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Abstract. In recent work we introduced the perspective of AND/OR search
spaces for various types of graphical models [3, 4, 6]. In this paperwe provide
a broader exposition of the subject for the case of constraint networksand we
introduce the new concept ofsemantic width, that captures, more accurately than
the well known parametertree-width, the size of the minimal AND/OR search
graph. The semantic width can explain the often noted disparity between the ac-
tual size of a compiled OBDD and the upper bound exponential in the path-width.

1 Introduction

The primary contribution of this paper consists in using theAND/OR search spacepar-
adigm [3, 4, 6] to define the new concept ofsemantic widthof a constraint network. The
well known parameter tree-width is graph based, and therefore cannot capture context
sensitive information. This often results in a very loose upper bound on the actual com-
plexity of the problem, a typical example being the result ofcompilation scheSanDisk
SDCFH-1024-901 1 GB Ultra II CompactFlash Card mes such as OBDDs. The seman-
tic width is based on the notion of equivalent constraint networks. The idea is to capture
the intrinsic hardness of a problem by the smallest width equivalent network.

2 AND/OR Search Spaces for Constraint Networks
A constraint networkR = 〈X,D,C〉 is defined by a set of variablesX =
{X1, ...,Xn}, their respective finite domainsD = {D1, ...,Dn} and a set of constraints
C = {C1, ..., Ct}. Each constraint is a pairCi = (Si, Ri), whereSi ⊆ X is the scope
of the relationRi, denoting the allowed combination of values: Theconstraint graph
has variables as its nodes and edges between variables appearing in the same constraint.

Definition 1 (pseudo tree [5]).Given an undirected graphG = (V,E), a directed
rooted treeT = (V,E′) defined on all its nodes is calledpseudo treeif any arc ofG
which is not included inE′ is a back-arc, namely it connects a node to an ancestor.

2.1 AND/OR Search Tree

Given a constraint networkR = 〈X,D,C〉, its constraint graphG and a pseudo tree
T of G, the associated AND/OR search tree, denotedST (R), has alternating levels of
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Fig. 1. AND/OR Search Tree

AND and OR nodes. The OR nodes are labeledXi and correspond to the variables.
The AND nodes are labeled〈Xi, xi〉 and correspond to the value assignments in the
domains of the variables. The structure of the AND/OR searchtree is based on the un-
derlying backbone treeT . The root of the AND/OR search tree is an OR node labeled
with the root ofT . The children of an OR nodeXi are AND nodes labeled with assign-
ments〈Xi, xi〉 that are consistent with the assignments along the path fromthe root,
path(xi) = (〈X1, x1〉, 〈X2, x2〉, . . . , 〈Xi−1, xi−1〉). The children of an AND node
〈Xi, xi〉 are OR nodes labeled with the children of variableXi in the pseudo treeT .
The arcs fromXi to 〈Xi, xi〉 are associated with appropriatelabelsderived from the
constraints inC.

Example 1.Figure 1a shows a constraint network. Figure 1b shows a pseudo tree of
the constraint graph, together with the back-arcs (dotted lines). Figure 1c shows the
AND/OR search tree based on the pseudo tree, for binary variables, and Figure 1d
shows a portion of the labeled tree.

Theorem 1 ([5, 1, 2]).Given a constraint networkR and a pseudo treeT of depthm,
the size of the AND/OR search tree based on T isO(n · exp(m)). A constraint network
of tree-widthw∗ has an AND/OR search tree of sizeO(n · exp(w∗ · log n)).

Definition 2 (backtrack-free AND/OR search tree).Given an AND/OR search tree
ST (R) whose internal nodes have already been assigned consistency values of0/1, the
backtrack-free AND/OR search treeofR based onT , denotedBFT (R), is obtained by
pruning fromST (R) all inconsistent subtrees.

2.2 AND/OR Search Graphs

It is often the case that a search space that is a tree can become a graph if identical
nodes are merged, because identical nodes root identical search subspaces. Sometimes,
two nodes may not look identical, but they might still root the same search subtrees.

Minimal AND/OR Search Graphs We next characterize the smallest search graph
that may result from merging nodes.

Definition 3 (merging subtrees).Assume a given arc-labeled AND/OR search tree
ST (R) and assume two paths in the AND/OR search tree ending by nodesannotated by
the same assignment(〈Xi, xi〉), s1 = π1(〈Xi, xi〉) s2 = π2(〈Xi, xi〉). s1 ands2 are
unifiableat 〈Xi, xi〉 iff the arc-labeled search subgraphs rooted ats1 ands2 are identi-
cal. Themergeoperator ,merge(s1,s2), transformsST into a graphS′

T by mergings1

with s2 at 〈Xi, xi〉.



Proposition 1. Given an AND/OR search tree, its closure under AND-merge yields a
unique fix point calledminimal AND/OR search graph.

Note that we can accommodate an even more general definition of merging of two
AND nodes that are assigned different values from their domain, as long as they root
identically labeled subtrees. Or, we can allow merging of ORnodes annotated by the
same variable name if they root identical subtrees. While such extensions are straight-
forward, for clarity we will restrict ourselves to merging nodes having an identical
variable-value assignment.

The Context-Based AND/OR Graph We will now present a general generative rule
for unifying nodes in the AND/OR search graph that yields thesize bound above. We
denote byddfs(T ) a linear DFS (depth first search) ordering of a treeT .

Definition 4 (induced-width of a pseudo tree).The induced width ofG relative to
pseudo treeT , wT (G), is the induced-width of the extended graph ofG relative toT ,
GT , along theddfs(T ) ordering.

Proposition 2. 1. The minimal induced-width ofG over all pseudo trees is identical
to the induced-width (tree-width)w∗ of G. 2. The minimal induced-width restricted to
chains is identical to its path-widthpw∗.

Let GT ∗

, be the induced graph ofGT . Clearly, each variable and its parent set in
GT ∗

is a clique. We associate each variable with its parent-separators.

Definition 5 (parent-separators). Given the induced-graph,GT ∗

, the parent-
separators ofX denotedpsaX , are formed byX and its earlier neighbors inGT ∗

that are connected to a descendent ofX in T .

For every nodeXi in GT ∗

, the parent-separators ofXi separate, inGT ∗

, the de-
scendants ofX from the rest of the graph. Therefore,

Theorem 2. GivenGT ∗

, Let s1 = π1(〈Xi+1, xi+1〉) and s2 = π2(〈Xi+1, xi+1〉) be
two partial paths of assignments in its AND/OR search treeST ending with two AND
nodes,n1 andn2 both annotated by〈Xi+1, xi+1〉. If s1[psaXi+1

] = s2[psaXi+1
], then

the AND/OR search subtrees rooted ats1 and s2 are identical andn1 andn2 can be
merged.π(xi)[psaXi

] is called the context ofπ(xi).

Definition 6 (context minimal AND/OR graph). The AND/OR search graph ofR
relative to the backbone treeT that is closed under context-based merge operator is
calledcontext minimal AND/OR graphand is denotedSc

T (R).

Example 2.Consider the example given in Figure 2a to the left. Relativeto the (DFS)
pseudo tree given, the context ofA is A, of B it is AB, of C it is only BC since its
parentA is not connected to a descendant ofC in the pseudo tree. The context ofD is
D and ofE it is E. The context minimal AND/OR search graph is given in Figure 2b.

Theorem 3. Given a constraint networkR, its primal graphG, and a pseudo treeT
havingw = wT (G), the size of the context minimal AND/OR search graph based onT ,
Sc

T (R), is O(n · kw), whenk bounds the domain size.
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Fig. 2. Context minimal vs. minimal AND/OR graphs

Note that the criterion of merging only identical contexts is cautious. There could
be many paths whose contexts are not identical, yet they might root identical subgraphs.

Example 3.Consider the constraint network given in Figure 2a, whereR(B,C,D) is
given in the table. We can see thatR(B = 0, C,D) = R(B = 1, C,D). This can
in fact shrink the context of C in the pseudo tree from BC to C. Figure 2b shows the
context minimal graph, and Figure 2c shows the minimal graph, where each value ofC
annotates a single AND node only.

Theorem 4. The context minimal AND/OR search graphSc
T of a graph-models having

a backbone tree with bounded tree-width,w can be generated in output polynomial time
and spaceO(exp w).

3 On the Uniqueness of the Minimal AND/OR Graph

We have already seen that the minimal AND/OR graph is unique for a constraint net-
work, given a backbone pseudo tree. We will now prove a much more significant prop-
erty of backtrack-free minimal AND/OR graphs. Namely that they are unique for all
equivalent constraint networks given a backbone tree.

Definition 7 (strongly minimal AND/OR graph). A strongly minimalAND/OR graph
ofR relative to pseudo treeT is the minimal AND/OR graph,MT (R), that is backtrack-
free, denoted bySMT (R).

We ask: given two equivalent constraint networks representing the same set of so-
lutions, each having a different constraint graph, are their strongly minimal AND/OR
search graphs identical? The above question is not well defined because an AND/OR
graph forR is defined only with respect to a backbone pseudo tree. We can have two
equivalent constraint networks having two different graphs where a pseudo tree for one
graph may not be a pseudo tree for the other. We ask therefore adifferent question:
given two equivalent constraint networks and given a backbone tree that is a pseudo
tree for both, is the minimal AND/OR graph relative toT unique?

We will answer this question positively quite straightforwardly. We first show that
equivalent networks that share a backbone tree have identical backtrack-free AND/OR
search trees. Since the backtrack-free search trees uniquely determine their strongly
minimal graphs, the claim follows.



Definition 8 (shared pseudo trees).Given a collection of graphs on the same set of
nodes, we say that the graphs share a pseudo tree T, if T is a pseudo tree of each of
these graphs. A set of constraint networks on the same set of variables share a tree T,
iff their respective constraint graphs share T.

Theorem 5. If R1 andR2 are two equivalent networks that shareT , thenBFT (R1) =
BFT (R2), and it follows thatSMT (R1) = SMT (R2).

Definition 9 (intersection of search trees).LetsR1 andR2 be two networks (not nec-
essarily equivalent) sharing a treeT . The intersection of their AND/OR search trees
relative toT , ST (R1) ∧ ST (R2) is an AND/OR search tree based onT that includes
all and only the common partial paths in bothST (R1) andST (R2).

We know that the notion of intersection of constraint networks is well defined.
Moreover, intersecting two equivalent constraint networks yields an equivalent con-
straint network whose constraint graph is the union of both input networks’ graphs.

Corollary 1. ST (R1 ∧ R2) = ST (R1) ∧ ST (R2).

Therefore, similar to Montanari’s notion of minimal binarynetwork of constraints
[7] we can extend this notion relative to pseudo-trees.

Definition 10 (intersection AND/OR search tree forT ). The intersection AND/OR
search tree ofR for T , denotedIST (ρ), whenρ is the set of solutions ofR, is the
intersection of all AND/OR search trees that shareT and are equivalent toR.

Proposition 3. Given a constraint networkR that has a pseudo treeT , its backtrack-
free AND/OR search tree is identical to its intersection AND/OR search tree forT .
NamelyBFT (R) = IST (R).

This now motivates a new semantic width concept.

Definition 11 (semantic width).Thesemantic-width ofR relative to a pseudo treeT ,
denotedswT (R), is defined byswT (R) = minG∈GT (R)wT (G) whereGT (R) are all
the constraint graphs of networks equivalent toR that share the pseudo-treeT . The
semantic widthof a constraint network,R, is the minimal semantic-width over all the
pseudo-trees that can express this network.

Computing the semantic width is obviously a hard problem. However, the semantic
width can explain why sometimes the minimal AND/OR graph or tree are much smaller
than the upper bounds exponential in tree-width or path-width. In many cases, there
could be a huge disparity between the tree-width ofR and the semantic width alongT .

Example 4.Figure 3a shows the two solutions of the 4-queen problem. Theproblem is
expressed by a complete graph of tree-width 3, given in Figure 3b. Figure 3c shows an
equivalent problem, which has tree-width 1. The semantic-width of the 4-queen is 1.

Clearly, if a network has a single solution, its semantic width is “0”. Also, for any
R, wT (R) may be far larger thanswT (R) because there may be far sparser thanR
representations that are equivalent toR. In particular, an OBDD’s size is governed by
the best graph representation and not by the input constraint graph. We can conclude:
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Fig. 3.The 4-queen problem

Proposition 4. The size of the strongly minimal AND/OR search graph of a constraint
networkR derived by a pseudo tree T is exponential inswT (R) rather thanwT (R).

Example 5.Consider a constraint network onn variables such that every two variables
are the equality constraint (X = Y ). One graph representation is a complete graph,
another is a chain and another is a tree. If the problem is specified as a complete graph,
and if we use a linear order, the OBDD will have a linear size because there exists a
representation having a path-width of 1 (rather than n).

4 Conclusion

This paper specializes the AND/OR idea [3, 4, 6] to constraint networks and elaborates
the properties of AND/OR search graphs. The AND/OR search tree can be bounded
exponentially by the depth of its pseudo tree. The AND/OR search tree can be turned
into a graph at the expense of using more memory, by merging identical subtrees. The
size of the context minimal AND/OR search graph is exponential in the tree-width. We
also introduced a new graph parameter, thesemantic width, which characterizes the
size of theminimal AND/OR graph. This parameter can explain why sometimes huge
disparities are noted between the actual result of compilation schemes (e.g. OBDDs)
and the usual bound exponential in path-width.
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