...,km}|Dj, , € Sﬂ(i)}’ then @™ (i1, j1) <

Letk < n + & be a positive integer. @ (i, jo). Then from the first to the last, the order
Fori = 1,...,k andj = 1,...,m, S;; is a subset of in which the original data become ready to be erased is

the data{Dy »|1 < i' < n,1 < j° < m}, andF;; is an Do), Da)s -+ Da(nm)- _

aggregation function that take; as input and outputs one I the following, we present an algorithm that uges: + k)

as follows: for anyij,i; € {1,...,n} and ji,j» €

page of aggregated data. erasures, which is asymptotically optimal for the worst-case
Leta(i, j) andC(i) be two functions: performance. We note that it is beyond the scope of this paper
to decide when a solution exists, and we assume thatshisre
a(i,j) « {L... .k} x{L,...,m} = {1,... k}; sufficiently large to make the algorithm work. The algorithm,
N however, does make an effort to reduce the requiremerdt on
€+ {Loynt8f = {1 UL by erasing the original data from the flash memory as soon
They satisfy the condition that foi = 1,...,k, as possible, in order to make room to store the aggregation

{(@, 7)) e{1,...,k} x{1,...,m}«(i,j') = i}| = m, and function outputs. It also leaves the choice of the function



open. We note that there exist many approaches to optimize

the choice ofr, but for simplicity we skip the details here. 1]

The idea of the algorithm is to first store the original data
in blocks based on the order in which they will be ready 8!
be erased (i.e., the order determinedd)y This way, we can 3]
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to block B,), if @ 1(i1,j1) < @ l(ia, j2), thent; < to.
(This step uses at modt — min{9, |n/2]} erasures.)

Step three: Sequentially computg, 1), Fr(2), - - -, Fx(im)
and write their output data into the empty blocks. (Use a new
block only when the previous block becomes full of function
outputs.) At the same time, sequentially er8s¢eB,, . .., By,
where a blockB; (fori € {1,...,n}) is erased as soon as the
functions that use its data as inputs have all been computed.
(This step uses erasures.)

Step four: Use the data movement algorithm to movethe
pages of function outputs to their destination locations. (This
step uses no more thahk + [k/2] erasures.)

The above algorithm uses at mo3t + 2k + [k/2] —
min{4, [n/2]} erasures. We can further reduce the number
of erasures in the following way. The idea is that sincekttve
function outputs can be computed together at any timetdp
threeof Algorithm 18, when we write the function outputs into
the blocks, we can use an MDS code to encode the function
outputs, and write the codeword symbols (which are parity-
check symbols of the function outputs) into the blocks. This
way, in step fourof the algorithm we can write the function
outputs to their destination locations using at most 1 era-
sures. Therefore, Algorithm 18 can solve the data aggregation
problem using at mosin + k — min{¢, [n/2]} + 1 erasures.

V. CONCLUSIONS

This paper studies data movement and data aggregation
in flash memories, with the objective of minimizing the
number of block erasures. They are both common in storage
systems, and due to the unique block erasure property of
flash memories, new solutions are needed. We present a very
efficient data movement algorithm with coding ov@iF(2)
when only one auxiliary block is used, and extend the study
to more auxiliary blocks. We present algorithms for data
aggregation, and rigorously prove the benefit of coding for this
problem. As future research, we will explore more specific
data aggregation applications, approximation algorithms for
per-instance optimization, and algorithms with low coding
complexity.



