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Abstract. In recent work we introduced the perspective of AND/OR search
spaces for various types of graphical models [3, 4, 6]. In this pageprovide

a broader exposition of the subject for the case of constraint netvemdksve
introduce the new concept sémantic widththat captures, more accurately than
the well known parametdree-width the size of the minimal AND/OR search
graph. The semantic width can explain the often noted disparity between-the a
tual size of a compiled OBDD and the upper bound exponential in the piath-w

1 Introduction

The primary contribution of this paper consists in usingAIND/OR search spaqear-
adigm [3, 4, 6] to define the new conceptsafimantic widtlof a constraint network. The
well known parameter tree-width is graph based, and thexefannot capture context
sensitive information. This often results in a very loosperbound on the actual com-
plexity of the problem, a typical example being the result@fpilation scheSanDisk
SDCFH-1024-901 1 GB Ultra Il CompactFlash Card mes such d3[@BThe seman-
tic width is based on the notion of equivalent constrainivoeks. The idea is to capture
the intrinsic hardness of a problem by the smallest widthvadgnt network.

2 AND/OR Search Spaces for Constraint Networks

A constraint networkR = (X,D,C) is defined by a set of variableX =
{X1, ..., X, }, their respective finite domaid3 = { Dy, ..., D,, } and a set of constraints
C = {Cy,...,C;}. Each constraint is a pair; = (S;, R;), whereS; C X is the scope
of the relationR;, denoting the allowed combination of values: Té@nstraint graph
has variables as its nodes and edges between variablesiagpedhe same constraint.

Definition 1 (pseudo tree [5]).Given an undirected grapliy = (V, E), a directed
rooted treeT’ = (V, E’) defined on all its nodes is callggseudo treéf any arc of G
which is not included irE” is a back-arc, namely it connects a node to an ancestor.

2.1 AND/OR Search Tree

Given a constraint networR = (X, D, C), its constraint grapléz and a pseudo tree
T of G, the associated AND/OR search tree, dendigdR ), has alternating levels of
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Fig. 1. AND/OR Search Tree

AND and OR nodes. The OR nodes are labeledand correspond to the variables.
The AND nodes are labele@dX;, ;) and correspond to the value assignments in the
domains of the variables. The structure of the AND/OR setrazhis based on the un-
derlying backbone tre&. The root of the AND/OR search tree is an OR node labeled
with the root of7". The children of an OR nod¥; are AND nodes labeled with assign-
ments(X;, z;) that are consistent with the assignments along the path tiennoot,
path(z;) = ((X1,21),(X2,22),...,(Xi—1,2;-1)). The children of an AND node
(Xi,x;) are OR nodes labeled with the children of variafllein the pseudo tre&".

The arcs fromX; to (X;, z;) are associated with appropridtbelsderived from the
constraints irC.

Example 1.Figure 1a shows a constraint network. Figure 1b shows a pstead of
the constraint graph, together with the back-arcs (doitesk). Figure 1¢c shows the
AND/OR search tree based on the pseudo tree, for binaryblasiaand Figure 1d
shows a portion of the labeled tree.

Theorem 1 ([5, 1, 2]).Given a constraint networR and a pseudo tre&' of depthm,
the size of the AND/OR search tree based on(is - exp(m)). A constraint network
of tree-widthw* has an AND/OR search tree of si2én - exp(w* - logn)).

Definition 2 (backtrack-free AND/OR search tree).Given an AND/OR search tree
St(R) whose internal nodes have already been assigned consjstahees of)/1, the
backtrack-free AND/OR search tre€R based orf’, denotedB F'r(R), is obtained by
pruning fromS(R) all inconsistent subtrees.

2.2 AND/OR Search Graphs

It is often the case that a search space that is a tree can bexgraph if identical
nodes are merged, because identical nodes root identarahssubspaces. Sometimes,
two nodes may not look identical, but they might still root ftame search subtrees.

Minimal AND/OR Search Graphs We next characterize the smallest search graph
that may result from merging nodes.

Definition 3 (merging subtrees).Assume a given arc-labeled AND/OR search tree
St(R) and assume two paths in the AND/OR search tree ending by aodesated by
the same assignme(tX;, z;)), s1 = m ((Xi, x;)) s2 = m2((X;, x;)). s1 and s, are
unifiableat (X, z;) iff the arc-labeled search subgraphs rootedsatand s, are identi-
cal. Themergeoperator ,merge,, ,,), transformsSz into a graphS;, by mergings,
with s, at <Xi, l‘i>.



Proposition 1. Given an AND/OR search tree, its closure under AND-mergeyie
unigue fix point calleaninimal AND/OR search graph

Note that we can accommodate an even more general definftioerging of two
AND nodes that are assigned different values from their dopgs long as they root
identically labeled subtrees. Or, we can allow merging of i@des annotated by the
same variable name if they root identical subtrees. Whilé gxtensions are straight-
forward, for clarity we will restrict ourselves to mergingdes having an identical
variable-value assignment.

The Context-Based AND/OR Graph We will now present a general generative rule
for unifying nodes in the AND/OR search graph that yieldsglese bound above. We
denote bylys(T) a linear DFS (depth first search) ordering of a tfee

Definition 4 (induced-width of a pseudo tree).The induced width of relative to
pseudo tred’, wr(G), is the induced-width of the extended graphGofelative toT,
GT, along thedys(T) ordering.

Proposition 2. 1. The minimal induced-width @¥ over all pseudo trees is identical
to the induced-width (tree-width)* of G. 2. The minimal induced-width restricted to
chains is identical to its path-widtpw*.

Let GT™, be the induced graph @7 . Clearly, each variable and its parent set in
GT" is a clique. We associate each variable with its parentraéma.

Definition 5 (parent-separators). Given the induced-graphG””", the parent-
separators ofX denotedpsax, are formed byX and its earlier neighbors irGT"
that are connected to a descendentofn 7.

For every nodeX; in GT”, the parent-separators &f; separate, irG”", the de-
scendants oKX from the rest of the graph. Therefore,

Theorem 2. GivenGT*, Lets; = 7T1(<X1'+1,$¢+1>) ands,; = 7T2(<X7;+1,JJ7;+1>) be
two partial paths of assignments in its AND/OR search feeending with two AND
nodesy; andny both annotated byX; 1, zj;1). If s1[psax,,,] = s2[psax,,,], then
the AND/OR search subtrees rootedsatand s, are identical andr; andn, can be
mergedr(x;)[psax,] is called the context of (x;).

Definition 6 (context minimal AND/OR graph). The AND/OR search graph Gt
relative to the backbone treg that is closed under context-based merge operator is
called context minimal AND/OR graplnd is denoted$.(R ).

Example 2.Consider the example given in Figure 2a to the left. Relativihe (DFS)
pseudo tree given, the context dfis A, of B itis AB, of C itis only BC since its
parentA is not connected to a descendantbin the pseudo tree. The context bfis
D and of E itis E. The context minimal AND/OR search graph is given in Figuse 2

Theorem 3. Given a constraint networlR, its primal graphG, and a pseudo tre@
havingw = wr (G), the size of the context minimal AND/OR search graph baséd on
S%(R),isO(n - k™), whenk bounds the domain size.
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Fig. 2. Context minimal vs. minimal AND/OR graphs

Note that the criterion of merging only identical contex@scautious. There could
be many paths whose contexts are not identical, yet theytmaghidentical subgraphs.

Example 3.Consider the constraint network given in Figure 2a, whe(&, C, D) is
given in the table. We can see tha&tB = 0,C,D) = R(B = 1,C, D). This can
in fact shrink the context of C in the pseudo tree from BC to fQuFe 2b shows the
context minimal graph, and Figure 2c shows the minimal gratere each value o
annotates a single AND node only.

Theorem 4. The context minimal AND/OR search gragh of a graph-models having
a backbone tree with bounded tree-width¢can be generated in output polynomial time
and space) (exp w).

3 On the Uniqueness of the Minimal AND/OR Graph

We have already seen that the minimal AND/OR graph is uniqua fconstraint net-
work, given a backbone pseudo tree. We will now prove a muctersignificant prop-
erty of backtrack-free minimal AND/OR graphs. Namely tHayt are unique for all
equivalent constraint networks given a backbone tree.

Definition 7 (strongly minimal AND/OR graph). Astrongly minimalAND/OR graph
of R relative to pseudo tre€ is the minimal AND/OR graph/(R), that is backtrack-
free, denoted b M1 (R).

We ask: given two equivalent constraint networks représegribe same set of so-
lutions, each having a different constraint graph, arer thigongly minimal AND/OR
search graphs identical? The above question is not welletbfiecause an AND/OR
graph forR is defined only with respect to a backbone pseudo tree. We aantivo
equivalent constraint networks having two different giapiinere a pseudo tree for one
graph may not be a pseudo tree for the other. We ask therefdifeeeent question:
given two equivalent constraint networks and given a baokhioee that is a pseudo
tree for both, is the minimal AND/OR graph relative’founique?

We will answer this question positively quite straightfamaly. We first show that
equivalent networks that share a backbone tree have idébticktrack-free AND/OR
search trees. Since the backtrack-free search trees Wnidetermine their strongly
minimal graphs, the claim follows.



Definition 8 (shared pseudo trees)Given a collection of graphs on the same set of
nodes, we say that the graphs share a pseudo tree T, if T iswalpdece of each of
these graphs. A set of constraint networks on the same satiables share a tree T,
iff their respective constraint graphs share T.

Theorem 5. If R, andR; are two equivalent networks that sh&rethenBFr(R,) =
BFr(Rs2), and it follows thatS M7 (R1) = SMr(R2).

Definition 9 (intersection of search trees)Lets R; and R, be two networks (not nec-
essarily equivalent) sharing a tréE. The intersection of their AND/OR search trees
relative toT', Sr(R1) A St(R2) is an AND/OR search tree based @hthat includes
all and only the common partial paths in both(R;) and St(Rs).

We know that the notion of intersection of constraint netgois well defined.
Moreover, intersecting two equivalent constraint netwoylelds an equivalent con-
straint network whose constraint graph is the union of beplut networks’ graphs.

Corollary 1. Sp(R1 A Rz) = S7(R1) A St (Rs).

Therefore, similar to Montanari’'s notion of minimal binamgtwork of constraints
[7] we can extend this notion relative to pseudo-trees.

Definition 10 (intersection AND/OR search tree forT’). The intersection AND/OR
search tree ofR for T', denoted! Sy (p), whenp is the set of solutions aR, is the
intersection of all AND/OR search trees that sh@rand are equivalent t@.

Proposition 3. Given a constraint network that has a pseudo treg, its backtrack-
free AND/OR search tree is identical to its intersection ANR search tree fofl".
NamelyBFr(R) = IS7(R).

This now motivates a new semantic width concept.

Definition 11 (semantic width). Thesemantic-width ofR relative to a pseudo treg,
denotedswr(R), is defined bywr(R) = mingea, (rywr(G) whereGr(R) are all
the constraint graphs of networks equivalentRothat share the pseudo-trég. The
semantic widthof a constraint networkR, is the minimal semantic-width over all the
pseudo-trees that can express this network.

Computing the semantic width is obviously a hard problemwveleer, the semantic
width can explain why sometimes the minimal AND/OR graphreetare much smaller
than the upper bounds exponential in tree-width or pattwith many cases, there
could be a huge disparity between the tree-widtfiRaind the semantic width alorig

Example 4.Figure 3a shows the two solutions of the 4-queen problem prbiglem is
expressed by a complete graph of tree-width 3, given in EiGbx Figure 3c shows an
equivalent problem, which has tree-width 1. The semantitiwof the 4-queen is 1.

Clearly, if a network has a single solution, its semanticttvigd “0”. Also, for any
R, wr(R) may be far larger thanw,(R) because there may be far sparser ttfan
representations that are equivalenfioln particular, an OBDD’s size is governed by
the best graph representation and not by the input consgrnaiph. We can conclude:
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Fig. 3. The 4-queen problem

Proposition 4. The size of the strongly minimal AND/OR search graph of atcaimé
networkR derived by a pseudo tree T is exponentiaking (R) rather thanwr(R).

Example 5.Consider a constraint network @nvariables such that every two variables
are the equality constrainfX{ = Y). One graph representation is a complete graph,
another is a chain and another is a tree. If the problem idfsggebas a complete graph,
and if we use a linear order, the OBDD will have a linear sizeabse there exists a
representation having a path-width of 1 (rather than n).

4 Conclusion

This paper specializes the AND/OR idea [3, 4, 6] to constnaétworks and elaborates
the properties of AND/OR search graphs. The AND/OR seamh ¢an be bounded
exponentially by the depth of its pseudo tree. The AND/ORdetee can be turned
into a graph at the expense of using more memory, by mergewichl subtrees. The
size of the context minimal AND/OR search graph is expoittithe tree-width. We
also introduced a new graph parameter, seenantic widthwhich characterizes the
size of theminimal AND/OR graphThis parameter can explain why sometimes huge
disparities are noted between the actual result of conmuilatchemes (e.g. OBDDS)
and the usual bound exponential in path-width.
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