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Abstract

A collectionof logic gatesforms a combinationalcircuit if the outputs canbedescrited
as Boolean functions of the current input valuesonly. Optimizing conbinational
circuitry, for instance,by reducingthe number of gates(the area) or by reducingthe
length of the signal paths (the delay), is an overriding concernin the designof digital
integrated circuits.

The acceptedwisdomis that combinational circuits must have acyclic (i.e., loop-
free or feed-forvard) topologies.In fact, the ideathat \combinational” and\acyclic"
are synorymous terms is so thoroughly ingrained that many textb ooks provide the
latter as a de nition of the former. And yet simple examplessuggestthat this is
incorrect. In this dissertation, we advocate the designof cyclic combinational circuits
(i.e., circuits with loops or feedba& paths). We demonstrate that circuits can be
optimized e ectively for areaand for delay by introducing cycles.

On the theoretical front, we discusslower boundsand we show that certain cyclic
circuits are one-halfthe sizeof the best possibleequivalert acyclic implemertations.
On the practical front, we descrite an e cien t approad for analyzingcyclic circuits,
and we provide a generalframework for synthesizingsud circuits. On trials with
industry-acceptedbendimark circuits, we obtained signi cant improvemens in area
and delay in nearly all cases.Basedon theseresults, we suggestthat it is time to

re-write the de nition: combinational might well meancyclic.



Chapter 1

In tro duction

New ideaspassthrough three periods:

1. \Ilt cant be done.”
2. \It prokably can be done, but it's not worth doing."

3. \I knewit wasa gaod idea all along!"

{Arth ur C. Clarke (1917{)

1.1 A New ldea

The eld of digital circuit designencompassesa broad range of topics, from semi-
conductor physicsto system-lewel architecture. At the logic level a circuit is viewed
asa network of gatesand wiresthat processesime-varying, discrete-\alued signals{
most commonly two-valued signals, designatedas \0" and \1". Open any textb ook

on logic design,and you will nd digital circuits classi ed into two types:

A combinational circuit has output valuesthat depend only on the current

valuesapplied to the inputs.

A sequential circuit hasoutput valuesthat depend on the ertire sequenceof

values,past and curren, appliedto the inputs.

Thus, a sequetial circuit can store information, whereasa conbinational circuit
cannot. Giventhesebehaviorl de nitions, the textb ooks descrile a structural imple-

mertation of thesetypes:
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A combinational circuit consistsof an acyclic con guration of logic gates,i.e.,

it cortains only feed-forvard paths.

A sequential circuit consistsof a cyclic con guration of logic gatesand memory

elemetts, i.e., it cortains loops or feedba& paths.

This conformsto intuition. Logic gatesare, by de nition, feed-forvard devices,as

illustrated in Figure 1.1. In a feed-forvard circuit, sud asthat shovn in Figure 1.2,

>

—»
direction

Figure 1.1: A logic gate is a feed-forvard device.

the input valuespropagateforward and determinethe valuesof the outputs. The out-
comecan be assertedregardlessf the prior valuesof the wires, and soindependertly

of the past sequenceof inputs. The circuit is clearly conmbinational.

L \ X Yy z|C s
g 0 0 0[0 0
00 1/0 1

N 01001

01 1|10

10 0|0 1

10 1|10

11 0|10

11 1|1 1

Figure 1.2: A feed-forvard circuit behasescombinationally.

In a circuit with feedbag, the behavior is lesstransparert. A commonapproad
is to characterizethe output valuesand the nextstate in terms of the input valuesand
the current state. The currert state, in turn, dependson the prior sequencef inputs

(starting from someknown initial state). As an example,the cyclic circuit shovn
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in Figure 1.3 implemerts a one-bit memory elemen, called a latch. This circuit is

clearly sequenial.

s(t) r(t) o) |qlt+ 1)
0 0 0 0
o o0 1 1
o 1 0 1
o 1 1 1
1 0 o0 0
1 0 1 0
1 1 o0 ?
1 1 1 ?

Figure 1.3: A circuit with feedba&. With inputs s(t) andr(t), and currert state q(t),
the next state is q(t + 1). Here? indicates an indeterminate value.

Although courter-intuitiv e, could a conmbinational circuit be designedwith feed-
badk paths?

\It can't be done."

One might argue that with feedba&, we cannot determine the output values
without knowing the current state, and sothe circuit must be sequetial. This view

is illustrated in Figure 1.4.

<
Figure 1.4: A circuit with feedbak. How can we determine the output f without
knowing the value of y in a feedbak path?

This speciousargument can easilybe put to rest with the circuit in Figure 1.5. It

consistsof an AND gate and an OR gate connectedin a cycle, both with input x.
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Figure 1.5: A (useless)cyclic combinational circuit.

Recallthat the output of an AND gateisOi either input is O; the output of an OR
gateis 1i eitherinput is 1. Considerthe two possiblevaluesof x. On the onehand,
if x = 0 then the output of the AND gateis xed at O; the input from the OR gate
has no in uence, as shaovn in Figure 1.6 (a). On the other hand, if x = 1 then the
output of the OR gateis xed at 1;the input from the AND gate hasno in uence,
asshown in Figure 1.6 (b). Although uselessthis circuit is cyclic and conmbinational.
The value of the output f is determinedby the currernt input valuex (actually f = x)

regardlessof the prior state and independerily of all timing assumptions.

0 0 1 1
DD DY
0 - 1
- = /,' C
() (b)

Figure 1.6: The circuit of Figure 1.5with (a) x = 0, and (b) x = 1.

\It probably can be done, but it's not worth doing."

Although conceptuallypossible,onemight arguethat thereis no point in designing
combinational circuits with feedba&. Why should one incorporate a feedba& path
in the computation of the output values? By de nition the valuesfed badk depend
upon the prior state of the circuit, which we want to ignore in a conbinational design.

A corvincing examplesuggestingotherwiseis shavn in Figure 1.7. It consistsof
six alternating AND and OR gates, with inputs Xq;X»; X3 repeated. To shav that

the circuit is conbinational, we label the feedba& path with an unknown valuey, as



Figure 1.7: A cyclic combinational circuit due to Rivest [35].

showvn in Figure 1.8. We compute

fi = Xy

fo = xXo+f1 = Xo+ Xgy

fs = Xsf2 = Xa(X2 + X1Y)

fa = Xe+f3 = Xg+ Xa(Xo+ X1y) = X1+ XoX3
fs = Xofs = Xao(Xy+ X2Xa) = Xao(X1+ X3)
foe = Xg+fs = Xg+ XX+ X3) = Xzt XiXz!

(Here addition represets OR and multiplication represets AND .) We seethat f4,

and consequetly fg and fg, do not depend upon the unknown value. Thus, we

compute
f1 = Xife = Xi(X3+ X1X2) = Xi(Xz2 + X3)
fo = Xo+f1 = Xo+ Xa(Xa+ X3) = Xo+ Xi1X3
fs = Xafa = Xg(Xa+ XiX3) = Xs(X1+ X2):

Ead output dependson the current input values,not on the prior values,and sothe

circuit is combinational.

Y —_—_—_—_— e e e e e -

Figure 1.8: Analyzing the circuit of Figure 1.7.
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Figure 1.9: With fan-in two gates,two gatesare neededto compute x;(X, + X3).

Unlike the circuit in Figure 1.5, this one computes something useful. The six
output functions aredistinct, and eat dependson all three input variables. Moreover,
we canshaow that this cyclic circuit hasfewergatesthan any equivalert acycliccircuit.
To seethis, note that any acyclic con guration cortains at least one gate producing
an output function that doesnot depend on the output of any other gate producing
an output function. (If this were not the case,then ewvery output gate would depend
upon another and so the circuit would be cyclic.) With fan-in two gates, it takes
two gatesto compute any one of the six functions by itself. This is illustrated in
Figure 1.9. We concludethat an acyclicimplemertation of the six functions requires

seen gates,comparedto the six in the cyclic circuit.
\I knew it was a good idea all along!"

The circuit in Figure 1.7 was presetted by Rivestin 1977,in a paper lessthan a
pagelong [35]. His work on the topic, as well asthat of a few othersin the 1960s,
seemsto have gonelargely unnoticed by theoreticians and practitioners alike. And
yet his examplehints at a fundamenal misconceptionin the eld, namelythat \com-
binational" and\acyclic" aresynorymousterms. In this dissertation, we demonstrate
not only that it is feasibleto designconbinational circuits with cyclic topologies,but

it is generallyadvantageousto do so.



1.2 Prior Work

1.2.1 The Early Era

Gates are a corveniert abstraction, introduced for digital electronic circuits. In an
earlier era, peoplestudied switching circuits, built from electro-mebanical relays. A
relay is devicethat conductscurrert if it is setto \on" (correspnding to a logical
input of 1), and doesnot conductcurrent if it issetto\o " (correspndingto alogical
input of 0). The devicedoesnot have an intrinsic direction; it will conductcurrert in
either direction. The symbol for a relay is shovn in Figure 1.10 A switching circuit
evaluatesto logical 1 if there is a conducting path between a designated\source"

point and a designated\drain” point.

e

Figure 1.10: A contact relay.

Switching circuits were the subject of seminal papers by Claude Shannon: the
analysisof sud circuits in 1938[39]and the syrnthesisof sud circuits in 1949[40]. The
circuits of Shannon'sday often had cyclic topologies. Sincerelays are directionless,
cyclesdo not poseany problem. Considerthe bridge circuit shovn in Figure 1.11.

The logical function implemerted betweenpoints S and D is
f (X1;X2; X3, X4; X5) = X1Xg + X1X3X5 + XoX5 + XoX3Xq!

It may be shawn this circuit has fewer switches than is possible with an acyclic
topology.

It was acceptedthat cycleswere an important feature in the designof switching
circuits. In 1953,Shannondescriked a cyclic switching circuit with 18 contacts that
computesall 16 Boolean functions of two inputs, and he proved that this circuit is
optimal [41].

In his Ph.D. dissertation in 1960, Short applied an abstract graphical model to

the study of switching circuits [45. Implicitly , his model imposesa direction on the



A
\V’s

Figure 1.11: A switching circuit with a cyclic topology:.

switching elemerts. It is equivalert to a form of binary decisiondiagram now known
as a zem-suppessd decisiondiagram [30]. In this context, Short arguedthat cyclic
designsare necessaryfor the minimal forms.

In recen years, binary decisiondiagrams have cometo the fore as perhapsthe
most successfuldata structure for represeting Boolean functions [7]. Short's work
suggestghat feedba& might be usefulin optimizing binary decisiondiagrams,a topic
of future researd that we return to in Chapter 6.

In the 1960's,asthe researb comnunity wasshifting its focusto the now-familiar
model of of directed logic gates(AND , OR, NOT , etc.), researbers naturally pon-
dered the implication of cyclic designs. In 1963, McCaw presetted a thesis for his
Engineer'sDegreetitled \Lo opsin Directed Combinational Switching Networks" [26].
He beginswith an example,the cyclic circuit shovn in Figure 1.12 consistingof two
AND gatesand two OR gates,with v e inputs and two outputs. His argumert for

combinationality is in the samevein asthat given above for Rivest's circuit:

fi
f2

a+ b+ x(c+d+ xf;) = a+ b+ x(c+ d)

c+ d+ x(a+ b):

c+ d+ x(a+ b+ xf,)

As with Rivest'scircuit, McCaw arguesthat his circuit hasfewer AND / OR gates
than is possiblewith an acycliccircuit implemerting the samefunctions. In his thesis,
he grappleswith the di erent implications of cyclic topologiesfor circuits with logic
gatesvs. undirected switching elemerts. As an example, he transforms a switching
circuit in Short's dissertation, consistingof 7 switching elemeitts, into a cyclic logic

circuit consistingof 16 AND / OR gates.



Figure 1.12: A cyclic conbinational circuit dueto McCaw.

In 1970, Kautz (Short's Ph.D. advisor at Stanford) presertied a short paper on
the topic of feedbak in circuits with logic gates[17]. He descriked a cyclic circuit
consistingof 6 fan-in two NOR gateswith three inputs and three outputs. Although
plausible, his circuit is not combinational accordingto the rigorous model that we
propose. (It assumedhat all wires have de nite Booleanvaluesat the outset.)

In 1971,Hu man discussedeedbag in linear threshold networks. He claimedthat
an arbitrarily large number of input variablescan be complemered in a network con-
taining a single NOT elemen, provided that feedba& is used[15. This improved
upon an earlier result by Markov, demonstrating that k NOT elemens su ce to
generatethe complemets of 2 1 variables[25. As with Kautz's example, Hu -
man's is not conbinational in the sensethat we understandit. Still, in an insightful

commenary on his and Kautz's work, he hinted at the possibleimplications,

\ At this time, these[cyclic] examplesare isolated ones. They do, however,

provide tantalizing glimpsesinto an imaginablearea of future resarch.”

In 1977,Rivest presettied a generalversion of the circuit in Figure 1.7, aswell as
the argumert for its optimality given above [35. For any odd integer n greaterthan

1, the generalcircuit consistsof n fan-in two AND gatesalternating with n fan-in

2n distinct output functions, ead of which dependson all n input variables. He
proved that any acyclic circuit implemenring the same2n output functions requires
at least3n 2 fan-in two gates. Thus, asymptotically, his cyclic implemertation is

at most two-thirds the sizeof the best possibleacyclicimplemertation. In Section3,
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we analyzeRivest's construction, presei variants and extensions,and generalizethe

argumernt of optimality

1.2.2 The Later Era

More recerly, practitioners obsened that cyclessometimesoccur in conbinational
circuits syrthesizedfrom high-level descriptions. In sud examples,feedba& either
is inadvertert or elseis carefully cortrived. For instance, occasionallyit is intro-
ducedduring resource-sharingpptimizations at the level of functional units [47]. In
thesecircuits, there is explicit \control" circuitry governing the interaction between
\functional” units.

Considerthe examplein Figure 1.13. Here we have an input word X (that is, a
bundle of wires carrying se\eral bits of information) and a cortrol input c. There are
two functional units, F and G, ead of which performsa word-wise operation. If cis
1, then the circuit computes

G(F(X));

while if it is O, it computes
F(G(X)):

X1+ 2X,+  + 20 x,:
Here F (X ) might be an exponentiation
F(X)=2° mod 2";
and G(X) might be a left-shift (division by 2),
X
G(X) = >

The circuit either performsa left-shift followed by an exponertiation, or an exponen-
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tiation followed by a left-shift.

U U
\/

C>G(F(X)) +TF(G(X))

Figure 1.13: Functional units connectedin a cyclic topology.

Although clearly promising, the idea of cyclic designsat the level of functional
units has not been pursued, due to a lack of support in integrated circuit design
padkages. Indeed, nearly all logic syrnthesis and veri cation tools balk when given
designswith cycles. Methods were proposedfor analyzingsud designg12],[24],[42].
Newerthelessthe acceptedstrategyis simply to disallov cyclesamongfunctional units

in the high-level phases.
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1.3 Overview

In the realm of digital circuits, researbers seemgo fall into two camps. On the one
hand, there are the theoreticians, working in the eld of circuit complexity. They
are preoccupiedwith classifyingand characterizing problemsin generalterms. They
discussthe relationships among complexity classes,and prove bounds on the size
of circuits. On the other hand, there are the practitioners, working in the eld of
electronic designautomation. They strive to obtain the best circuits that they can,
given the computational resourcesat their disposal. Howeer, they rarely speak of
optimal designs.The true optimum accordingto any criteria { beit area,delay, power

{ is generallyunknowable to them.

1.3.1 Theory

In the rst half of this dissertation, we wear the theoretician's martle. In Chapter 2
we descrile our circuit model, and presen a framework for analysis. In Chapter 3, we
presen theoretical justi cation for the claim that the optimal form of somecircuits
requirescyclic topologies.We exhibit families of cyclic circuits that are optimal in the
number of gates,and we prove lower boundson the sizeof equivalert acyclic circuits.

For instance, the cyclic circuit in Figure 1.14 consistsof three \complex" gates,

eat with fan-in 6. We shaw that this circuit implemerts three distinct functions, f 1,

circuit implemerting the samefunctions requiresat least v e fan-in 6 gates.

Our lower bound is basedon a simple fan-in argumen: in order to compute a
function that dependson a certain number of variables using gateswith a certain
fan-in, we require a tree of at least a certain size. This is perhapsthe weakestlower
bound than one can conceiwe of on a circuit's size. This suggestghat feedba& may
be more powerful than we can show.

Our most notable construction is a family of cyclic circuits that have asymptoti-
cally at most one-halfasmarny gatesasequivalert acyclic circuits. We show that this

is largestgap that we can prove using the the fan-in lower bound technique.



13

\
L f, =a(cegi) A af,
+

—
C f,=b(dfhj)ADbf,
Figure 1.14: Cyclic circuit with inputs a;:::;l and outputs f 4, f,, f3. (  represets
XOR.)

1.3.2 Practice

In the secondhalf of the dissertation, we wear the practitioner's martle. In Chapter5
we descrile a generalmethodology for syrthesizing cyclic combinational circuits, and
compareour resultsto those producedby state-of-the art logic syrthesistools.

Considerthe exampleshowvn in Figure 1.15, ubiquitous in introductory logic de-
sign courses: a 7-segmeh display decaler. The inputs are four bits, Xg; X1; X2, X3,
specifying a number from 0 to 9. The outputs are 7 bits, a;b;c;d;e;f, g, specifying
which segmets to light up in a display { sud asthat of a digital alarm clock { to
form the image of this number.

With our syrthesis methodology, we arrive at the network shown in Figure 1.16,
with the ordering illustrated. This network translates into a cyclic circuit with 27
fan-in two gates. In cortrast, standard syrnthesistechniquesproducean acycliccircuit
with 32 fan-in two gates.

Note that the network in Figure 1.16 contains cyclic dependenciesijn fact, all the
functions exceptd form a strongly connectedcomponert. How can we establishthat
this network computeswhat it is supposedto, hamely the output functions for the 7-
segmeh decader? We referto this task asfunctional analysis Given an upper bound
on the time that it takesead gate to compute a value { the gate delay{ how can

we establishan upper bound on the time that it takesfor the circuit to compute the
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inputs outputs

X3 Xo X1 Xo|Digit|la b ¢c d e f g
0O 0 O O 0 1 110111
0O 0 0 1 1 |0 00 0O0 11 [ —
0O 0 1 O 2 01 11110
0O 0 1 1 3 |001 1111
0O 1 0 O 4 |1 001011
0O 1 0 1 5 (1011101
0O 1 1 o0 6 |1 101101
O 1 1 1 7 0 01 0011
1 0 0 O 8 |1 111111
1 0 0 1 9 |1 011011

Figure 1.15: 7-Segmenh Display Decaer.

valuesof the functions { the circuit delay? We refer to this task astiming analysis

Khrapchenko wasthe rst to recognizethat depth and delay in a circuit are not
equivalent concepts[18]. There may exist false paths, that is to say, topologicalpaths
that are newer sensitized. So-called\exact" algorithms for timing analysis consider
the presenceof false paths; theseprovide the requisite tool for the analysisof cyclic
circuits. For a cyclic circuit, we cansay that it is conbinational if all cyclesare false;
the sensitizedpaths in the circuit newer bite their own tail to form true cycles.

Our syrthesis program can routinely tackle designswith, say 50 inputs and 30
outputs. For circuits of this size,a exhaustive approad to analysis{ that is to say,
cheding ewery input assignmen{ is not feasible: with n variablesthere would be 2"
input conbinations. In Chapter 4 we descrile e cien t algorithms for analysisbased
on symiwlic techniques,using exible data structures calledbinary decision diagrams
Our analysisconsiderstopologicalaspectsof the design,for instancesub-dividing the
probleminto strongly connectedcomponerts.

Our syrthesis strategy is to introduce feedba& in the re-restructuring and min-
imization phases. A branch-and-bound seart is performed, with analysis usedto
validated and rank potertial solutions. Although general,our methodology is of im-
mediate practical interest. For instance,we optimized the areaof the ALU Decaer

of a 8051 microprocessordesignby 20%. In trials with bendimark circuits, nearly all
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a

a = X3XgC+ X;C /
g

b = xge
C = X3XpXgp+ Xa(X3X1 + €) \
d = (xz+ xp)a+ x,e f d
e = Xp(Xg+ Xo)f + x3f \ /
f = (Xa2+ X1X0) g+ Xza
g =

e
X3b+ a / \
b c
Figure 1.16: A cyclic network for the examplein Figure 1.15.

were optimized signi cantly, with improvemeris of up to 30%in the areaand up to
25%in the delay.
Theoreticiansmay dismissoptimizations of this sort asinconsequetial:

\ Saving a few gatesin the designof a 7-segment decoder doesrt prove

anything'.
Practitioners may dismissthe theoretical results as cortriv ed:
\ Asymptotic boundsdorit help me one bit in designingreal circuits.".

Howe\er, takentogetherour resultsshouldcorvince both camps. It is time to re-write

the de nition: in both theory and practice, combinational might well meancyclic.
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Chapter 2

Framew ork

Make everythingas simple as possiblewithout making anything too simple.

{ Albert Einstein (1879{1955)

The conceptsdiscussedn this dissertation are not tied to any particular physical
model or computing substrate. For the coreideasin Chapter 4 and Chapter 5, the
exposition is at a symiwlic level, that is to say, in terms of Boolean expressions.
Howewer, we rst postulate an underlying structural model, consisting of gatesand

wires and discussanalysisin an explicit sensg{ in terms of signal values.

2.1 Circuit Mo del

We work with digital abstraction of 0's and 1's. Newertheless,our model recognizes
that the underlying signals are, in fact, analog: ead signal is a cortinuous real-
valued function of time s(t), correspnding to a voltage level. For analysis,we adopt
a ternary framework, extending the set of Boolean values = f0;1g to the set of
ternary values = f0;1;?g. The logical value of an analogsignal is obtained by the
mapping 8
%o if S(t) < Viow
logicals(t)] = _ 1 if s(t) > Vhign

- ? otherwise
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where Vo and Vhign are real valuesdemarcatingthe range correspnding to Boolean
0 and Boolean 1, respectively. Clearly, Vijgn must be strictly greaterthan Vi,,. The
third value, ?, indicatesthat the signalis ambiguous. For the purposesof analysis,
? is usedin a broader sense:it denotesa signal value that is unknown This signal
may be BooleanO, Boolean1, or someambiguousvalue { we simply do not know.

The idea of three-valued logic for circuit analysisis well established.It was orig-
inally proposedfor the analysisof hazads in combinational logic [13], [50]. Bryant
popularizedits usefor veri cation [8], and it hasbeenwidely adoptedfor the analysis
of asyndironouscircuits [9]. For a theoretical treatmernt, see[29.

A circuit consistsof gates connectedby wires . Each gate hasoneor moreinputs
andasingleoutput. The symbolsfor commongatesareshavn in Figure 2.1. A bubble

is usedto indicate that an input or output is negated,asillustrated in Figure 2.2.

1> 32> 3> B

Figure 2.1: Symbols for di erent typesof gates.

o

Figure 2.2: Bubbles on the inputs or the output of a gate indicate negation. Here
z = NOT (OR(NOT (x);V)).

An exampleof a circuit is showvn in Figure 2.3. Even though a wire may split in
our diagrams,asis the casewith wire wg in Figure 2.3, conceptuallythere is a single

instance of it.

inputs . Eadh primary input is fed into one or more gate inputs. Even though
the synbol for a primary input may appearin seeral places,asis the casewith

X1, X2 and x3 in Figure 2.3, conceptually there is a singleinstanceof it.
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The gatesin the circuit produce internal signals, wy;:::;w, ranging over
f0;1,?g.

A subset of the set of internal signalsis designatedas the set of primary

outputs .

O\

input signals: X1, X, X3
internal signals:wy, ..., Wy
output signals: wy; wy; Wg
gates: g, ..., Oy

Figure 2.3: An exampleof a circuit, consistingof gatesand wires.

2.1.1 Functional Behavior

In the digital realm, a gate implemerts a Boolean function, i.e., a mapping from

Booleaninputs to a Booleanoutput value,

g:f0:1g¢! f0;1g:
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The set of inputs to a gate are calledits fan-in set. When we say a \fan-in k" gate,
we meana gate with fan-in setof cardinality k. The setof gatesthat are attached to
a gate output are calledits fan-out set. The truth tablesfor fan-in two AND , OR

and XOR gates,aswell asa fan-in one NOT gate, are shovn Figure 2.4.

X Yy |AND (X,y) | OR(X,y) | XOR(X,y)

0 0 0 0 0 X | NOT (x)
0 1 0 1 1 0 1

1 0 0 1 1 1 0
11 1 1 0

Figure 2.4: Truth table for commongates.

2.1.2 Temporal Behavior

We characterizethe temporal behavior of a gate by a single parameter, a bound on

its delay tq.

For a gate characterizedby a mapping g, if the inputs assumethe values

not change.

Further, we assumehat the wires have zeropropagationdelay. More realistic models
for timing analysiscanreadily be incorporated within our framework; we neglectsu

details herein order to focuson the conceptualaspects.

2.2 Analysis Framew ork

Our analysis characterizesthe functional behavior of circuits accordingto the so-
called\ oating-mo de" assumption[9], [49]: at the outset of ead interval, all wiresin
a circuit are assumedto have unknown or possibly unde ned values(?). We apply

de nite valuesto the inputs, and track the propagation of signal values.
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Analysis of an acyclic circuit is transparert. We rst evaluate the gatesconnected
only to primary inputs, and then gatesconnectedto theseand primary inputs, and
soon, until we have evaluated all gates. For instance,in the circuit of Figure 1.2in
the Introduction, we rst ewaluate g; and gy, then gs, then g4, and gs. At ead step,
we only evaluate a gate when all of its input signalsare known. The previousvalues
of the internal signalsdo not enter into play.
In a cyclic circuit, there are one or more strongly connected components Recall
that in a directed graph G, a strongly connectedcomponert is an induced subgraph
S G sud that

there exists a directed path betweenewery pair of nodesin S;

for every nodes in S and ewvery node n outsideof S, if there existsa path from s

to n (from n to s) then there is no path from n to s (from s to n, respectively).

We analyzeead strongly connectedcomponert separately

At the outset, with only the primary inputs xed at de nite values, ead gate
in a strongly connectedcomponernt hassomeunknown/unde ned inputs (valued ?).
Newerthelessfor ead sud gatewe canask: is there su cien t information to conclude
that the gate output is 0 or 1, in spite of the ? values? If yes, we assignthis value
as the output; otherwise, the value ? persists. For instance, with an AND gate,
if the inputs include a 0, then the output is 0, regardlessof other ? inputs. If the
inputs consistof 1 and ? values,then the output is ?. Only if all the inputs are 1 is
the output 1. This is illustrated in Figure 2.5. Input valuesthat determinethe gate

output are called controlling.

2.2.1 Ternary Extension

For the setf0;1; ?g, we de ne a partial ordering

?v 0 and ?v 1
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Figure 2.5: An AND gate with 0, 1, and ? inputs.

de ne the ordering coordinate-wise:

Yv Z if yyvz foralli=1:::;n.

For instance,if Y = (?;1,?;0), and Z = (1;1,1;0) then Y v Z. Howewr, if
Y=(?;1?;00andZ = (1;1;1;?) then Y and Z are not comparable.

a ify; =2z = a for somea?2 f0;1g;

WA AR 00

Vi= _ b iffy;zg=fb;?g for someb2 f0;1g;
? else
forall i = 1;:::;n. For instance,if Y = (?;1,?;0), and Z = (1;1;1;?) then

Yt Z=(1110).
Within the ternary framework, a gate performsa mapping from ternary valuesto

ternary values,
g®:f0;1;2g% ! 0;1;?g:

We call this mapping the ternary extensionof g. Given a Boolean mapping g, the

ternary extension @°is de ned as follows. For a vector of ternary valuesY 2
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f0;1; 29,

1 if g(Z)= 1foreah Z 2 f0;1g%, whereY v Z;

8
% 0 ifg(Z)= 0foreah Z 2 f0; 1g¥, whereY v Z;
oqy) = E

- ? else.

A similar de nition of the ternary extensionis found in [9]. The truth-tables for the

ternary extensionsof fan-in two AND , OR and XOR gates,aswell as a fan-in one

NOT gate, are shown in Figure 2.6.

AND (X, Y) | OR(X,y) | XOR(X,Yy)

Xy

0 O 0 0 0

0 1 0 1 1

0o 7 0 ? ? X | NOT (x)
1 0 0 1 1 0 1

1 1 1 1 0 1 0

1 2 ? 1 ? ? ?

? 0 0 ? ?

? 1 ? 1 ?

? 7 ? ? ?

Figure 2.6: Ternary extensionsfor commongates.

2.2.2 Fixed Point

The goal of functional analysisis to determinewhat output valuesa circuit produces
in responseto Booleaninput values. Of course,if the circuit is cyclic, we cannot be
surethat it settlesto a stable state. Considerthe inverter ring shown in Figure 2.7.
With x = 1, the ring will probably oscillate, with the output z alternating between0
and 1, asshown in Figure 2.8. Within the ternary framework, all instability is hidden
beneaththe ? values. This is illustrated with the inverter chain in Figure 2.9.

The following theorem shaows that oncea de nite valueis assignedio an internal
wire, this value persistsfor the duration of the interval (so long asthe input values

are held constart). Furthermore, the order of gate evaluations is irrelevant; the nal
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-

Figure 2.7: An inverter ring.

outcome{ which internal wires are assignedde nite values, and what these values
are{ is the sameregardless.The analysisterminatesat a xed point: in this state,
ewvery gate evaluation agreeswith the value on its output wire, sothere are no further
changes. Of course,the term \ xed point" is somewhatparadaxical: with ? values,

the state includessignalsthat are potertially unstable.

O
-

Figure 2.8: In the Booleanframework, the inverter ring oscillates.

LDAlAlA )
C

Figure 2.9: In the ternary framework, the valuesare unknown/unde ned.

Theorem 2.1 With all the internal signalsassigne an initial value ?, for a given
set of Boolean valuesappliad to the inputs and held constant, the analysisterminates

at a unique xed point.

a sequence,
Wo; Wy, W)@t

Since eat gate update consistsof a change?! f0;1g, the sequenceof states is
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ordered,

Wov Wiv Wov i

Sincethe number of statesis nite, clearly the computation terminates at some xed
point. This is illustrated in Figure 2.10.

It remainsto show that this xed point is unique. To do so, we arguethat the
order of updates is irrelevant. Indeed, from a given state W, if we have a choice
of immediate successoistates W; and W;, then the partial join W, = W; t W,

exists and is an immediate successostate to both W; and W,. This is illustrated in

argumern su ces to show that all states have a common successor.This common
successomust be a xed point. 2

1 11

Figure 2.10: The computation terminates at a xed point.

[0,1,0]
[0,L,1] [1L,1,0]

[L,L,1]

Figure 2.11: The order of updatesis irrelevan.
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2.2.3 Explicit Analysis

The analysisstrategy for speci ¢ Booleaninput valuesmight be termed simulation:
we apply inputs and follow the ewlution of the circuit. The goal of functional
analysis is to determine what values appear; the goal of timing analysis is to
determinewhenthesevaluesappear.

For functional analysis, Theorem 2.1 tells us that the gatesmay be evaluated in
any order. We simply apply the inputs and follow the signalsasthey propagate;gates
are evaluated when new signalsarrive. Once a gate evaluatesto a de nite Boolean
value, it is not ewaluated again. Oncethe analysisterminates, if there are ? values
on the outputs, we concludethat the circuit doesnot behave conbinationally.

For timing analysis,we establishan upper bound on the arrival times of de nite
Booleanvaluesfor internal signals. We always evaluate gatesin the order that signals
arrive, ensuringthat we know the earliesttime that a signal value becomesknown.
When evaluating a gate, we useonly presen and pastinput values,not future values.

We illustrate analysis with a collection of examples: rst two (acyclic) circuit
fragmerts; then a non-conbinational cyclic circuit; and nally a combinational cyclic
circuit. We assumethat all gateshave unit delay, and that the primary inputs arrive

at time 0.
Example 2.1

Considerthe circuit fragmert shovn in Figure 2.12. It consistsof four gates: an

AND gateg;, an OR gate g,, an AND gate gz, and an OR gate gu:

Gi(X1;y1) = XiYa
B(X2;y2) = Xzt Yo
%(X3;Ys) = XaVYa;
G(X1iYa) = Xyt yal

This circuit illustrates the conceptof false paths. From a topological perspective,



26

SRS

Figure 2.12: A circuit fragmert.

there existsa path from point A to point B in this circuit. Howewer, from a functional

standpoint, this path is newer sensitizel. To seethis, considerspeci ¢ input values:

With x; = 0, the path is blocked at gate g;.

With x, = 1, the path is blocked at gate g».

With x3 = 0, the path is blocked at gate gs.
With x; = 1, the path is blocked at gate g.

For any combination of input values,we know what value appearsat point B, and how
long it takesfor this value to appear, regardlessof the signal at point A. Assuming
that the gatesg;, 0, gz and g4 have uniform delay bounds of t;, t,, t3, and tg,

respectively, we can assert:
With x; = 1, a value of 1 appearsafter t, time units.

With x; = 0, and x3 = 0, a value of 0 appearsafter t3 + t4 time units.

With x; = 0, x3 = 1, and x, = 1, a value of 1 appearsafter t, + t3 + t, time
units.

With x; = 0, x3 = 1, and x, = 0, a value of O appearsafter t; + t, + t3 + t4
time units.

Further assuminga unit delay model (i.e., t; = t, = t3 = t; = 1), we obtain the

analysisresultsin Table 2.1. Subscriptson the valuesindicate the arrival times.
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Table 2.1: Analysis of the circuit fragmen in Figure 2.12.
Example 2.2

Considerthe circuit shown in Figure 2.13, consistingof an AND gate g;, an OR
gate g, and an AND gate gz, in a cycle. By inspection, note that if x; = 0 then f,
assumewalue 0 after onetime unit; if x, = 1 then f, assumesvalue 1 after onetime
unit; and if x3 = 0 then f3; assumesvalue 0 after onetime unit. But what happens
if X; = 1, X, = 0and x3z = 1? In this case,all the outputs equal ?, asillustrated in

Figure 2.14. The outcomefor all eight casess shavn in Table 2.2.

- -

Figure 2.13: A non-conbinational cyclic circuit.

1 0 1

- -

N N N

Figure 2.14: The circuit of Figure 2.13with x; = 1, X, = Oand x3 = 1.
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Table 2.2: Analysis of circuit in Figure 2.13.

In general,we would reject this circuit, sinceits outputs are not de ned for the
input assignmeh x; = 1, X, = 0 and x3 = 1. Howe\er, if this particular assignmen

is in the \don't care" set, then the designwould be valid.
Example 2.3

Considerthe circuit in Figure 2.15(a).
Of the three gates,we seethat initially only g; evaluatesto a de nite value,
w1 = gi(X1;X2) = OR(3;0) = L
We set the arrival time of w; to be
t1= 1
With w; de ned, we seethat g, evaluatesto a de nite value,
Wy = Oo(W1;X2) = AND (NOT (1);1)= O:
We set arrival time of w, to be
th=1+t; = 2

At this point in the executionof the algorithm, w; and w, have beenassigned

de nite values. Howewer, w; hasan earlier arrival time. Evaluating gz at time 1,
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W3 = ga(w;W2) = OR(1;NOT (?)) = 1.

We set the arrival time of ws to be

tz= 1+t = 2

The nal valuesof wy;w,; ws are shovn in Figure 2.15(b). Subscriptsindicate the

arrival times.

ngl/_

(a) Initial state.

(b) Final state.

Figure 2.15: Example 2.3 Subscriptson the valuesof the internal variablesindicate
the arrival times.

The saliert point of this exampleis that the algorithm tracks the arrival times of
signals,and establishesthe earliest possibleset of cortrolling signals. If gate gs had
beenevaluated after both w; and w, had beendetermined, we might have concluded

that its arrival time was 3 time units instead of 2.
Example 2.4

Consider the circuit in Figure 2.16. Supposethat we apply inputs x; = 1;x, =
0;x3 = 1, asshown in Part (a). Gatesgi, 0z, gs and g; produce outputs of 1, 0, 0,
and 1, respectively, after onetime unit. Gate g, producesan output of 1 after two

time units. Gate gg producesan output of O after three time units. Gate gg produces
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an output of 0 after four time units. Gate gg producesan output of O after v e time
units. Finally, gate g4 producesan output of O after six time units. The circuit after
six time units is shavn in Figure 2.16(b).
The analysisfor all eight input combinations is summarizedin Table 2.3. We see

that the maximum delay of the circuit is six time units.

X
il

X
N

X
w

O & OB 9 O O O7 O O
0, 00 1L, 1, 0 1, 0O, O3 1;
1, 0 b 13 00 b, O 05 14
O 00 L, 1, O5 O Oy O3 14
1, 0, 03 0, 1o O 15 1, 1,
0 0 00 1, O s 11 L4 1s
1, 1, O 05 O 05 1; O3 04
1; 1, 00 1; 1, O 1; Os O
11 12 01 02 12 01 11 03 04

PP FPRPPOOOO
PP OOFR,PF OO
P OPFRPOPRFr,OFRFrO

Table 2.3: Analysis summary for the circuit of Figure 2.3. Subscriptson the output
valuesindicate arrival times.

2.2.4 Complexit y

In the analysis,we evaluate a gate wheneer a new Boolean signal arriveson one of
its inputs. In the worst case,we could ewvaluate a gate with fan-in d asmarny asd
times. Given a circuit with m primary inputs and n gates,ead with fan-in d, there
are O(dn) gate ewaluations. In addition, for timing analysis, we must maintain a
sorted list of arrival times. This cortributes a complexity factor of O(n log, n).

We could perform the analysis explicitly for ewvery assignmenh of input values.
Howeer, sud an exhaustive approad is simply not tractable for most real circuits:
with n variables there would be 2" input conbinations to analyze separately In

Chapter 4 we descrike an e cien t analysisalgorithm basedon symlic techniques.
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Figure 2.16: The circuit of Figure 2.3 with inputs X; = 1;X, = 0;x3 = 1. Subscripts
on the output valuesindicate arrival times.
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Chapter 3
Theory

In theory there is no di er enee between theory and practice, butin practice

there is. { Yogi Berra (1925{)

Theoreticians are preoccupied with classifying and characterizing problems in
generalterms. They discussthe relationships among complexity classesand prove
boundson the sizeof circuits. Howewer, somewhatto their embarrassmen, they o er
very little helpin proving or disproving the optimality of speci c circuits. There have
beena handful of papers,dating bad to the 1960's,describingapproatesfor nding
optimal multi-level circuit designg[1(q], [11], [20], but thesehave limited applicability:
the largestcircuits that thesemethods can hope to tackle have 4 (or perhaps5b) input
variables.

Lower bounds on circuit size are notoriously di cult to establish. In fact, sud
proofs are related to fundamertal questionsin computer science sut asthe separa-
tion of the P and NP complexity classes.(To prove that P 6 NP it would su ce
to nd a classof problemsin NP that cannot be computedby a polynomially sized
circuit.) Much of the recert work in circuit complexity has been spurred by these
open problems[1].

All existing lower boundson circuit sizeare linear in the number of variables[1].
In 1949, Shannonshowned by a straight forward courting argumen that nearly all
functions require circuits with an exponertial number of gates[40]. Yet there is no

known explicit example[48].
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Giventheselimitations, how canwe hopeto justify our generalclaim that feedba&
canbe usedto optimize circuits? In this section,we assumethe theoretician's martle
and provethat somecyclic designsare smallerthan equivalert acyclic ones,basedon

the best lower-bound techniquesthat we know.

3.1 Ciriteria for Optimalit vy

Any assertionof optimality restson a restricted circuit model. Indeed, with gatesof
arbitrary sizeand complexity, any function canbe implemerted with a single\gate."
We restrict the scope of gatesin two ways. The rst way is to bound the fan-in, as
showvn in Figure 3.1 (a). Each gate can have at most d inputs, for some nite d. The
secondway is to restrict the type of gate. For instance, we can limit oursehesto
so-calledAON gates: AND gateswith the inputs and output possibly negated. An
exampleof sud a gate is shavn in Figure 3.1 (b). The generalform of the Boolean

function realizedby an AON gate s

O(X1;X2;:013Xg) = (X1 €1) (X2 €) (X4 Cd)  Casr;

addition represetts OR, and represets XOR.) The fan-in d may or may not be

limited.

(@) (b)

Figure 3.1: Restricting the scope of gates. (a) Bound the fan-in. (b) Use AND gates
(with the inputs and output possibly negated).

In this chapter, we often represen functionsin XNF , a canonicalform consisting

of XOR and AND operations. This form has advantages: since it is canonical,
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we need not concernoursehes with simplifying the expressions. Furthermore, the
dependenceof a function on its variablesis explicit. SeeAppendix A for a discussion
of this represetation.
Our generalstrategy in the following constructionsis to preser a cyclic circuit
that is optimal in the number of gates,and then prove a lower bound on the size of
any acycliccircuit implemerting the samefunctions. The argumert for the optimality

of the cyclic circuit restson two properties:
Prop erty 3.1 Each of the output functions degendson all its variables.

Prop erty 3.2 The output functions are distinct.

The cyclic circuit is shavn to be optimal accordingto the following trivial claim (true

regardlessof the gate model):

Claim 3.1 A circuit implementingm distinct functions consistsof at least m gates.

3.2 Fan-in Lower Bound

Our lower bound on the sizeof an acyclic circuit is formulated as a fan-in argumert.
The essencef the argumert was presened by Rivest [35], although we presen it in
a more generalform.

A circuit canonly compute a function of a given set of input variablesif it \sees"
all of them. For example,in Figure 3.2, gate g, can compute a function of x;; X, and
X3; 01 cannot compute a function of X3 sinceit doesnot seexs. In an acyclic circuit,
there is a partial orderingamongthe gates:if a gate g; dependson a gateg;, directly
or indirectly, then g cannot depend on g;, directly or indirectly. With a partial
ordering on the output functions, there must be at least one output function at the
top which dependsupon no other. If this function dependson v input variables, the
gate producing it must be the root of a tree that seesall thesev variablesas leaves.
The lower bound is basedon a calculation of the minimum number of gatesin this

tree.
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Figure 3.2: A gate can only compute functions of variablesthat it \sees".

Claim 3.2 An acyclic circuit implementing m distinct output functions, each de-

pendingon v input variables, consisting of gateswith fan-in at most d has at least

v 1

+
OIlm1

gates.

Pro of: Consider a connecteddirected acyclic graph (DAG). Call nodes with no
in-coming edgesleaves and all other nodesinternal nodes. We shaw, by a simple
inductive argumer, that a connectedDAG with k internal nodes, ead with in-
degreeat most d, has at most k(d 1)+ 1 leaves. Obviously, a graph consisting
of a single sudh internal node has at most d leaves. Supposean internal node with
in-degreeat most d is addedto a connectedDAG. If the resulting graph is to be a
connected DAG, the new node can replacean existing leaf or it can be attached to
an existing internal node. The former caseis illustrated with node g; in Figure 3.3,
and the latter with node g,. In both caseghere is a net gain of at mostd 1 leaves.

We concludethat connectedDAG with k internal nodeshas at most

d+ (k 1)d 1)
= k(d 1)+1

leaves, as expected. Supposethat a connectedDAG hasv leaves. Since
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Figure 3.3: Adding a node with in-degreed to a connectedDAG resultsin net gain
of at mostd 1 leaves.

v k(d 1)+ 1

the number of internal nodesk is bounded by

v 1
d 1

Now, in an acycliccircuit implemerting m output functions, at leastoneof the output
functions dependson no other. By the argumert above, this output function requires

at least
v 1

d 1

gates. With distinct output functions, ead output function must emanate from a
di erent gate,soat leastm 1 gatesarerequiredto implemert the remainingm 1

functions. 2
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3.3 Impro vement Factor

Supposethat we have a cyclic circuit with m gates,ead with fan-in at most d, that
implemerts m distinct functions, ead of which dependson all v input variables. Call
the improvementfactor the ratio of size of the cyclic circuit to the lower bound on

the sizeof the acyclic circuit:

sizeof cyclic _ m
sizeof acyclic Y% +

With an improvemert factor of C, we can say that our cyclic circuit is C times the

sizeof any equiwvalert acyclic circuit.

Claim 3.3 The improvementfactor is boundel below by %

Pro of: For a given d, the improvemen factor is minimized if the term

v 1

d 1

in the denominator is maximized. Now, the number of variablesv in a cyclic circuit
is at most m(d 1), and this is achieved if all the gateshave fan-in d. For sud a

circuit,

3.4 Examples

Considerthe exampleshownn in Figure 3.4, due to Rivest [35]. We rst verify that

this circuit is conmbinational. For gateg;, an AND gate,x; = Ois acortrolling value.
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Figure 3.4: A cyclic combinational circuit with 3 inputs, due to Rivest[35.

Setting x; = 0 we have

fijx, = 0

falx, = fi+ X2 = X
fsjx, = faXs = X2Xs;
fajx, = fz3+0 = XoXs;
fsj = faxa = XoXs;
felx, = fs+Xz = Xa

All outputs assumede nite Boolean values. For gate g4, an OR gate, x; = lisa

cortrolling value. Setting x; = 1, we have

fajx, = 1

fsja = faxz = Xy
feix, = fs+Xz = Xa+ Xs;
fijx, = fel = X2+t Xs;
falx, = fi+ X2 = Xo+ Xs;
falx, = faxs = Xs

Again, all outputs assumede nite Booleanvalues. Sincex; must either have value 0

or value 1, we concludethat the network is conbinational. We asserble the output



functions from thesetwo cases:

fi = X4
fo = Xq
fas = X4
fs = Xq
fs = Xq
fe = Xq1

f1j
f2)u
faju
faju
f5i

f6jx1

+

X1
+ X3
+ X3
+ X3
+ X3

+ X1

f1j
f2)u
faju
faju
f5i

f6jx1

X1
X1
X1
X1
X1

X1
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X2

XoX3
XoX3
XoX3

X3

+ X

[EN

+ X3
+ X3
+ X1

+ X1

(X2+ X3) = Xi(Xz2+ X3)
(X2+ X3) = Xzt XiX3
X3 = Xa(X1+ Xp)
1 = Xpt XoXs
X2 = X(X1 + X3)
(X2 + X3) = Xzt XiXz!

Rivest preserted a more generalversionof this circuit. For any odd integern greater

than 1, the generalcircuit consistsof n two-input AND gates alternating with n

Figure 3.5. Analyzing the generalcircuit in the samemanner as above, we nd that

oy

Figure 3.5: A cyclic conmbinational circuit with n inputs (for any odd n  3) dueto

Rivest.

it implemernts the functions

fi

f2n

Xl(xn + Xn 1(

Xz + X1(Xp +

Xn + Xn l(xn 2'+

(Xs+X2) )

(X4X3)

)

(X2x1) ):

Note that the functions are symmetrical with respect to a cyclic permutation of the

variables.
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3.4.1 Optimalit y

To shaw that circuit is optimal, we must show that it satis es Properties3.1and 3.2.

1. To shaw that ead function dependson all n input variables, we note that in
the parerthesizedexpressiongead variable appearsexactly once. Without loss
of generality, considerthe i-th function f; in the list, for an odd i, and consider
the j -th variable appearingin its expressionfrom the left-hand side. To show
the dependenceon this variable, set ead variable precedinga product to 1, and
ead variable precedinga sumto zero, beginningon the left-hand side, until we
arrive at x;. Setthe variable following X; to 1 and all variablesfollowing that

to 0. The resultis

fi =10+ 1(0+ + X;(1+ 00+ 0( ))) = x:

2. To show that all the functions are distinct, we exhibit an assignmen that sets
any chosenfunction to 0O if it is odd-numbered (to 1 if it is even-rumbered),
while setting all the other functions to 1 (to O, respectively). Without loss of
generality, considerfunction f;, for anodd i n. This function is the output
of an AND gatewith input x;. Setx; to 0 and setall the other the variablesto

1. Clearly, f; hasvalue O while all the other functions have value 1 in this case.

(Rivest stated theseconditions without proof.)

3.4.2 Acyclic Lower Bound

Note that the Rivestcircuit hasn input variablesand implemerts 2n distinct output
functions with 2n fan-in 2 gates. According to Claim 3.2, an acyclic circuit imple-

merting the samefunctions requiresat least

+2n 1=3n 2
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fan-in 2 gates. For large n, the improvemen factor is

sizeof cyclic _  2n
sizeof acyclic 3n 2

2
3

Rivest's cyclic circuit is two-thirds the size of any acyclic circuit implemerting the

samefunctions.
Given a circuit with a single cycle, we can always obtain a correspnding acyclic

version by breaking the feedba& and doubling the length of the chain, as shown in

Figure 3.6. (The input ? indicatesany constart value.)

DDy Dy

Figure 3.6: Obtaining an equivalert acyclic circuit from a cyclic circuit.

In general,this will not yield an optimal acyclic circuit. Howewer, in the caseof
Rivest's circuit, the bound of 3n 2 is, in fact, tight. To obtain an acyclic circuit
with 3n 2 gates,we break the cycleand prepend a copy of the last n 2 gates. For
n = 3, we simply prepend an OR gate with inputs x, and x3, asshown in Figure 3.7.

Rivest's circuit is also optimal seenfrom a di erent perspective. The circuit
consistsof AON gates,and yet none of the output functions are implemertable with
a single AON gate, regardlessof the fan-in. Thus, any acyclic circuit implemerning

the functions requiresat least one more gate.
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Figure 3.7: An acyclic circuit implemenrting the same functions as the circuit in
Figure 3.4.

3.4.3 A Generalization

We note that Rivest'scircuit canbe generalizedo AND and OR gateswith arbitrary
fan-in. The circuit, shovn in Figure 3.8, consistsof 2n fan-in d AND / OR gates,with

n(d 1) inputs repeated,forn 3,n odd,andd 2.

Figure 3.8: A generalizationof Rivest's circuit to gateswith fan-in greaterthan 2.
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This circuit producesoutputs

fi = Yiynt+Yn 1( (Y3t y2) )
fo = Yo+ yi(yn+ (Yays) )

fon = Yo+t Yn a(Yn 2+ (Yay1) );
where
Y1 = X1 Xg 1
Yo = Xgt + Xog 2
Yn = Xn 1 p+ t *+ Xn 1)-

It may be shown that all 2n functions are distinct, and that ead dependson all

n(d 1) input variables.

3.4.4 Variants

We note that many di erent circuits of the samegeneralform as Rivest's example
exist. In Figure 3.9, we show a circuit with 4 variablesand 8 gatesin a singlecycle.
As with Rivest's circuit, this one producesdistinct output functions, eat of which
dependson all the variables.

A more intriguing exampleis shavn in Figure 3.10. It consistsof two copiesof
Rivest's circuit with the outputs of the rst fed asinputs into the second.Although
not shovn here, we assertthat this circuits produces20 functions are distinct, and

eat dependson all 5 variables.
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fo =X + X+ XX,

f, =00+ X, +X,)%

fa = (4 +%,) %X,

Figure 3.9: A circuit with the sameproperties as Rivest's example.
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Figure 3.10: A pair of Rivest circuits, n = 5, stadked.

3.5 A Minimal Cyclic Circuit with Two Gates

We provide an example of a circuit with the sameproperty as Rivest's circuit, but
with only two gates. The circuit, shovn in Figure 3.11, consistsof two fan-in 4 gates
of the form

g(wW;X;y;2) = WX yz:

connectedin a cyclewith 5 inputs, a;b;c;d;e. The circuit computesf and g:

—
1

ab gc
fc de:

«Q
I

To verify that the circuit is combinational, note that if c = 0, f assumesa de nite

value. We have
ab

ab de:

fjo = ab g0

gjc = f1 de

Similarly, if c= 1, then g alsoassumes de nite value. We have

f O de
ab g1

de
ab de:

e
fc
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Assenbling the output functions, we obtain

—
1

ab cde
alc de:

cfjo+ cfijc

C gjc + C 0jc

«Q
I

With the functions thus written in XNF form, we canreadily assertthat f and g are
distinct and that ead dependson all 5 variables. Now, consideran acyclic circuit,
alsowith fan-in 4 gates,that computesthe samefunctions. Sincea single fan-in 4
gate cannot possibly compute a function of 5 variables, we concludethat the acyclic

circuit must have 3 gates.

Figure 3.11: A cyclic circuit with two gates.

3.6 Circuits with Multiple Cycles

In this section,we presen examplesof cyclic circuits with multiple cycles,culminating
with the main result of this section: a cyclic circuit that is one-halfthe size of any

equivalert acyclic circuit.

3.6.1 A Cyclic Circuit with Two Cycles

Consider the circuit shovn in Figure 3.12, written in a generalform. The inputs

indicates that it represets multiple wires.) There are three gates, connectedin a
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con guration consistingof two cycles:

f, = 1 if3
fo = 2 of 3
fs = 3 3fr afy  sfify

wherethe 's, 's, 's, and 's are arbitrary functions of the input variables.

L f,=a,A bf,
—

—~ g, f,=a,A b,f A gf,Adff,

—
( f,=a,A b,

Input variables: X =x,X,, ,X,

Figure 3.12: A cyclic circuit with two cycles.

3.6.2 Analysis in Arbitrary Terms

We analyzethis circuit with the goal of obtaining a necessaryand su cien t condition
for combinationality, aswell asexpressiongor the gate outputs in terms of the inputs.

We proceedon a casebasis.
Case |

Supposethat for someX, ;= 0. In this casef; assumeshe de nite value ;. This
situation is shown in Figure 3.13. Now supposefurther that 3 3 ; = 0. In this
case,f; assumesa de nite value of 3 3 1. Given this value for f3, f, assumes
a de nite value of > 2 3 > 3 1. This situation is shavn in Figure 3.14. We

concludethat the functions assumede nite valuesif ;= 0and 3 3 ;1= 0.
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~ —_—_— - —- —- — =

f3 = a3 A bSal A (g3 A 01381) f2

f,=a,A b,f,

Figure 3.13: The circuit of Figure 3.12if ; = O.

f,=a,A ba,

9, ’
>f2‘= a,A ba,A b,ba,

Figure 3.14: The circuit of Figure 3.12if ;=0and 3 3 ;=0.
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Case ||

A symmetrical analysisshows that the functionsf ;;f, and f 3 assumede nite values
if ,=0and 3 3 »=0.

Case |11

Supposethat for someX, we have ;= 0and , = 0. In this casef, and f, assume

de nite valuesof ; and »,, respectively. Giventhesevaluesfor f; andf,, f3 assumes

adenite valueof 3 3 1 3 2 3 1 2 This situation is shovn in Figure 3.15.

f,=a,A ba,Aga,Adaa,

~N e e e N — —

Figure 3.15: The circuit of Figure 3.12if ;= 0and , = 0.

Case IV

Supposethat 3= 3= 3= 0. In this casef ; assumeghe de nite value 3. Given

this value for f3, f; and f, assumethe de nite values 1 zand » > 3,

respectively. This situation is showvn in Figure 3.16. 2
Let
g = 1 (3 31); (3.1)
e = 2 (3 3 2); (3.2)
G = 1 2 (3.3)

C4 = 3 3 3t (3.4)
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C f,=a,A ba, )

Figure 3.16: The Circuit of Figure 3.12if 3= 3= 3= 0.

We concludethat the circuit is conbinational i

C=qg+ot+tct+ta

holds. If C holds, then the functions have values

fi1 = g 1+c( 1 13 132 tC 1+¢C( 1 1 3) (3.5)
fo = a( 2 2 3 131)+tC 2+C 2+ 2 2 3) (3.6)
fs = a( 3 3 1)+t G 3 3 2)+t G 3 31 3231 2)+C 3(3.7)

3.6.3 A Circuit Three-Fifths the Size

Let's make the circuit of Figure 3.12 somewhatmore concrete. Supposethat the

1= aX; 2 = bY; 3= 2,

where

X =X1X2 Y=wiy, ; Z=2z7212,
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and

3= & 3= b 3= ab:

The resulting circuit is shavn in Figure 3.17. For this circuit, the conditions de ned
—

a,b,z z, +>——< f,=zAaf Abf,Aabf,f,

X =% )
Y=(Y.Y )

C i ) Z=(2,2, )

Figure 3.17: Variant of the circuit of Figure 3.12.

a, XX,

b, XX, —

in Equations 3.1{ 3.4 evaluate to

¢ = a(b+ X)

c; = ba+y)
cz = ab
c, = ab

It may easilybe veri ed that for every combination of valuesassignedo a and b, one

of ¢1; ¢;; C3; C4 IS true. The functions de ned in Equations 3.5{ 3.7 become

f, = X aX Y Z) aby
f, = Y BX Y Z) abX

fs = X Y Z XY aX XY) KY XY) abXxy
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With the functions expressedn XNF notation, we can assertthat they are distinct
and that ead dependson all the variables.

To make the situation more concrete,supposethat
X = ceqi; Y = df hj; Z = Kkl:

There are a total of 12 variables (a through ). Ead gate has fan-in 6. This

situation is showvn in Figure 3.18.

L I
f, =a(cegi) A af,

—

Figure 3.18: Circuit of Figure 3.17with 12 variables.

According to Claim 3.2, an acyclic circuit implemerting the samefunctions re-

quires at least
v 1

+
dlml

gates,wherev = 12 (the number of variables),d = 6 (the fan-in) and m = 3 (the

number of functions). Thus

v 1 12 1
+m = — ~ + =5
T 1 1 1 3 1=5

We concludethat the circuit in Figure 3.18 is at most g the size of any equivalert

acyclic circuit.
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3.6.4 A Circuit One-Half the Size

Considerthe circuit shovn in Figure 3.19,a generalizationof the circuit in Figure 3.12

to k gates. We arguethe validity of this circuit informally. On the onehand, for eath

Xy yl,l” !yl,d—l—\—

_

X0 Yorr 3 Yod.1—

fa =ZAX AR A AR X1

. X s X 4 ’Zd—k_\f_ O
’ : Y =(Yiys VYiga)fori=1

Z2=(zy z,)

X yk,l' ’yk,d—l—\—

Gl /

Figure 3.19: A generalizationof the circuit of Figure 3.12.

variablex;, if x; = Othen the function f; doesnot dependonf.; . On the other hand,
if xi = 1, then fy,+; doesnot depend on f;. We concludethat none of the k cycles

can be sensitized,and so the circuit is conmbinational. Now considerthe function f;

the variablesy;; fori = 1;:::;k;j = L;:::i;d 1. With x; = 1, f; dependson fy.;
henceit alsodependson all thesevariables. We concludethat ead function depends
on all the variables.

With a fan-in of d, we have a total of

v=k(d 1)+d 2k=(k+1)d 3k

variables. We have

m=k+1
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gates. According to Claim 3.2, an acyclic circuit implemerting the samefunctions

requiresat least

—— +m 1
d 1
gates. The improvemert factor is,
m | K+ 1
v 1 - e
Y1 +m 1 (k+3)d1 k4K

gates. Supposethat d = 3k, and that k is large. Then the ratio is

k+1 k _ 1,
1 +k k+k 2

We concludethat the circuit of Figure 3.19is at most one-halfthe sizeof any equiv-
alent acyclic circuit. According to Claim 3.3, this is the best possibleimprovemert

factor that we can obtain with the fan-in lower bound of Section3.2.

3.7 Summary

Admittedly, the circuits in latter half of this chapter are a bit cortrived. The con-
structions assume\gates” with arbitrarily large fan-in. The gatesin this cortext
should properly be descriked as sub-circuits. And yet the fact remains that there
exist families of functions that canbe implemerted by cyclic circuits with 50% fewer
gatesthan is possiblewith equivalert acyclic circuits. Feedba& is an inescapabldea-
ture of the Booleancircuit model. Hereafter,complexity theorists must stop speaking
of Boolean circuits as directed acyclic graphs (DAG's). Even in an abstract setting,

the optimal circuit under considerationmay well be cyclic.
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Chapter 4

Analysis

All are lunatics, but he who can analyzehis delusionsis called a philoso-
pher. { AmbrosePierce (1869{1950)

For logic design,aswith any engineeringconstruct, analysisprovides the under-
pinningsto synthesis. In Chapter 2, we characterizedcombinational circuits in terms
of explicit signal values(0, 1, and ?). For most real circuits, an exhaustive analysis
of every input combination is intractable. Instead, we turn to symbolic techniquesto
analyzeand validate cyclic designs.

In what has beendescrited as the most in uential Master's Thesisewer, in 1938
Claude Shannon proposedthe use of symbolic logic for the analysis of relay cir-
cuits [39]. What had beenuntil then a desultory, ad hoc processwas now logical and
systematic. His brilliant work brought digital systemsinto the realm of mathematics.

Synbolic analysisderives formulas that descrike the logic values of signalsin a
circuit in terms of its input signals. Instead of working with explicit values, the
analysis takes place over a domain consisting of a set of functions. In a Boolean
setting, this domain is the set B of Boolean-\alued functions of Boolean variables,
i.e., of maps

ff :f0;19" ! f0;1gg:

for all positive integersn.



56
Boolean operations, sudr asAND , OR and NOT , are applied to functions. For

instance, given functions f and g

—h
|

X1(X2 + X3);

X1+ XoXa;

(@]
|

the XOR operation yields a new function h of theseinput variables,

h = X1XoX3+ X1X2X3:

In a sense,symbolic computation is equivalert to processingall input conbinations
in parallel. For the gate on the left of Figure 4.1, the computation is equivalert to

processingthe truth tables shavn on the right.

X1 X2 X3|f g h
0O 0 0|0 OO
0O 0 1/000O0
0O 1 0|0 0O
0 1 1/011
1 0 0|0 11
1 0 1/110
1 1 0(110
1 1 1110

Figure 4.1: An exampleof symbolic computation.
Throughout, we often make statemeris sud as
\if X1+ XoX3, then..."”
By this we mean,implicitly ,

\for (X1;X2;x3) 2 f0;1g% sud that x; + XoX3 = 1, ..."

For cyclic circuits, we must allow for the possibility that signalsnewer settle to

de nite values. Symbolically, the analysistakes place over a domain T of the set of
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ternary-valued functions of ternary variables,i.e., maps
ff :f0;1;,29"! f0;1,?99:
for all positive integersn. For instance,given ternary-valued functionsf and g

0 if Xq+ XoX3

1 if xi(Xo  X3)

? else

0 if XqXo2+ X1X3

1 if X9Xo + X1X2X3

? else

the XOR operation yields a new ternary-valued function h

h

8
% 0 if XqX3+ XoX3
= E 1 if X1X2X3 + X1X2X3

- ? else

The correspnding truth tables are shavn in Figure 4.2.

X1 X X3|f g h
0O 0 0|0 O O
0O 0 1|0 0 O
0O 1 0|0 0 O
0O 1 1|0 1 1
1 0 0|0 1 1
1 0 1/1 1 0
1 1 01 7?2 ?
1 1 1?2 2?2 2

Figure 4.2: An exampleof ternary-valued symbolic computation.
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Note that XOR(?;x) = XOR(x;?) =?, forall x 2 f0;1;?g.

4.1 Decision Diagrams

From a computational standpoint, there would be little advantage to the symbolic
approad if ead function were represeted as a truth table of all 2" conbinations
of Booleanvaluesfor n inputs. We could instead analyzethe circuit for ead input
conbination separately in the mannerdescrited in Chapter 2.

Synbolic analysis gets its traction from e cient data structures. Chief among
these are Binary Decision Diagram (BDDs). A BDD consistsof a directed graph.
Eadh node either hasan assaiated input variable or is designatedas a constart (\0"
or\1"). Variablesnodeshave out-degreetwo: oneedgedesignatedas\0" (represemed
by a dashedline in diagrams) and the other designatedas \1" (represered by a
solid line in diagrams). Constart nodeshave out-degreezero. To evaluate a function
represeted by BDD, we beginat a designatedsourcenode, and follow a path dictated
by the valuesof the variables. When we terminate at a constart node, the function

ewvaluatesto this constart. An exampleof a BDD is givenin Figure 4.3.

Figure 4.3: A binary decisiondiagram (BDD) implemerting the function: f = x;(x,+
X3).
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First proposedin 1959by Lee[21], BDDs were popularizedin 1986by a seminal
paper by Bryant [7]. (As of this writing, Bryant's paper is ranked asthe most widely
cited paper in the history of Computer Science.) Although comparablein sizeto a
truth table in the worst case BDDs are surprisingly compactfor most of the functions
encounered in practice. Functions of up to 50 variablescan often be represeted with
ease. The strength of the represetation residesin the fact that it is canonical,and
that it canbe manipulated e cien tly. Most logical operations have linear complexity
in the number of variables.

Decisiondiagramscanreadily be adaptedto the multi-v alued case.Multi-terminal
binary decisiondiagrams (MTBDD), also known as \algebraic" decisiondiagrams,
share all of the features of their two terminal courter parts: the represetation is
canonical,compactand e cient [2]. MTBDDs seemtailor-made for timing analysis.
We usemultiple terminal nodesto represem the combination of Booleanvaluesand
assaiated arrival times.

Considerthe function speci ed by the truth table on the left-hand side in Fig-
ure 4.4 (implemerted by the circuit fragmert in Figure 2.12in Chapter 2). Subscripts
on the logical valuesindicate the arrival times. The correspnding MTBDD is shavn

on the right-hand side.

4.2 Controlling Values

Certral to timing analysisis the conceptof controlling values. Recall that O is the
controlling value for an AND gate, as shaovn in Figure 2.5. Similarly, 1 is the con-
trolling value for an OR gate. We proposea symbolic technique, called the marginal
operator, for computing the set of cortrolling valuesfor an arbitrary logic function .
Before explaining the marginal, we de ne someancillary operations.

The restriction operation (also known as the cofactor) of a function f with
respect to a variable x,

fjx=v;
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Figure 4.4: A multi-terminal binary decisiondiagram (MTBDD).

refersto the assignmen of the constart valuev 2 f0;1g to x. The comp osition

operation of a function f with respect to a variable x and a function g,

fix=g;

refersto the substitution of g for x in f. A function f depends upon a variable x
i fjx=0 isnot idertically equalto f j4-;. Call the variablesthat a function depends
upon its support set.

The univ ersal quanti cation operation (alsoknown asconsensusyieldsa func-

tion

that equalsli the givenfunction f equalsl for all 2" assignmets of Booleanvalues

to the variablesy;;:::;y,. The existential quanti cation operation (also known
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that equalsli the givenfunction f equalsl for someassignmenh of Booleanvalues

that equalsli the given function f is invariant for all 2" assignmets of Boolean

fH#y="Fjy=0 fly=1+fjy=0o fjy=1

(For a singlevariable, the marginal is the complemen of what is known asthe Boolean

f#(y i yn) = 8yaiiiyn [(F #y1)  (F #yn)]:

(With seweral variables, the marginal is not the same as the complemen of the

Booleandi erence, in general.) For example,with

f = X1+ Xay1 + XzY2 + XaY1Y2;

we have

f#Yy; = Xi+ Xaya + Xo(Xa + Yo);
f#Y, = Xi+ Xoy1+ X3(Xq + Y1);
f#(y1¥2) = X1+ XoXsXal

Note that computing a marginal of n variablesrequiresO(n) symbolic operations.
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4.3 Analysis

Conceptually the analysisis just an algorithmic implemertation of procedure de-
scribed in Chapter 2, Section2.2.3. We apply de nite valuesto the primary inputs,
and track the propagation of signal values. Once we have establishedthat a de -
nite value has appearedon a gate output, this value persistsfor the duration of the
analysis. The arrival time of a well-de ned value at a gate output is determined

either:

by the arrival time of the earliest controlling input value;

or by the arrival time of the latest non-controlling input value.

The analysis proceedsin time intervals. If the gateshave xed delay bounds,
we can choosethe interval length to match the shortestdelay bound. In ead time
interval, we ewaluate all the gatesthat received new input valuesin the previous
interval. In this manner, we are assuredthat we know the earliesttime that signal
valuesbecomesknown. If de nite Booleanvaluesnewer arrive at one or more of the

primary outputs, then we concludethat the circuit is not combinational.

We state the algorithm { somewhatinformally { and illustrate its executionon ex-

amples.

4.3.1 Symbolic Analysis Algorithm

for the output of eat gate g;. The rst
¥ (X);
consistsof the set of input assignmets for which the gate evaluatesto O; the second,

cPx);
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the set for which it evaluatesto 1. Implicitly, the complemen of the union of these
two setsis the set of assignmets for which the gate evaluatesto ? .
At the outset, all wiresare assumedo have unde ned values,sothe characteristic

setsare empty,
Ci(o) = Ci(l) =0

As the analysis proceeds,input assignmets that induce gatesto produce de nite
output valuesare addedto thesesets. Call the addition of input assignmets to the

set Ci("), for somev 2 f0;1g, an arrival eventvaluedv at gate g;.
Initialization

The initial arrival everts occurat gatescortrolled by primary inputs. For instance,
supposethat an AND gate g is connectedto the primary input x. We have an initial
arrival evert

Ci(o) =X

Similarly, supposethat an OR gate g; is connectedto the primary input y. We have
an initial arrival evert
1) e
Cj() =y

We compute sud arrival ewverts for all gatesattachedto the primary inputs.
Propagation

Giventhe initial setof arrival events, we begin propagatingeens forward: to the
fan-outs of the gatesat which the signalsarrived, and then to the fan-outs of these
gates,and soon. In ead interval, we compute new arrival ewverts for gatesbasedon

the anteceden arrival everts on their inputs.

1. Supposethat in the previousinterval there wasan arrival evert valuedv at gate

0; that g is a fan-in to gate g;; and that v is a cortrolling input value for g;,
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producing an output value w. We compute
W) .— ~Ww) ).
G =G+ G

If Cj(W) changesasa result (i.e., C!"’ was not cortained in Cj(W)), then we have

anewarrival evert valuedw at g.

2. Supposethat in the previousinterval there wasan arrival evert valuedv at gate
g; that g is a fan-in to gate g;; and that v is a non-cortrolling input value for
g. Let g,;:::;g, beall the gatesthat fan-into g, and let v;,;:::;v;, bethe
non-cortrolling valuesfor thesefan-in gates. Supposethat thesenon-cortrolling
inputs produce an output valuew for g,. We compute

i
(Vig) .
ik .

h
c"=c™+ ¢ c

Again, if Cj(‘”) changesas a result, then we have a new arrival evert valued w

at g

To illustrate thesepropagation conditions, supposethat we have an AND gate gz

with fan-in gatesg; and gz, asshawn in Figure 4.5.

{c”.C"
{c.C%

Figure 4.5: An illustration of the propagation conditions.

) (e e

NS ON

Supposethat the characteristic setsare

CiO) = Xi, Cg_l) = Xo,

X2 Xg4.
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Now supposethat there is an arrival evert valued 0 at g; setting
Cio) = X1+ Xs:
In the next interval, we compute
Céo) = Céo) + Cio) = X1+ X3+ Xs!
Now supposethat there is an arrival evert valued 1 at g; setting
Cil) = X + X!
In the next interval, we compute
h [
c:=cPP+ cPcCd = (xo+ xe)xal

Termination

Termination is guararteed since the cardinality of the characteristic sets either
increasesr remainsunchangedwith arrival everts. A characteristic set cannot grow
beyond the sizeof the full setof input assignmets.

When the algorithm terminates, the union of the characteristic sets
c®+ c®

for ead gate g speci es the input assignmets for which g; producesde nite values.
If the complemem of this union includesinput assignmets not in the \don't care"
setfor any gate producing a primary output, then we concludethat the circuit is not
combinational. In particular, if there areno\don't care"input assignmets, then the
circuit is conmbinational if and only if the union consistsof all input assignmets for

ewvery gate producing a primary output.
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Also, when the algorithm terminates, the time that haslapsed{ the number of

intervals times the interval length { givesa bound on the circuit delay.

4.3.2 Examples
We illustration symbolic analysison two detailed examples.

Example 4.1

Considerthe circuit shavn in Figure 4.6. It consistsof six AND and OR gates,with
two primary outputs, f; and f,, and v e primary inputs a, b, ¢, d and x (note that

the input X is repeated).

Figure 4.6: A cyclic combinational circuit.

We step through a symbolic analysisof this circuit. We assumethat eat gate hasa

delay bound of 1 time unit, and that the primary inputs arrive at time 0.
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Time 1

For the AND gates,cortrolling valuesof 0 on the primary inputs result in
cO=x; cP=p cO-=

For the OR gates,cortrolling valuesof 1 on the primary inputs result in
Cél) = a; Cff) =X C(l) =

Time 2

For the AND gates,non-cortrolling valuesof 1 from the precedingOR gatesresult in
cV =xd, c{’=ba; ci=cx

For the OR gates,non-corrolling valuesof 0 from the precedingAND gatesresult in
Céo) = ax; Cflo) = xb; Céo) = dc:

Time 3

For the AND gates,cortrolling valuesof 0 from the precedingOR gatesresult in
Cio) = x+ dc; Céo) = b+ ax; Céo) =c+xh
For the OR gates,cortrolling valuesof 1 from the precedingAND gatesresult in

Cél) = a+ xd; Cfll) = X+ ba; Cél) =d+cx



68
Time 4

For the AND gates,non-corirolling valuesof 1 from the precedingOR gatesresult in

Cf) = x(d+ o);
Cél) = bla+ xd);
c’ = cx+ ba):

For the OR gates,non-cortrolling valuesof O from the precedingAND gatesresult in

c® = ax+ do);
c?® = x(a+ b
c?® = dc+ xb:

Time 5

For the AND gates,cortrolling valuesof O from the precedingOR gatesresult in

Cio) = x+dc;
cP® = b+ a(x+ do);
cP® = c+x(b+ a):

For the OR gates,cortrolling valuesof 1 from the precedingAND gatesresult in

ci’ = a+x(d+o);
c = x+ba;
c! = d+ ¢(x + ba):
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Time 6

For the AND gates,non-corirolling valuesof 1 from the precedingOR gatesresult in

c® = x(d+o);
C’ = ba+ x(d+ 0);
c’ = o(x+ ba:

For the OR gates,non-cortrolling valuesof O from the precedingAND gatesresult in

c® = ax+do);
c® = x(b+ a):
c? = d(c+ x(b+ a)):

At this point, there are no new arrival everts. The characteristic setsare:

cl = x+ dc; c = x(d+ o);

c = a(x + do); c = a+ x(d+ o);
c = p+ a(x + do); cl¥ = a+ x(d+ 0);
Cc = x(b+ a); Cc® = x + ba;

C = c+ x(b+ a); c? = ¢(x + ba);

Cc = d(c+ x(b+ a)); CM = d+ ¢(x + ba):

Hence,all input assignmets produce de nite valuesat the outputs, and so we con-
clude that the circuit is combinational. Sincewe propagatedeerts for 6 time units,

we concludethat the circuit hasdelay 6. 2
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Example 4.2

Considerthe circuit shavn in Figure 4.7. It computesfour output functions, f;f,,

f3, and f 4 of three input variablesa, b, and c. The correspnding equationsare

Ou

ng

o &

Figure 4.7: A cyclic combinational circuit.

f1
/
fa
fi1 = bct+ bf,
f, = ac+ bfs \
fg = afy+bfy+cfy f2
fo, = ab+ fqi+ bfy L
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Note that there are cyclic dependencies:f; dependson f,; f, dependson f3; f3
dependson f; and f4; and f4 dependson f, and f,. Newertheless,this circuit is

combinational with delay 8.

Wedo not trace through the analysisthis time. The table in Figure 4.8summarizes

the results. It givesthe characteristic setsCi(O) and Ci(l) for the output gates. 2

O3

[be; bc I

[abc + bc; c(b+ a) + hc la
Os

[b(c+ a); ac I2

[a(c+ b) + ac; ac Is

[a(c+ b) + ac; alc+ ac 17
Jio

[abc; 0 I

[abc; b(c+ a) la

[a(lc + be); b(c+ a) Is

[abc+ c(ab+ ab); c(b+ a) + ab l6

[abc+ c(ab+ ab); abc+ c(b+ a)+ ab ],
Oi3

[O; ab I2

[O; bc+ ab Iz

[abc; bc+ ab la

[abc+ ab; bc+ ab Is

[abc+ aby; b(c+ a) + ab Is

Figure 4.8: Characteristic sets [Ci(o); Ci(l)]j for the circuit of Figure 4.7, for gatesg;,

Timing analysiswith sud an idealizedmodel is transparert. However, the devil
is in the details { and with realistic timing models there are many detailed aspects
to consider. Newertheless,we concludethat, at leastin a conceptualsensethe anal-
ysis of cyclic circuits is no more complicated than that of acyclic circuits. We can
perform this task e cien tly through symbolic evert propagation, within the ternary

framework.
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Chapter 5

Synthesis

Toinvent, all youneed is a pile of junk and a gaod imagination. { Thomas
A. Edison (1847{1931)

Logic syrthesis is the task of designingcircuits at the level of gatesand wires
to meet a speci cation. As a researb area, it is at once mature and wide-open.
It is mature in the sensethat great intellectual e ort has been expendedin the
dewelopmen of sophisticatedtools with a dizzying array of heuristics;it is wide-open
in the sensethat even the best available tools produce results that everyone admits
are probably far from optimal.

For combinational logic, syrnthesis beginswith a set of target functions, eat ex-
pressedin terms of the primary input variables. This is sometimescalled a register-
transfer level speci cation, sinceit speci es what must be computed by blocks of

combinational logic situated betweenmemory registers,as shaovn in Figure 5.1.

F1 (X, %, %)
— — » e
2 Combinational (X %0 %) | 2
_> -ED . . p—
o/ R Logic fs(Xsz’Xs) N ?30

Figure 5.1: A register-transferlevel speci cation.
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Supposethat we are given target functions, onefor eat gate, and asked to verify
that the circuit implemerts thesefunctions. The rst stepis to ched that the spec-
i cation is consistent By this we mean: for eat gate { viewed in isolation { if we
apply the speci ed target functions at its inputs, do we obtain the speci ed target
function at its output? This is illustrated in Figure 5.2. Here we ched whether a

gate g computesthe target function f 5 at its output giventhe target functionsf; and

N
e

Figure 5.2: Consisten speci cations.

f, at its inputs.

In an acyclic circuit, consistencyis su cient to guarartee correctness.In a cyclic
circuit, howewer, we may have a consistem speci cation, and yet the computation
may be spurious. Considerthe circuit in Figure 5.3. Although absurd, the circuit is

consisten for an arbitrary function f, and its complemen f ;.

Ef Ef'l

1

Figure 5.3: A consistent yet spuriouscircuit.
We will usethe following target functions to illustrate the conceptsin this section:

Example 5.1 Target Functions

f1 = XiXoXz+ X1X2X3 + X1X2X3 + X1X2X3;
fo = XiXoXz+ X1X2X3 + X1X2X3 + X1X2X3;

f3 = X1XoX3 + X1XoX3 + X1Xo2X3 + X1X2X3:
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The end product of syrnthesisis a set of simpli ed expressionghat can be trans-
lated into a network of gates. The goalsmay vary greatly dependingon the technology

and the setting. Two obvious criteria for optimization are

Area, asa measureof the number of transistorsin the nal silicon implemen-

tation. This correlatesto the cost of manufacturing the circuit.

Delay, asameasureof the time it takesfor the circuit to produceoutputs, given
stable inputs. This determinesthe performance of the circuit { in syndironous

designs,the clock speedachievable.

Our costmeasurefor areais the number of the literalsin the algebraicexpressions
{ that is to say, the number of appearanceof variables,without regardto negations.
For instance, in the expressionsabove, ead function has a cost of 12, for a total
costof 36. The literal court seemdo correlate well with the silicon areaof the nal
implemertation [6].

Our costmeasurdor delay is the propagationtime from inputs to outputs. In most
examples,we assumea unit delay model for the gates. Accordingly, the propagation

delay is simply the number of hopsalong the longestsensitizedpath.

5.1 Logic Minimization

The rst stepin logic designis to simplify the Booleanexpressionsndividually, if pos-
sible. In the sum-of-products (S-of-P) form, a Booleanexpressions formulated asthe
OR (disjunction) of AND (conjunctive) terms. Every studert of logic designlearns
the Karnaugh Map method, and perhapsthe tabular Quine-McClusley algorithm for
nding the minimal sum-of-praducts expressionof a logic function [16], [27], [31].
Minimal in this context meanswith the fewest conjunctive terms, and the fewest

literals per conjunctive term. Using sud a technique, the functions in Example 5.1
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simplify to
f1 = XXzt X1X2X3+ X2X3;
fo = XXzt XiX3+ X1X2X3;
fza = XiXz+ X1Xz + XoX3;

with a total costof 20.

For sometechnologies,sut as programmablelogic arrays (PLAS), so-called\t wo-
level" designsare required. In two-lewvel designs the functions are expressedn S-of-P
form, but conjunctive terms may be shared amongthe expressionsFor Example 5.1,

if we selectthe terms,

C1 = Xi1XoXsz;
C = X1X2Xs,
Gz = Xi1XoX3z;
Cs = Xi1XoX3z;
Cs = X1X2Xs,
C = XiXo;

we obtain the expressions

fi = g+t c3+ Cy
fo = G+ G+ G
fs = G+ G+t G

with atotal costof 17. A two-lewel designcan be viewed asa layer of AND gateson
top of a layer of OR gates,as shavn in Figure 5.4.
As aresearb area,two-level minimization is evidertly quite mature. Sophisticated

algorithms { some exact, some heuristic { can routinely nd the optimal or near
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fl f2 f3

Figure 5.4: A two-level implemertation for the target functions of Example 5.1.

optimal solution for networks of hundreds of functions, eat depending on hundreds

of variables[4].

5.2 Multi-Lev el Logic

In multi-level designs,an arbitrary structure is permitted. Many of the examples
presened thus are, in fact, multi-level. Sincethere is greater freedomof structure,
the seart spaceof potertial solutionsis correspndingly much larger. In fact, for
anything more complex than a single function of 5 input variables, an exhaustive
seard of all solutionsis generallyintractable.

In spite of the daunting complexity, practitioners can claim considerablesuccess
with heuristic optimization methods. For a survey of the topic, se€6]. Although there
have beeninnumerable approates suggestedthe most widely adopted paradigm is
that championedby the University of California at Berkeley group. It consistsof an
iterativ e application of minimization, decomposition, and restructuring operations|[5].

In a multi-level setting, expressionsare often manipulated in factored form. Alge-
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braically, a factored form is a parerthesizedexpressionof OR and AND operations.

For Example 5.1, factored forms of the functions are

f1 = XiXoXs+ Xa(X1 + Xa);
fo = XiXoXz+ X1(X2 + X3);
fz = Xa(X1+ X2) + X1Xz;
with atotal costof 17.
The factored forms of a collection of Boolean functions ff4;:::;f,g are in one-

to-one correspndencewith multi-level structures of gates. For the example above,
the circuit is shovn in Figure 5.5. In general,a factored form is not unique. Deter-
mining the optimal factorization is a di cult (NP-complete) problem. Newertheless,
algorithms sud asthosein the Berkeley SIS padkage[38]work e cien tly in practice.
Although we usethe factored form in our examples,we do not discussthe algorithms

or the implemertation. (The interestedreaderis referredto [6].)

fl 1:2 1:2

Figure 5.5: A factored form for the target functions in Example 5.1.

An important operation in multi-level syrthesisis substitution (also sometimes
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called\re-substitution"). In the substitution phase,node functions are expressedor
re-expressedin terms of other node functions as well as of the original inputs. For
instance, with the target functions in Example 5.1, we can expressf ; in terms of f,
and f 3,

fl = XoX3 + f2f3:

The substitution and minimization stepsare often performedjointly. The algorithms
for this task form the corner-stoneof multi-level syrnthesis, and are key to our expo-
sition; howewer, it is beyond the scope of this dissertation to delve into the detalils.
The readeris referredto [6]. In our implemenation, we usethe simplify command

of the Berkeley SIS padkage[39].

5.3 Substitutional Orderings

In general,for a given collection of target functions we have a choice of substitutions
that canbe performed. For eat target function, call the set of other target functions
that it is expressedn terms of its substitutional set. Dierent substitutional sets
yield alternative expressionof varying cost.

With the functions in Example 5.1, substituting f 3 into f,, we obtain
f1= fa(X1+ X2) + XoXa:
Substituting f, and f 3 into f,, we obtain
f1= Xoxg+ fofs:
Substituting f 3 into f,, we obtain

f2 = X1XoX3 + X1f3:
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Substituting f; and f 3 into f,, we obtain

f2 = f1X3+ f3X1:

Substituting f, into f 3, we obtain

fa= fiX1 + XoX3:

Finally, substituting f, and f, into f3, we obtain

f3 = f1f2+ XoX3:

Other combinations of substitutions are not helpful.

In existing methodologies, an ordering is enforcedamong the functions in the
substitution phaseto ensurethat no cyclesoccur. This choicecanin uence the cost
of the solution. With the ordering shavn on the right in Figure 5.6, substitution
yields the network shavn on the left with a cost of 14. The correspnding circuit is

shown in Figure 5.7.

fa
fl = X2X3+f2f3 ¢
f2 = X1XoX3 + X1f3 2
fa = Xa(X1+ X2) + XaXa: /
fq

Figure 5.6: Acyclic substitution order.

Enforcing an ordering s limiting sincefunctions nearthe top cannot be expressed
in terms of very many others (the one at the very top cannot be expressedn terms
of any others). Dropping this restriction can lower the cost. Howewer, cyclic substi-

tutions canresult in spuriouscomputation.
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Figure 5.7: Implemertation of the acyclic solution in Figure 5.6.
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Similarly, for the target functions of Example 5.1, if we allow ewery function to
be substituted into ewery other, then we obtain the network showvn on the left in

Figure 5.8, with a costof 12. This network is cyclic, with the dependencyshown on

the right.
XoX3 + f2f3
le 3+ X3f 1
flf 2 + XoX3 -
—_—

Figure 5.8: A network obtainedwith unorderedsubstitutions (it is not combinational).

— —h —h
w N [
| | |

Unfortunately, analysisaccordingto the techniquesin Chapter 4 tells us that this

solution is not conmbinational. Indeed, setting x; = 1, X, = 1 and x3 = 1 yields

fi1 = fofs;
fo = fa+fy;
fz = fify;

which resultsin indeterminate values. The key is to selecta substitutional order that
minimizes the cost, and yet results in a combinational solution. Given a candidate
network, we analyzeit usingthe analysistechniquesdescribed in Chapter 4 to decide

whether it is valid.

5.4 Branc h-and-Bound Algorithms

For eath node, we expect the lowest cost expressionto be obtained with the full
substitutional set (i.e., all other node functions) and the highest cost expressionto
be obtained with the empty set. For a network with a non-trivial number of nodes,a
brute-force exhaustive seart is evidertly intractable. With n nodes,there are 2" 1
substitutional setsfor ead node, for atotal of n 2" ! possibilities.

We descrike a brandh-and-bound approad, aswell as various heuristics.



82
5.4.1 The \Break-Do wn" Approac h

With this approad, the seard is performedoutsidethe spaceof conbinational solu-
tions. A branch terminateswhenit hits a combinational solution. The sear® begins
with a denselyconnectednetwork, sud asthat in Figure 5.8. This initial branch
provides a lower bound on the cost. As edgesare excludedin the branch-and-bound
process,the cost of the network remains unchangedor increases.(Again, sincethe

substitution step is heuristic, this may not be strictly true.)

Algorithm 5.1 Break-Do wn Synthesis

1. Analyze the current branch for combinationality. If it is combinational, add
it to a solution list. If it is not, selecta set of edgesto exclude basedon the

analysis.

2. For eath edgein the set, create a new branch. Create a node expression,ex-
cluding the incidert node from the substitutional set. If the cost of the new

branch equalsor exceedghat of a solution already found, kill the branch.
3. Mark the currert branch as\explored".
4. Setthe current branch to be the lowest cost unexploredbranch.

5. Repeat stepsl1 { 4 until the costgoalis met, or until the costof all unexplored

branchesexceedghat of a solution.

2

The branching point of the algorithm occursin Step 1. Synbolic analysisin-
forms us whether the current brand is combinational or not. If not, the analysis
suggestawvhich new branchesto form. Considerthe examplein Figure 5.9. Analysis
beginsby dividing the network into strongly connectedcomponerts. We focuson the
non-conbinational componens, selectingedgesfrom them to exclude. Supposethat
componert Il is combinational, while componert | is not. Accordingly, we form new

brancheswith the edgese;, e, and e; excluded. We presene edgeghat do not belong
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to strongly connectedcomponerts, as sud dependenciesdo not a ect combination-
ality. Thus, we do not cut the edgese;,, e;3 and e, for any of the newly formed

branches.

NN

Figure 5.9: Example illustrating edgeselectionfor\break-down" seart strategy.

A sketch of the algorithm is shown in Figure 5.12. (This is not a completetrace
of the sear®; only the trajectory to a solution is shovn.) For the target functions of
Example 5.1, the algorithm yields a cyclic combinational solution with a cost of 13.
The expressiongreshovn in Figure 5.10,and the correspndingcircuit in Figure5.11.

We arguethat Algorithm 5.1 producesthe optimal solution. Indeed, asthe algo-
rithm proceedsthe cardinality of the substitutional setsdecreaselongeadt branch.
This producesnetworks with monotonically non-decreasingcost. The algorithm al-

ways exploresthe lowestcostopenbranch rst. Therefore,whenthe algorithm termi-
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f1 = Xsfa+ XoXs
fo = XiXoXz+ Xafs
fz = Xif1+ XoXs

Figure 5.10: Cyclic solution for target functions of Example 5.1.

Figure 5.11: Implemertation of the cyclic solution in Figure 5.10.
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nateson a combinational solution, we can assertthat this is the lowest cost solution
possible.

This bold claim must be tempered with an important quali cation. The substi-
tute/minimize operationsthat we useare basedon heuristics,and themsehesprovide
no guarartee of optimality. The quality of our solutionsis only as good as that of
theseoperations. For target functions with large support sets,it would appear that
the substitute/minimize step often producesresultsthat are very far from optimal.

Many ideasimmediately suggesthemsehesfor expediting the seard heuristically.
We can prioritize progressslightly, at the expenseof quality, for instanceby choosing
brancheswith fewer gatesin strongly connectedcomponerts. Also, we can limit the

density of edgesa priori, or prune the set of edgesbefore creating new branches.

5.4.2 The \Build-Up" Approac h

With this approad, the seart is performedinside the spaceof combinational solu-
tions. A brand terminates when it hits a non-conbinational solution. The searh
beginswith an empty edgeset. Edgesare added as the substitutional setsof nodes
are augmerned. As edgesare included, the cost of the network remainsthe sameor

decreases.

Algorithm 5.2 Build-Up Synthesis

1. Analyze the current branch for combinationality. If it is not combinational
discardit. If it is combinational, selecta set of edgesto include basedon the

analysis.

2. For eath edgein the set, createa new brandh. Create a new node expression,

including the incident node from the substitution set.
3. Mark the currert branch as\explored."
4. Setthe currernt branch to be the lowest cost unexploredbranc.

5. Repeat steps1 { 4 until the costgoalis met.
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Figure 5.12: \Break-down" seard strategy.
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2

A sketch of the algorithm is shown in Figure 5.13. (Again, not a completetrace.)
For the target functions of Example 5.1, the algorithm yields the samecyclic combi-
national solution, that shown in Figure 5.10.

With this method, we cannot prune brandhes through a lower-bound analysis.
Howewer, exploring within the spaceof combinational solutions ensuresthat incre-
mertally better solutions are found as the computation proceeds.As an alternative
starting point, we canusean existing acyclic solution. Adding edgesreducesthe cost,

while potentially introducing cycles.

5.5 Example: 7-Segment Decoder

As a nal example,weillustrate the designof the 7-Segmet Decader circuit shown in
Figure 1.15of Chapter 1. As descriled there, the inputs to this circuit are four bits,
Xo; X1; X2, X3, specifying a number from 0 to 9. The outputs are 7 bits, a;b;c;d;e;f,
g, specifying which segmets to light up in a 7-segmet LED display in orderto form

the image of this number.

Our goalis to designa circuit that implemerts the following functions:

a = XoXaXz+ Xi(X2(X3 + Xo) + X2X3)
b = Xo(X1X3+ X1X2)

C = XiXaX3+ X3(Xo(X2 + X1) + XoX2)
d = XiX2Xg* X3(Xa(X1 + Xo) + X1X2)
e = XoX1Xz + X3(XoX1X2 + X1(X2 + Xo))
f = Xa(XoX1+ XoX1+ Xz2) + X1Xo

g = Xa(Xz2+ Xo) + X1X2!

With the break-davn approad, we beginwith the network shavn in Figure 5.14,

with the ordering illustrated. This network was obtained by permitting the substi-
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Figure 5.13: \Build-up" seart strategy.
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tution of ewvery function into every other. The result is a network with cost 30, as
measuredby the literal court. Not surprisingly, analysistells us that this circuit is

not comrbinational.

= Xx;c+cd

a f

b = xpe

C = Xpa+ XoXpg+ ef X\l

d = Xxa+ Xx;e+ XszgQ C

e = xscd+ b \\

f = x,e+eg ‘a

g = bf+a /
g

d

Figure 5.14: An invalid cyclic network for the examplein Figure 1.15.

Through the branch-and-bound process,the algorithms prunesthe following de-

pendencies:
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a

a = X3XgC+ X;C /
g

b = xge
C = X3XpXgp+ Xa(X3X1 + €) \
d = (xz+ xp)a+ x,e f d
e = Xp(Xg+ Xo)f + x3f \ /
f = (Xa2+ X1X0) g+ Xza
g =

e
X3b+ a / \
b c
Figure 5.15: A valid cyclic network for the examplein Figure 1.15.

Paradaxically, pruning thesedependenciesntroducesnew ones:

Heref only becomeshelpful in expressinge whenthe dependencieson b;c and d are
excluded. Similarly, a only becomeshelpful in expressingt whenthe dependencyon
e is excluded.

The result is the network showvn in Figure 5.15, with the ordering illustrated.
Note that this network cortains cyclic dependenciesjn fact, all the functions except
d form a strongly connectedcomponert. Howewer, analysistells us that this network
is combinational. Note that it hascost 34. In cortrast, using existing methods, we

would obtain an acyclic network with a higher cost of 37.

In Appendix B, we presen syrthesisresultsobtained with our program CYCLIFY .
We have run trials on a range of randomly generatedexamplesand bendmark cir-
cuits. In SectionB-1 we presen results for optimizations of areaat the network level

that is to say, in terms of functional dependenciesonly. In Section B-2 we preseft
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areaoptimizations at the gate level, that is to say, for circuits decompsedinto prim-
itiv e gates(2-input NAND and NOR gates). Nearly all trials produced signi cant
optimizations, with improvemers of up to 30%in the area. We note that solutions
for many of the circuits have densestrongly connectedcomponerts. For example,the
dependencygraph for the cyclic solution of one of the bendimark circuits, called exp,
is shavn in Figure 5.16. (The circuit performsbinary exponertiation.)

In this chapter, we have focusedon areaasour cost measure.Indeed, the casefor
using feedbak to optimize areais the most compelling. Howewer, our branch-and-
bound algorithm canreadily be adaptedfor optimization accordingto other metrics,
provided that analysistechniques exist to measurethese. The symbolic algorithm
in Chapter 4 provides not only functional validation, but also timing information.
Accordingly, we can useour syrthesis strategy to optimize for delay. While this is a
topic of ongoingreseart, we presen preliminary resultsin Appendix B.

We incorporated a sliding scalefor the relative weight of the two criteria, area
and delay, in the cost metric for the branch-and-bound algorithm. In Section B-3,
we presen syrthesisresults for optimizations at the gate level, with areaweighed at
one-third, and delay weighted at two-thirds. Again, nearly all designswere optimized
signi cantly, with simultaneousimprovemeris of up to 10%in the areaand 25%in

the delay.

The most saliert result to report, and one of the main message®f this disser-
tation, is that cyclic solutions are not a rarity; they can readily be found for nearly
all of the circuits that we encounered. Our sear® algorithms, while heuristic in
nature, can e ectively tackle circuits of sizesthat are of practical importance. The
syrthesis results are su cien tly corvincing to warrant a bold claim: practitioners
should explorefeedba& optimizations for all typesof combinational circuits, ranging
from the examplesthat we nd in textbooks, to the bendymark circuits referenced
by the researb comnunity, to real-world circuits. Perhapsthe ALU of the next Intel

Pertium chip will be designedwith feedbas. ..
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Figure 5.16: Topology of the cyclic solution for the bendymark circuit exp, with 8
inputs, 18 outputs, and cost 262. (Only nodesin the strongly connectedcomponert

are showvn.)
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Chapter 6

Discussion

A personwith a newidea is a crank until the idea suaeeds.
{ Mark Twain (1835{1910)

In theoretical computer science pne of the main goalsis to prove lower boundson
the resources(e.g., time and/or space)required for computation. A conbinational
circuits is often postulated as a represerative model. In this context, a circuit is
viewed not asan abstract device,sut asa Turing madine, but asa bit-level imple-
mertation of a computational procedure{ in a sensethe most basicway that one
can compute something[22. A lower bound on the circuit sizeis taken as a true
measureof the computational requiremerts of a problem. For instance,lower bounds
on circuit sizehave be usedto justify the security of cryptographic algorithms [36].

Complexity theoristsinvariably de ne a combinational circuit asa directed acyclic
graph (DAG); see,for instance,the textb ook by Papadimitriou [23]. It is conceiable
that someof the proofs of lower boundson circuit sizedepend on this de nition. We
hope that this dissertation will help promulgate the view that a Boolean circuit is
not necessarilya DAG; rather it is a directed graph that may have cycles,aslong as
it is conmbinational.

In spite of the synthesisresultsin Chapter 5, the cortemplative readermight still
ask: How much do we really gain with feedba&? What is the true potential of this

idea? In a sense feedbak is a boundary optimization. In an acyclic circuit, there
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is a topological ordering amongthe output functions. A function at the top of this
ordering does not depend on any other. A function at the bottom of the ordering
depends on all the others. On average, ead function depends on about half the
others.

In a cyclic circuit, ewery gate producing an output function may depend on all
the others. Thus, reasoningin a very loosemanner, feedba& yields at most a 50%
increasein the overlap of the computational resources.Viewed this way, the example
in Chapter 3 { a cyclic circuit that is one-half the size of the smallest equivalernt
acycliccircuit { may be represetativ e of the bestimprovemen that canbe achieved.

Feedbak is clearly e ective when implemerting a collection of output functions.
Could there be a benet in implemerting a single output function with feedba&?
The structure showvn in Figure 6.1 is certainly plausible. The output function f is
decommsedinto sub-functions,and theseare implemerted in a cyclic con guration.
Of course,we cannot usethe fan-in lower bound to argue the optimality of sud a

cyclic circuit.

Figure 6.1: A cyclic circuit with a single output.
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6.1 High-Lev el Design

In this dissertation, we discussedconbinational logic designat the gate level. The
circuit designprocesstypically beginsat higher, more abstract level in the form of
a behavioral speci cation. The designis approaded in a hierarchical fashion: a
solution is givenin terms of modules, initially viewed as\black boxes". Ead of these
modulesis further re ned, and perhapsbroken down into simpler modules. Finally,
with modules of manageablesize and complexity de ned, a gate-lewel solution is

syrthesized. This is illustrated in Figure 6.2.

A

Figure 6.2: Cyclesat various levels within a hierardy.

Of course,internally the modulesshouldbe designedwith feedba&. What canwe
say about feedba& between modules? Conceptually the requiremerts are the same
and the potential bene ts just as compelling.

The methodology that we have proposedand the software tools that we have
deweloped for the analysis and syrthesis of cyclic circuits at the logic-lewel should
obviate theseconcerns.The dewlopmer of cyclic designstrategiesat the behavioral

level, for instance within the framework of hardware description languagessud as
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Verilog and VHDL, is an ambitious but exciting direction of future researab.

6.2 Data Structures

Throughout this dissertation, the discussionhas pertained to circuits: physical de-
vices, computing by meansof electrical current. The concept of a conbinational
circuit with cyclesrequired careful justi cation { indeed, electrical currernt running
in a loop could render the computation invalid.

By de nition, a combinational circuit is a devicethat acceptsinputs and produces

outputs, asshawvn in Figure 6.3. This de nition could equally apply at a higher level

inputs (time ) outputs (time +D )
Xl fl (Xi’ ’Xm)
] Combinational > 06, %)
Network :
X —> fn (X11 , Xm)

Figure 6.3: A combinational network.

of abstraction: that of a data structure. For instance, with a databasethe input
consistsof a seart key, and the output consistsof the correspnding record. Data
structures are often represeted as graphs. To extract data from the structure, we
begin at the leaves,follow a path dictated by the seart criteria, and terminate at a
root node wherethe data is stored.

Considerbinary decisiondiagrams(BDD), the preeminern data structure for cir-
cuit design,descriked in Chapter 4. An exampleis shavn in Figure 6.4. BDDs are
de ned asacyclic graphs. Indeed, the acceptedwisdomis that BDDs cannot cortain
cycles.If a BDD cortained a cycle,then we might loop inde nitely when ewvaluating
a function. Or maybe not?

Considerthe examplein Figure 6.5. To seethat this BDD is valid, note that we

drop out of the cycleat the rst node if x; = 0, and we drop out of the cycle at the
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Figure 6.4: A binary decisiondiagram (BDD) implemerting the function: f = Xx;(x,+
X3).

fourth node if x; = 1.

It may be shawn that this cyclic BDD implemerts the the six functions

f1 = Xi(X2+ Xa);
fo = Xo+ XiXs;
fzs = Xa(X1+ X2);
fa = Xi+ XoXs;
fs = Xa(X1+ Xa);
fe = Xzt XiXo:

Clearly we cannotimplemert the six distinct functionswith a BDD consistingof fewer
than six non-terminal nodes, so this BDD is optimal with respect to the number of
nodes.

In an acyclic BDD implemerting the samefunctions, there is an ordering among
the variable nodes. A node at the bottom of the ordering must have both out-going
edgedeadingto constart nodes. Consequetly, it cannot be a sourcenode for any of

thesefunctions, sinceead function dependson three variables. We concludethat any
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acyclic BDD implemerting thesefunctions has more than six non-terminal nodes.

———_—_—— e o

|
v
0

Figure 6.5: A cyclic BDD.

Thus, we seethat the conceptof a cyclic data structure is not only viable, but
alsoo ers the possibility for sizeimprovemerns over acyclic structures. This example
enlargesthe scoge of the conceptsin this thesis: feedba& is a generalphenomenon
in computation, whether at a physical level or an abstract level. Future researt

awaits. . .
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App endix A: XNF Representation

Booleanfunctions are mostcommonlyrepreseted with the operationsAND , OR and
NOT . We refer to this represetation as AON. For instance, the function speci ed

by the truth table

X
i

X
N

X
w

PRPPPOOOO
PORPRPORFRP,ORFRO
[eNeoNeNoNoll i i B

PP OOFRPFP OO

can be represeted as

f = x1(X2 + X3):

Here addition denotesOR, multiplication denotesAND , and an overbar denotes
NOT .

A lesscommon, but equally general, represetation is basedon the AND and
XOR operations. Together,theseoperationsform the GaloisField GF (2). In GF (2),
we may useall the arithmetic propertiesvalid in the familiar elds, e.g.,the elds of
rational, real and complexnumbers. In addition, GF (2) satisesx x = x andx X =
0, where multiplication denotesAND , and denotesXOR. In this represetation,
the function above is

f =1 X; XoXz X1XoX3:

Notethat 1 x = x.
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As early as 1929, Zhegalkin shaved that this represetation is canonical[51]: if
we multiply out all parertheses,perform the simpli cations x x = 0andx X = X,
and sort the product terms, the resulting expressionis unique. Accordingly, we call
the represemation XNF , for XOR Normal Form. It is also sometimesknown asthe
Reed-Muller form.

The XNF represemation hasdistinct advantageswhen manipulating expressions
algebraically Sinceit is canonical, we need not concernoursehes with simplifying
the expressionsas we would working with the AON represetation. Furthermore,
unlike AON, the dependenceof a function on its variablesis explicit in XNF . If a
variable appearsin an expressionthen there exists someassignmenh of valuesto the
other variablessud the value of the expressiondependson the value of that variable.

What follows is a proof of the uniquenessof the represetation. Denote

X
X1 Xn by Xi,

and
X1 Xp by X
Let f be an n-ary Booleanfunction.

Prop osition 6.1 To everyn-ary Boolean function f there existsa unique family F

XY
f(Xq;::iXp) = Xj: (6.1)
I2F i2l

For example,

X1+ Xo= X1 X2 XiXp

with F = ff 1g;f2g;f 1;2gg. Call the right-hand side of Equation 6.1 a Boolean poly-

nomial.

Pro of: Let P(N) be the family of all subsetsof N, and let O™ be the set of n-ary
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Booleanfunctions. For every F P(N), denoteby (F) the correspnding Boolean
polynomial. Clearly isamap from the setP(P(N)) of families of subsetsof N into
om,

Claim The map is injective.

Proof: Let (F) = (G) for someF; G P(N). By the way of cortradiction,
supposethat F n G 6 ;. Choosel 2 F n G of the least possiblecardinality. Put

sinceQi2| a; = 1 and all the other monomialsvanishat A; while (G)(A) = 0, since
everyJ 2 G meetsN n|. This cortradiction shaws that F G. By symmetry
G F andsoG = F. Now jP(P(N))j = 22" = jOoj and hence is a bijection
from P(P(N)) onto O™, proving the uniqueness. 2
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App endix B: Synthesis Results

B-1 Optimization of Area at the Network Level

We presen a simplecomparisonbetweenthe costof cyclic versusacyclicsubstitutions.
The substitution/minimization operation is performedwith the simplify procedure

in the Berkeley SIS padkage[38], with parameters:

method = snocomp
dctype = all ,
Iter = exact,

accept= fct _lits

The cost given is that of the resulting network, as measuredby the literal court
of the nodesexpressedn factored form. This is comparedto the cost of the network
obtained by executingsimplify directly with the sameparameters. For the larger
circuits, the amourt of improvemen drops o due to time limits imposedon the
seart.

For bendimark circuits, we usedthe usualsuspects,namelythe Espressd52]suite,
aswell asthe International Workshop on Logic Syrthesis [53] suite. Exampleswere
selectedbasedon size and suitability (generally circuits with fewer than 30 inputs
and fewer than 30 outputs). For circuits with latches,we extracted the conmbinational
part. In Tables6.1and 6.2, we preset those circuits for which cyclic solutions were
found. Column 4 givesthe improvemen, and Column 5 the computation time.

Sincerandomly generatedfunctions are very dense,they are not generally rep-

resermative of functions encourtered in practice. Newertheless,it is interesting to
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EspressaBendimarks

Simplify | CYCLIFY Improvemern | Time (H:M:S)
p82 104 90 13.5% 00:02:03
t4 109 89 18.3% 00:00:02
dc2 130 123 5.4% 00:01:34
apla 185 131 29.2% 00:00:31
tms 185 158 14.6% 00:01:17
m2 231 207 10.4% 00:06:02
tl 273 206 24.5% 00:21:40
b4 292 281 3.8% 00:09:50
exp 320 260 18.8% 00:33:26
in3 361 333 7.8% 00:22:06
in2 397 291 26.7% 00:00:45
b10 398 359 9.8% 00:08:29
gary 421 404 4.0% 00:18:15
m4 439 412 6.2% 00:07:22
in0 451 434 3.8% 00:05:53
max1024 793 774 2.4% 00:00:29

Table 6.1: Cost (literals in factored form) of Berkeley SIS Simplify vs. CYCLIFY
for EspressaBendimarks.

examine the performanceof the CYCLIFY program on these. We preset results
from random trials in Table 6.3. Each row lists the results of 25 trials. Cyclic solu-
tions were found in nearly all caseq3rd column). The averageimprovemer is given

in the 4th column, and the range of improvemert in the 5th column.

B-2 Optimization of Area at the Gate Level

Here we comparethe results of cyclic vs. acyclic optimizations for designscarried
through to the decompsition and mapping phasesThe optimizations are performed

accordingto the standard \ script.rugged " sequenceand then mapped to fan-in 2
NAND /NOR gatesand inverters.
Table 6.4 shavs the results on someof the samebendimark collection. Again, the

sequenceébeginswith a collapsedspeci cation of the circuit.
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IWLS 93 Bendhmarks

Simplify | CYCLIFY Improvemer | Time (H:M:S)
ex6 85 76 10.6% 00:00:06
inc 116 112 3.4% 00:00:04
bbsse 118 106 10.2% 00:00:08
sse 118 106 10.2% 00:00:10
5xpl 123 109 11.4% 00:00:01
s386 131 113 13.7% 00:00:08
bw 171 163 4.7% 00:15:41
s400 179 165 7.8% 00:02:12
s382 180 165 8.3% 00:02:30
s526n 194 189 2.6% 00:00:29
s526 196 188 4.1% 00:00:25
cse 212 177 16.5% 00:00:05
clip 213 193 9.4% 00:00:01
pma 226 211 6.6% 00:04:30
dk16 248 233 6.0% 00:00:53
s510 260 227 12.7% 00:00:05
exl 309 276 10.7% 00:09:11
sl 332 322 3.0% 00:03:34
duke2 415 397 4.3% 00:02:58
styr 474 443 6.5% 00:03:24
planetl 550 517 6.0% 05:09:19
planet 555 504 9.2% 02:57:47
s1488 622 589 5.3% 00:47:04
s1494 659 634 3.8% 05:19:41
table3 1287 1175 8.7% 12:39:20
table5 1059 1007 4.9% 14:10:10
$298 2598 2445 5.9% 10:15:03
ex1010 3703 3593 3.0% 10:57:58

Table 6.2: Cost (literals in factored form) of Berkeley SIS Simplify vs. CYCLIFY
for the Workshopon Logic and Synthesis Bendimarks.
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Randomly GeneratedNetworks
# In. | # Out. || Cyclic Solns. Found | Average. Improvemen Range
5 5 100% 8.5% | 3%{ 17%
5 7 96% 9.1% | 0%{ 18%
5 10 100% 12.0%| 2% { 20%
5 15 100% 13.4% | 7%{ 23%
5 20 100% 14.2%| 8% { 18%
7 10 96% 5.6% | 0%{ 11%
7 15 88% 3.6% | 0%{ 10%

Table 6.3: Cost improvemen (literals in factored form) of CYCLIFY over Berkeley
SIS Simplify for randomly generatednetworks (25 trials per row).

For the resultsin column 2, we apply the \ script.rugged " sequence.

For the resultsin column 3, we apply the \ script.rugged " sequencebut using

our CYCLIFY commandin the placeof the SIS simplify command.

In both casesthe resultsare mappedwith the command\ map-m 0" to aNAND2 / NOR2
library, speci ed in Figure 6.6. The areaimprovemers obtained with the cyclic solu-
tions, as a percenage of the areaof the acyclic solutions, are given in column 4. All

cyclic solutions were validated in their nal form, at the gate-le\el.

GATEzero 0 O=CONSTO;
GATEone 0 O=CONST;
GATENnVL 1 O=la; PIN * INV 1 999 1.0 0.0 1.0 0.0
GATEnand2 2 O=l(a*h); PIN* INV 1 999 2.0 0.0 2.0 0.0
GATEnor2 2 O=l(a+b); PIN * INV 1 999 2.0 0.0 2.0 0.0

Figure 6.6: NAND2/NOR?2 library, in \genlib " format.

B-3 Joint Optimization of Area and Delay at the
Gate Level

Finally, we comparegate-lewel optimization accordingto the standard\ script.delay'

sequence.ln the optimizations with CYCLIFY , we assignedan arbitrary weighing
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LGSynth93 Bendimarks

SIS Area | CYCLIFY Area | Improvemen
S5xpl 203 182 10.34%
ex6 194 152 21.65%
planet 943 889 5.73%
s386 231 222 3.90%
bw 302 255 15.56%
cse 344 329 4.36%
pma 409 393 3.91%
s510 514 483 6.03%
duke2 847 673 20.54%
styr 858 758 11.66%
s1488 1084 1003 7.47%

Table 6.4: Area of SIS solutionsvs. CYCLIFY solutionsfor Bendimarks Optimized
with \'script.rugged ", and mappedto NAND2/NOR2 gatesand inverters.

of one-third to the areaand two-thirds to the delay. Again, the results were mapped
to two-input NAND /NOR gatesand inverters. We assumean area of 2 units per
gate, and 1 unit per inverter; and a delay of bound of 1 time unit per gate, and 0.5
time units per inverter.

Table B-3 shows the bendimarks for which cyclic solutions were found o ering
improvemern in either area or delay. The area and delay of the SIS solutions are
givenin columns2 and 3, respectively. The areaand delay of the CYCLIFY solutions
are given in columns4 and 6, respectively. The improvemerts in areaand delay, as

percenagesof the SIS solutions, are given in Columns5 and 7, respectively.
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EspressaBendimarks

SIS CYCLIFY
Area | Delay | Area Delay
p82| 175| 19.0| 167| 4.6% | 15.0|21.1%
apla| 242| 26.0| 243| -04% | 25.0| 3.8%
tms| 302| 31.0| 292| 3.3%| 30.0| 3.2%
t1 | 343| 17.0| 327 46% | 14.0|17.6%
b4d| 474 30.0| 464| 2.1% | 29.0| 3.4%
exp| 502| 31.0| 480| 44% | 29.0| 6.4%
in3 | 599 40.0| 593| 1.0% | 33.0|17.5%
in2 | 590 34.0| 558| 54% | 29.0|14.7%
bl10| 681 37.0| 691| -1.5% | 35.0| 54%
in0 | 751| 42.0| 777| -35% | 37.0|11.9%
LGSynth93 Bendimarks
SIS CYCLIFY
Area | Delay | Area Delay
5xpl| 210| 23.0| 180|14.3% | 22.0| 43%
planet | 964| 40.0| 938| 2.7% | 38.0| 5.0%
s386| 222| 21.0| 217| 22% | 20.0| 4.7%

bw | 280 28.0] 254| 93% | 20.5|26.8%
cse| 337| 295| 333| 12% | 27.5| 6.7%
clip| 356| 28.0| 342| 39% | 27.0| 3.5%
s510| 452| 28.0| 444 18% | 24.0|14.3%
exl| 526| 40.0| 522| 0.7% | 34.0| 15.0%

sl| 566| 36.0| 542| 42% | 31.0|13.9%
duke2| 742 38.0| 716| 3.5% | 34.0|10.5%
styr | 821| 39.0f 827| -0.7% | 36.0| 7.7%
s1488| 1016| 43.0| 995| 2.1% | 34.0| 20.9%
s1494| 1090| 46.0| 1079| 1.0% | 39.0| 15.2%

Table 6.5:

Area and Delay of Berkeley SIS vs. CYCLIFY for Bendimarks with \ script.delay’
optimizations, and mapping to NAND2/NOR2 gatesand inverters.
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