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Abstract. The paper is an overview of a recently developed compilation data
structure for graphical models, with specific application to constraint ovéty
The AND/OR Multi-Valued Decision Diagram (AOMDD) augments well known
decision diagrams (OBDDs, MDDs) with AND nodes, in order to captunefu
tion decomposition structure. The AOMDD is based on a pseudo tree of the
network, rather than a linear ordering of its variables. The AOMDD of & co
straint network is a canonical form given a pseudo tree. We describentin
approaches for compiling the AOMDD of a constraint network. The iirattop
down, search-based procedure, that works by applying reductiesito the trace

of the memory intensive AND/OR search algorithm. The second is a botom u
inference-based procedure, that uses a Bucket Elimination sch&duleoth al-
gorithms, the compilation time and the size of the AOMDD are, in the worst case
exponential in thereewidthof the constraint graph, rather thaathwidthas is
known for ordered binary decision diagrams (OBDDs).

1 Introduction

The paper is an overview of AND/OR Multi-Valued Decision Biams (AOMDDS)
as a compiled data structure for constraint networks. Weentehere an extension of
the work in [1], while still maintaining the focus on constrenetworks. AOMDDs for
weighted graphical models and for constraint optimizati@mne presented in [2, 3].

The AOMDD is based on two existing frameworks: (1) AND/ORrshaspaces for
graphical models; (2) decision diagrams. AND/OR searckepfl—6] have proven to
be a unifying framework for various classes of search allgors for graphical models.
The main novelty is the exploitation of independencies leetwariables during search,
which can provide exponential speedups over traditionatcbemethods that can be
viewed as traversing an OR structure. The AND nodes capturiglgm decomposi-
tion intoindependent subproblepand the OR nodes represent branching according to
variable values.

Decision diagrams are widely used in many areas of reseasplcially in software
and hardware verification [7, 8]. A BDD represents a Boolaarcfion by a directed
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acyclic graph with two sink nodes (labeled 0 and 1), and eirggrnal node is labeled
with a variable and has exactly two childrdaw for 0 andhigh for 1. If isomorphic
nodes were not merged, we would have the full setmedhexplored by the backtrack-
ing algorithm. The tree is ordered if variables are encaewtén the same order along
every branch. It can then be compressed by merging isonmorudes (i.e., with the
same label and identical children), and by eliminating retiunt nodes (i.e., whosew
and high children are identical). The result is the celebrateduced ordered binary
decision diagramor OBDD for short, introduced by Bryant [9]. However, theden
lying structure is OR (i.e., linear structure rather thagejr If AND/OR search trees
are reduced by node merging and redundant nodes eliminati@et a compact search
graph that can be viewed as a BDD representation augmentie dND nodes.

This paper shows how to combine the two ideas, creating aidediiagram that
has an AND/OR structure, thus exploiting problem deconmjmrsiAs a detail, the num-
ber of values is also increased from two to any constant. drctintext of constraint
networks, decision diagrams can be used to represent thie wéibof solutions, facil-
itating solutions count, solution enumeration and quesiegquivalence of constraint
networks. The benefit of moving from OR structure to AND/ORrisa lower com-
plexity of the algorithms and size of the compiled structuteypically moves from
being bounded exponentially pathwidthpw*, which is characteristic to chain decom-
positions or linear structures, to being exponentiallyrmed intreewidthw*, which is
characteristic of tree structures (it always holds that< pw* andpw* < w* - logn).

In both cases, the compiled structure achieved in practio&tén far smaller than what
the bounds suggest.

A decision diagram offers a compilation of a propositionabWledge-base. A
multi-valued AND/OR decision diagram extends compilatogeneral graphical mod-
els. Theknowledge compilatioapproach has become an important research direction
in automated reasoning in the past decades [10-12]. Tyypieaknowledge represen-
tation language is compiled into a compact data structurghach various queries can
be answered quickly. Accordingly, the computational effcan be divided between
an offline and anonline phase where most of the work is pushed offline. Compilation
can also be used to generate compact building blocks to liehysenline algorithms
multiple times. Macro-operators compiled during or priorsearch can be viewed in
this light [13], while in graphical models the building bkscare the functions whose
compact, compiled, representation can be used effectaglyss many tasks.

As one example, consider product configuration tasks andjiimaa user that
chooses sequential options to configure a product. In a gs&®m, the user would
be allowed to choose any valid option at the current levetbamly on the initial con-
straints, until either the product is configured, or elseemwh dead-end is encountered,
the system would backtrack to some previous state and emrtiom there. This would
in fact be a search through the space of possible partialgraations. Needless to say,
it would be very unpractical, and would offer the user no guége of finishing in a
limited time. A system based on compilation would actualljid the backtrack-free
search space in the offline phase, and represent it as cdynpagiossible. In the on-
line phase, only valid partial configurations (i.e., thamh ¢ extended to a full valid



configuration) are allowed, and depending on the query tygsmonse time guarantees
can be offered in terms of the size of the compiled structure.

Numerous other examples, such as diagnosis and plannibteprs can be formu-
lated as graphical models, and for which compilation wowddubeful. Compilation in
diagnosis can facilitate fast detection of possible faat&sxplanations for some unusual
behavior. In planning, compilation would allow swift adjoents according to changes
in the environment. Probabilistic models are one of the migst types of graphical
models, and the basic query is to compute conditional piitiead of some variables
given the evidence. A compact compilation of a probabdistiodel would allow fast
response for any change in the evidence along time. Formifice¢ion is another ex-
ample where compilation is heavily used to compare equieaef circuit design, or
to check the behavior of a circuBinary Decision Diagran{BDD) [9] are arguably the
most widely known and used compiled structure.

Our AOMDD proposal is related to two earlier research lindhiw the BDD lit-
erature. The first is the work on Disjoint Support Decomposg (DSD) [14], investi-
gated within the area of design automation [15], that weop@sed as enhancements
for BDDs aimed at exploiting function decomposition. Thea®d is the work on BDD
trees [16]. Another related proposal is the recent work hgieaand Vilarem [17] on
compiling CSPs into tree-driven automata. We will commenteron the relationship
between these work and AOMDD in the related work section.

The structure of the paper is as follows. Section 2 providegteliminaries. Section
3 gives and overview of AND/OR search spaces. Section 4dattes the AOMDD and
Section 5 shows that it is a canonical form for constraimvoeks. Section 6 describes
a search based algorithm for compiling the AOMDD. Sectiomegpnts a compilation
algorithm based on a Bucket Elimination schedule andh#reLy operation. Section 8
presents related work and Section 9 concludes.

2 Preliminaries

A constraint network and its associated graph are defindtkinsual way:

Definition 1 (constraint network). A constraint networks a 3-tupleR = (X, D, C),
where: X = {X;,...,X,} is a set of variablesD = {D;,...,D,} is the set of
their finite domains of values, with cardinalitiés = |D;| andk = max], k; ; C =
{C1,...,C,} is a set of constraints over subsetsXf Each constraint is defined as
C = (S;, R;), whereS; is the set of variables on which the constraint is definededal
its scope, and?; is the relation defined of;.

Definition 2 (constraint graph). The constraint graphor primal graph) of a con-
straint network is an undirected grapty, = (X, E), that has variables as its vertices
and an edge connecting any two variables that appear in tbpes¢set of arguments)
of the same constraint.

A pseudo tree resembles the tree rearrangements introdufks):

Definition 3 (pseudo tree).A pseudo tre@f a graphG = (X, E) is a rooted treel’
having the same set of nod&s such that every arc irE is a backarc in7 (i.e., it
connects nodes on the same path from root).
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Fig. 1. Boolean function representation and reduction rules

Definition 4 (induced graph, induced width, treewidth, pathwidth). An ordered
graphis a pair (G,d), whereG is an undirected graph, and = (Xy,..., X,,) is an
ordering of the nodes. Theidth of a noddn an ordered graph is the number of neigh-
bors that precede it in the ordering. Thedth of an orderingl, denotedw(d), is the
maximum width over all nodes. Tieduced width of an ordered graph*(d), is the
width of the induced ordered graph obtained as follows: factenode, from last to first
in d, its preceding neighbors are connected in a clique. iRlseiced width of a graph
w*, is the minimal induced width over all orderings. The indliggdth is also equal
to thetreewidthof a graph. Thepathwidthpw* of a graph is the treewidth over the
restricted class of orderings that correspond to chain depositions.

2.1 Binary Decision Diagrams Review

Decision diagrams are widely used in many areas of researgptesent decision pro-
cesses. In particular, they can be used to represent fasciimue to the fundamental im-
portance of Boolean functions, a lot of effort has been deditto the study dBinary
Decision DiagramgBDDs), which are extensively used in software and hardware
ification [7, 8]. Bryant [9] introduced th®rdered Binary Decision DiagranOBDD).
The order of variables along any path of an OBDD is the sam&¥3provide a com-
pact representation and efficient operations @pply procedure, that combines two
OBDDs by an operation is at most quadratic in the sizes ofrthetidiagrams).

Example 1.Figure 1(a) shows a table representation of a Boolean famcé binary

tree representation is shown in Figure 1(b). The internahdnodes represent the vari-
ables, the solid edges are the 1 (or high) value, and theddettges are the 0 (or low)
value. The leaf square nodes show the value of the functioegfoh assignment along
a path. The tree is ordered, because variables appear iartteeader along each path.

There are two reduction rules that transform a decisionrdiagnto an equivalent
one:(1) isomorphismmerge nodes that have the same label and the same chil@yen;
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redundancy:eliminate nodes whose low and high edges point to the same, o
connect parent of removed node directly to child of removeden Applying the two
reduction rules exhaustively yieldseducedOBDD, sometimes denoted rOBDD. We
will just use OBDD and assume that it is completely reduced.

Example 2.Figure 1(c) shows the binary tree from 1(b) after the isorhirperminal
nodes have been merged. The highlighted nodes, labeledOwiine isomorphic, and
Figure 1(d) shows the result after they are merged. Now, itifidighted nodes labeled
with C and B are redundant, and removing them gives the OBDHgare 1(e).

2.2 Bucket Elimination Review

Bucket Elimination BE) [19] is a well known variable elimination algorithm for ierf
ence in graphical models. An orderidg= (X1, X»,...,X,,) of the variables guides
the execution oBE. Each variable is associated with a bucket. Each constiraimnt
C is placed in the bucket of its latest variablednBuckets are processed frak, to
X by eliminating the bucket variable (the constraints regjdn the bucket are joined
together, and the bucket variable is projected out) andrgate resulting constraint
(also callednessaggin the bucket of its latest variable ih After its executionBE ren-
ders the network backtrack free, and a solution can be peating assigning variables
alongd. BE can also produce the solutions count if marginalizatioroisedby summa-
tion (rather than projection) over the functional repréaton of the constraints, and
join is substituted by multiplication.

BE also constructs a bucket tree, by linking the bucket of €acto the destination
bucket of its message (called the parent bucket). A nodeeibvticket tree typically has
a bucket variablea collection of constraintsand ascope(the union of the scopes of
its constraints). If the nodes of the bucket tree are regldgetheir respective bucket
variables, it is easy to see that we obtain a pseudo tree abtiraint graph.

Example 3.Figure 2(a) shows a network with four constraints. Figuog@ahows the
execution of Bucket Elimination along= (A, B, E, C, D). The buckets are processed
from D to A 3. Figure 2(c) shows the bucket tree. The pseudo tree comdaympto the
orderd is given in Fig. 3(a).

% Figure 2 reverses the top down bucket processing described in geaiers.
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Fig. 3. AND/OR search tree

3 Overview of AND/OR Search Space for Constraint Networks

The AND/OR search space is a recently introduced [4-6] umdfyframework for
advanced algorithmic schemes for graphical models. Itsnmaatue consists in ex-
ploiting independencies between variables during seavhlth can provide exponen-
tial speedups over traditional search methods obliviouprtblem structure. Since
AND/OR Multi-Valued Decision Diagrams are based on AND/Qfareh spaces, we
provide a comprehensive overview for completeness sake.

3.1 AND/OR Search Tree

The AND/OR search tree is guided by a pseudo tree of the @nsgraph. The idea
is to exploit the problem decomposition into independetpsoblems during search.
Assigning a value to a variable (conditioning) is equivaiergraph terms to removing
that variable (and its incident edges) from the constra@ply. A partial assignment can
therefore lead to the decomposition of the residual coimstggaph into independent
components, each of which can be searched (or solved) selyafehe pseudo tree
captures precisely all these decompoaositions, given arr ofderiable instantiation.

Definition 5 (AND/OR search tree of a constraint network).Given a constraint net-
workR = (X, D, C), its constraint graphG and a pseudo tre& of GG, the associated
AND/OR search tree has alternating levels of OR and AND notles OR nodes are
labeledX; and correspond to variables. The AND nodes are labékd «;) and cor-
respond to value assignments. The structure of the AND/@RIs&ee is based off .
The root is an OR node labeled with the rootZof The children of an OR nod¥; are
AND nodes labeled with assignmeii§;, ;) that are consistent with the assignments
along the path from the root. The children of an AND nddg, «,;) are OR nodes la-
beled with the children of variabl&’; in the pseudo tre& . The leaves of AND nodes
are labeled with “1". There is a one to one correspondencengen solution subtrees
of the AND/OR search graph and solutions of the constraitwoek [4].

Example 4.Figure 3 shows an example of an AND/OR search tree for theticons

network given in Figure 2(a), assuming all tuples are coestsand variables are binary
valued. When some tuples are inconsistent, some of the pathe tree do not exists.
Figure 3(a) gives the pseudo tree that guides the searchtéto bottom, as indicated



by the arrows. The dotted arcs are backarcs from the prinaglhgFigure 3(b) shows
the AND/OR search tree, with the alternating levels of ORc{e) and AND (square)
nodes, and having the structure indicated by the pseudo tree

The AND/OR search tree can be traversed by a depth first satgohithm, thus
using linear space. It was already shown [18, 20, 21, 4, &] tha

Theorem 1. Given a constraint networlR and a pseudo tre& of depthm, the size
of the AND/OR search tree based Bnis O(n k™), wherek bounds the domains of
variables. A constraint network of treewidth* has a pseudo tree of depth at most
w* log n, therefore it has an AND/OR search tree of gixg: k" 1°87),

The AND/OR search tree expresses the set of all possiblgrements to the prob-
lem variables (all solutions). The difference from the itiadal OR search space is that
a solution is no longer a path from root to a leaf, but ratherdree, defined as follows:

Definition 6 (solution subtree).A solution subtreef an AND/OR search tree contains
the root node. For every OR nodes it contains one of its ctoldies and for each of its
AND nodes it contains all its child nodes, and all its leaf esdre consistent.

3.2 AND/OR Search Graph

The AND/OR search tree may contain nodes that root idertmadiitioned (on the cur-
rent path assignment) subproblems. These nodes are saididibble When unifiable
nodes are merged, the search space becomes a graph. Itecimeels smaller at the
expense of using additional memory by the search algoriffime. depth first search
algorithm can therefore be modified to cache previously ageibresults, and retrieve
them when the same nodes are encountered again. The notiorifiable nodes is
defined formally next.

Definition 7 (minimal AND/OR graph, isomorphism). Two AND/OR search graphs
G and G’ are isomorphicif there exists a one to one mappiadgrom the vertices ofr
to the vertices of+’ such that for any vertex, if o(v) = v/, thenv and’ root identical
subgraphs relative te. Theminimal AND/OR graphis such that all the isomorphic
subgraphs are merged. Isomorphic nodes (that root isoniorphbgraphs) are also
said to beunifiable

Theorem 2 ([6]). The minimal AND/OR search graph of a constraint netwBrkela-
tive to a pseudo-tre€ is unique.

Note that the definition of minimality in [6] is based only @@morphism reduction.
We extend it by also eliminating the redundant nodes. Théqus theorem only shows
that given an AND/OR graph, the merge operator has a fixed,pelrich is the minimal
AND/OR graph. It can be shown that the AOMDD is a canonicatesegntation (given
a pseudo tree), namely that any two equivalent constratmtanks can be represented
by the same unique AOMDD, and the AOMDD is minimal in terms wifitber of nodes.

Some unifiable nodes can be identified based on dugitextsWe can define graph
based contexts for both OR nodes and AND nodes, just by esiptethe set of ancestor



variables in7 that completely determine a conditioned subproblem. Hewet/can be
shown that using caching based on OR contexts makes caciseg lon AND contexts
redundant and vice versa, so we will only @R cachingAny value assignment to the
context of X separates the subproblem belaiMrom the rest of the network.

Definition 8 (OR context). Given a pseudo treg of an AND/OR search space,
context(X) = [X;...X,] is the set of ancestors of in 7, ordered descendingly,
that are connected in the primal graph 6 or to descendants of .

Definition 9 (context unifiable OR nodes)Given an AND/OR search graph, two OR
nodesn; andn, are context unifiablef they have the same variable lah&l and the
assignments of their contexts is identical. Namely;,ifis the partial assignment of
variables along the path ta;, and 75 is the partial assignment of variables along
the path ton,, then their restriction to the context of is the samen: |contert(x) =

2 ‘contm:t(X) .

The depth first search algorithm that traverses the AND/Cdcketree, can be
modified to traverse a graph, if enough memory is availabke cddld allocate a cache
table for each variablé, the scope of the table beingntext(X). The size of the
cache table forX is therefore the product of the domains of variables in itstext.
For each variabl&, and for each possible assignment to its context, the quyneling
conditioned subproblem is solved only once and the compuaiek is saved in the
cache table, and whenever the same context assignmenbisrgaed again, the value
of the subproblem is retrieved from the cache table. SucHgarithm traverses what
is called thecontext minimal AND/OR graph

Definition 10 (context minimal AND/OR graph). The context minimal AND/OR
graph is obtained from the AND/OR search tree by merginghadl ¢ontext unifiable
OR nodes.

It was already shown that [20, 4, 6]:

Theorem 3. Given a constraint networlR, its primal graphG and a pseudo tre&,
the size of the context minimal AND/OR search graph base@,aand therefore the
size of its minimal AND/OR search graph(¢én k7 (%)), wherew?- (G) is the induced
width of G over the depth first traversal af, andk bounds the domain size.

Example 5.We refer again to Figure 3. Figure 3(a) shows the pseudoreere the
(OR) context of each node appears in square brackets. Nbtitéhe context of a node
is identical to the message scope from its bucket in Fig.dur€i 3(c) shows the context
minimal AND/OR graph.

4 AND/OR Multi-Valued Decision Diagram (AOMDD)

Thecontext minimaAND/OR graph (Definition 10) offers an effective way of idiyt
ing some unifiable nodes during the execution of the seagairithm. Namely, context
unifiable nodes are discovered based only on their pathstfiemoot, without actually



solving their corresponding subproblems. However, merdiased on context is not
complete, which means that there may still exist unifiabldesoin the search graph
that do not have identical contexts. Moreover, some of tlieaadn the context mini-

mal AND/OR graph may be redundant, for example when the sstlafions rooted at

variable X; does not depend on the specific value assigned;t(this situation is not

detectable based on context). This is sometimes termea@schangeable values” or
“symmetrical values”.

We propose to augment the minimal AND/OR search graph wittoxéng redun-
dant variables as is common in OBDD representation, as wédl adopt notational con-
ventions common in this community. This yields a data stmecthat we call AND/OR
BDD, that exploits decomposition by using AND nodes. We pnéshe extension over
multi-valued variables yielding AND/OR MDD or AOMDD. Sulxpeently we present
two algorithms for compiling the canonical AOMDD of a comstit network: the first
is search based, and uses the memory intensive AND/OR geapbhsto generate the
context minimal AND/OR graph, and then reduces it bottom yafplying reduction
rules; the second is inference based, and uses a Buckengtion schedule to com-
bine the AOMDDs of initial functions bypPpPLY operations (similar to thapply for
OBDDs). Both approaches have the same worst case compdexditye AND/OR graph
search with context based caching, and also the same catygle:Bucket Elimination,
namely time and space exponential in the treewidth of thblpro,O(n k*").

4.1 From AND/OR Search Graphs to Decision Diagrams

We will now show how we can process an AND/OR search graph thyatéon rules
similar to the case of OBDDs, in order to obtain a represeantaif minimal size. In
the case of OBDDs, a node is labeled with a variable nameximeple A, and thdow
(dotted line) andhigh (solid line) outgoing arcs capture the restriction of thedtion

to the assignmentsl = 0 or A = 1. To determine the value of the function, one
needs to follow either one or the other (but not both) of thigoing arcs fromA. The
straightforward extension of OBDDs to multi-valued vatesb(multi-valued decision
diagrams, or MDDs) was presented in [22].

We generalize the OBDD and MDD representations by allowanheoutgoing arc
to be an AND arc. An AND arc connects a node to a set of nodescaptlires the
decomposition of the problem into independent components.

We define the AND/OR Decision Diagram representation barg®tND/OR search
graphs. We find it useful to introduce theeta-nodelata structure, which defines small
portions of any AND/OR graph, based on an OR node and its ANIdrem:

Definition 11 (meta-node)A meta-node: in an AND/OR search graph of a constraint
network consists of an OR node label&d(thereforevar(u) = X) and itsk AND
children labeledz, . . ., x, that correspond to the value assignmentskofEach AND
node labeled:; stores a list of pointers to child meta-nodes, denoted.byildren;.

We also define two special meta-nodes, that will play theabtbe terminal nodes
in OBDDs. The terminal meta-nodkndicates the inconsistent assignments, while the
terminal meta-nodé indicates the consistent ones.



Any AND/OR search graph can now be viewed as a diagram of madas, simply
by grouping OR nodes with their AND children, and adding terinal meta-nodes
appropriately.

It is now easy to see when a variable is redundant with regpebe outcome of
the function based on the current partial assignment.timély, any assignment to a
redundant variable should lead to the same set of solutions.

Definition 12 (redundant meta-node)Given an AND/OR search graghrepresented
with meta-nodes, a meta-nodewith var(u) = X and|D(X)| = k is redundaniff
u.childreny = ... = u.childreny, .

An AND/OR graphg, that contains a redundant meta-nedean be transformed
into an equivalent grap8’ by replacing any incoming arc into with its common list
of childrenu.children; (joined in an AND arc), and then removingand its outgoing
arcs fromg.

The notion of isomorphism is extended naturally from AND/@QRphs to meta-
nodes.

Definition 13 (isomorphic meta-nodes)Given an AND/OR search graph repre-
sented with meta-nodes, two meta-nodesd v havingvar(u) = var(v) = X and
|D(X)| = k areisomorphiciff w.children; = v.children;, Vi € {1,...,k}.

Naturally, the AND/OR graph obtained by merging isomorphieta-nodes is
equivalent to the original one. We can now define the AND/ORtMIalued Decision
Diagram:

Definition 14 (AOMDD). An AND/OR Multi-Valued Decision Diagram (AOMDD) is
a weighted AND/OR search graph that is completely reduceiddmorphic merging
and redundancy removal, namely:

(1) it contains no isomorphic meta-nodes; and

(2) it contains no redundant meta-nodes.

5 AOMDDs for Constraint Networks Are Canonical Forms

It is well known that OBDDs are canonical representationBaflean functions given
an ordering of the variables [9], and this property extendgDDs [22]. In the case of
AOBDDs and AOMDDs, the canonicity is with respect to a psetrde, following the
transition from total orders (that correspond to a lineaeoing) to partial orders (that
correspond to a pseudo tree ordering).

Proposition 1. Let f be a function, not always zero, defined by a constraint né¢wor
overX. Given a partition{ X!, ... X™} of the set of variableX (namely X‘NXJ =
6,Vi # j,andX = U X, if f = fi®@...0 fnandf = g1 ® ... @ gm,
such thatscope(f;) = scope(g;) = X' forall i € {1,...,m}, thenf, = g, for all

i € {1,...,m}. Namely, iff can be decomposed over the given partition, then the
decomposition is unique.



Based on the previous proposition, in can be shown that AOBIRID constraint
networks are canonical representations given a pseudo tree

Theorem 4 (AOMDDs are canonical for a given pseudo tree)Given a constraint
network, and a pseudo treég of its constraint graph, there is a unique (up to isomor-
phism) AOMDD that represents it, and it has the minimal nunabeneta-nodes.

The proof, omitted for space reasons, is by structural itidnover the depth of the
pseudo tree.

A constraint network is defined by its relations (or funcghrThere exist equivalent
constraint networks that are defined by different sets aftions, even having different
scope signatures. However, equivalent constraint netwdedfine the same function,
and we can ask if the AOMDD of different equivalent constraietworks is the same.
The following theorem can be derived immediately from Tleeo#.

Theorem 5. Two equivalent constraint networks that admit the same qséree 7
have the same AOMDD based Bn

6 Using AND/OR Search to Generate AOMDDs

In Section 4.1 we described how we can transform an AND/ORlgiiato an AOMDD
by applying reduction rules. In Section 6.1 we describe Hpdigt algorithm that takes
as input a constraint network, performs AND/OR search withtext-based caching to
obtain the context minimal AND/OR graph, and in Section 6e2give the procedure
that applies the reduction rules bottom up to obtain the A@MDhe reduction proce-
dure can actually be incorporated in the search algorithrhwe present it separately
for clarity.

6.1 Algorithm AND/OR-SEARCH-AOMDD

Algorithm 1, called AND/OR-&ARCH-AOMDD, compiles a constraint network into
an AOMDD. A memory intensive (with context-based cachindJXOR search is
used to create the context minimal AND/OR graph (see De&fmifi0). The input to
AND/OR-SEARCH-AOMDD is a constraint networiR and a pseudo treg, that also
defines the OR-context of each variable.

Each variableX; has an associated cache table, whose scope is the conféxirof
7. This ensures that the trace of the search is the contexhmaiAND/OR graph. A
list denoted byLX: (see line 34), is used for each variabie to save pointers to meta-
nodes labeled witlX ;. These lists are used by the procedure that performs therbott
up reduction, per layers of the AND/OR graph (one layer dastall the nodes labeled
with one given variable). The fringe of the search is mairgdion a stack calle@PEN.
The current node (either OR or AND node) is denotedhbits parent byp, and the
current path byr,. The children of the current node are denotedsbycessors(n).
For each node, the Boolean attributeonsistent(n) indicates if the current path can
be extended to a solution. This information is useful fompng the search space.



Algorithm 1: AND/OR SEARCH - AOMDD
input 'R = (X, D, C); pseudo tred rooted atX ; parentgpa; (OR-context) for every variable
i
output  : AOMDD of R.
1 forall X; € X do
2 L Initialize context-based cache talflezche x; (pa;) with null entries
3 Create newO R nodet, labeled withX;; consistent(t) < true; pusht on top ofOPEN
4 while OPEN # ¢ do
5 n < top(OPEN); removen from OPEN /1 Forward
6 successors(n) «— ¢
7 if n is an OR node labeled witl; then /1 OR-expand
8 if Cachex, (asgn(my)[pa;]) # null then
9 | Connect parent of to Cachex, (asgn(mn)[pa:]) /1 Use the cached pointer
10 else
11 forall z; € D; do
12 Create newA N D nodet, labeled with(X;, z;)
13 if (X,,x;) isconsistent with 7r,, then /| Constraint Propagation
14 consistent(t) «— true
15 addt to successors(n)
16 else
17 consistent(t) «— false
18 make terminaD the only child oft
19 if nis an AND node labeled withX;, z;) then /1 AND- expand
20 if childrenr(X;) == ¢ then
21 | make terminall the only child ofn
22 else
23 forall Y € childrens(X;) do
24 Create newO R nodet, labeled withY”
25 consistent(t) «— false
26 addt to successors(n)
27 Add successors(n) to top of OPEN
28 while successors(n) == ¢ do /1 Backtrack
29 let p be the parent af
30 if nis an OR node labeled witi'; then
31 if X; == X3 then I/ Search is conplete
32 L Call Bot t omJpReduct i on procedure // begin reduction to AOVDD
33 Cache(asgn(my)[pai]) < n /1 Save in cache
34 Add meta-node ofi to the listZ, X
35 consistent(p) < consistent(p) A consistent(n)
36 if consistent(p) == false then /1 Check if p is dead-end
37 removesuccessors(p) from OPEN
38 successors(p) «— ¢
39 if nis an AND node labeled withX;, z;) then
40 | consistent(p) « consistent(p) V consistent(n);
41 removen from successors(p)
42 n <« P

The algorithm is based on two mutually recursive st&psward (beginning at line
5) andBacktrack (beginning at line 28), which call each other (or themséluesil the
search terminates. In the forward phase, the AND/OR grapkganded top down. The
two types of nodes, AND and OR, are treated differently agiogrto their semantics.

Before an OR node is expanded, the cache table of its vaiimbleecked (line 8).
If the entry is notaull, a link is created to the already existing OR node that rdus t
graph equivalent to the current subproblem. OtherwiseRenode is expanded by



generating its AND descendants. Each vatyef X, is checked for consistency (line
13). Any level of constraint propagation can be performetthisistep (e.g., look ahead,
arc consistency, path consistency, i-consistency ethg.cbmputational overhead can
increase, in the hope of pruning the search space more aggigsWe should note
that constraint propagation is not crucial for the alganttand the complexity guar-
antees are maintained even without it. The consistent ANizs@re added to the list
of successors af (line 15), while the inconsistent ones are linked to the teaind
meta-node (line 18).

An AND noden labeled with(X;, «;) is expanded (line 19) based on the structure
of the pseudo tree. IX; is a leaf in7, thenn is linked to the terminal meta-node (line
21). Otherwise, an OR node is created for each child pin 7 (line 23).

The forward step continues as long as the current node isdes@end and still has
unevaluated successors. The backtrack phase is triggéedanode has an empty set
of successors (line 28). Note that, as each successor isgz@d, it is removed from the
set of successors in line 41. When the backtrack reachesdhdine 31), the search is
complete, the context minimal AND/OR graph has been geaéraind the Procedure
BoTTOMUPREDUCTION s called.

When the backtrack step processes an OR node (line 30), it saygointer
to it in cache, and also adds a pointer to the corresponding-nade to the list
LXi. The consistent attribute of the AND parenp is updated by conjunction with
consistent(n). If the AND parentp becomes inconsistent, it is not necessary to check
its remaining OR successors (line 37). When the backtragk tecesses an AND
node (line 39), theonsistent attribute of the OR parent is updated by disjunction
with consistent(n).

The AND/OR search algorithm usually maintains a value fartheaode, corre-
sponding to a task that is solved (e.g., counting solutionsost of the optimal so-
lution). We did not include values in our description be@aas AOMDD is just an
equivalent representation of the original constraint ioekwik. Any task overR can
be solved by a traversal of the AOMDD. It is however up to therus include more
information in the meta-nodes (e.g., number of solutiomafsubproblem).

6.2 Reducing the Context Minimal AND/OR Graph to an AOMDD

ProcedureBot t omJpReduct i on processes the variables bottom up relative to the
pseudo tre¢/". We use the depth first traversal orderingZof(line 1), but any other
bottom up ordering is as good. The oufier loop (starting at line 2) goes through each
level of the context minimal AND/OR graph (where a level @ns$ all the OR and
AND nodes labeled with the same variable, in other words ittaias all the meta-
nodes of that variable). For efficiency, and to ensure thepbexity guarantees, a hash
table, initially empty, is used for each level. The inf@rloop (starting at line 4) goes
through all the meta-nodes of a level, that are also saveaubfaters to them are saved)
in the list L. For each new meta-nodein the list L*¢, in line 5 the hash tablél is
checked to verify if a node isomorphic withalready exists. If the hash tahbt€ already
contains a nodg corresponding to the hash k&¥;, n.children, ..., n.childreny,),
thenp andn are isomorphic and should be merged. Otherwise, if the neta-maden



ProcedureBot t onlJpReduct i on
input : A constraint networkR = (X, D, C); a pseudo tre€ of the primal graph, rooted at’; ;
Context minimal AND/OR graph, and lis&s¢ of meta-nodes for each leva(;.
output : AOMDD of R.
1 Letd = {X1,...,X,} bethe depth first traversal orderingdf
2 for i «— n downto1do
Let H be a hash table, initially empty
forall meta-nodesa in LXi do
if H(X;,n.childreni,...,n.childreny,) returns a meta-nodp then
| mergen with p in the AND/OR graph

else ifn is redundanthen
| eliminaten from the AND/OR graph

else
hashn into the table H:
H(X;,n.children, ..., n.childreny,) «n

POWOW ON OO~ W

e

12 return reduced AND/OR graph

is redundant, then it is eliminated from the AND/OR grapmdhe of the previous two
conditions is met, then the new meta-nads hashed into the tablg.

Proposition 2. The output of Procedur@ot t omJpReduct i on is the AOMDD ofR
along the pseudo tre&, namely the resulting AND/OR graph is completely reduced.

Note that we explicated ProceduBst t omUpReduct i on separately only for
clarity. In practice, it can actually be included in Algdnih AND/OR-SEARCH-
AOMDD, and the reduction rules can be applied whenever thechebacktracks. We
can maintain a hash table for each variable, during the ANR#€arch, to store pointers
to meta-nodes. When the search backtracks out of an OR nad®, #iready check the
redundancy of that meta-node, and also look up in the ha$h talcheck for isomor-
phism. Therefore, the reduction of the AND/OR graph can breediuring the AND/OR
search, and the output will be the AOMDD &f.

From Theorem 3 and Proposition 2 we can conclude:

Theorem 6. Given a constraint networR and a pseudo treg of its constraint graph
G, the AOMDD ofR corresponding t&@ has size bounded Wy (n £*7(%)) and it can
be computed by AlgorithND/OR-SEARCH-AOMDD in timeO(n k%7 (%)), where
wk(Q) is the induced width off over the depth first traversal af, andk bounds the
domain size.

7 Using Bucket Elimination to Generate AOMDDs

In this section we propose to use a Bucket EliminatiBE) type algorithm to guide
the compilation of a constraint network into an AOMDD. Theadis to express the
constraints as AOMDDs, and then combine them viaaheLy operator by following
aBE schedule. ThePPLY is a procedure very similar to that from OBDDs [9], but it
is adapted to AND/OR search graphs. It takes as input twoti@nts represented as
AOMDDs based on the same pseudo tree, and outputs theigjsimrepresented as an
AOMDD based on the same pseudo tree.
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Fig. 4. (a) Constraint graph fo€ = {C4,...,Cy}, whereC;, = FV H,C, = AV —H,
C3=A®B&®G Cy=FVG Cs=BVF,Ceg=AVEC;,=CVECs=Ca&D,
Cy = BV C; (b) Pseudo tree (bucket tree) for orderihg- (A, B,C, D, E, F,G, H)
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Fig. 5. Execution of VE with AOMDDs

Example 6.Consider the constraint network defined By= {A,B,...,H}, Da =

... = Dy = {0,1} and the constraints (where denotes XOR)C; = F V H,
Oy = A\/"H,Cg = A®B3G,CyL = FVG Cs =BVEF,Cg = AV E,
C;=CVE,Cs=Ca®D,Cy=BVC.The constraint graph is shown in Figure 4(a).
Consider the orderind = (A, B,C, D, E, F,G, H). The pseudo tree (or bucket tree)
induced byd is given in Fig. 4(b). Figure 5 shows the executiorB& with AOMDDs
along orderingl. Initially, the constraints”; throughCy are represented as AOMDDs
and placed in the bucket of their latest variabld.ifhe scope of any original constraint
always appears on a path from root to a leaf in the pseudolthegefore, eachriginal
constraint is represented by an AOMDD based on a chain.tieee is no branching
into independent components at any point). The chain isliestcope of the constraint,
ordered according td. For bi-valued variables, the original constraints areesented
by OBDDs, for multiple-valued variables they are MDDs. Ndtat we depict meta-



Fig. 6. (a) The final AOMDD; (b) The OBDD corresponding &o

nodes: one OR node and its two AND children, that appearénsath gray node. The
dotted edge corresponds to the 0 value {thveedge in OBDDs), the solid edge to the
1 value (thehigh edge). We have some redundancy in our notation, keepingAi¢th
value nodes and arc-types (doted arcs from “0” and solidfanos “1").

TheBE scheduling is used to process the buckets in reverse orderobucket is
processed bjoining all the AOMDDs inside it, using thePpPLY operator. However, the
step of elimination of the bucket variable is omitted beeaus want to generate the full
AOMDD. In our example, the messages = C; x Cy andms = C3 < Cy are still
based on chains, so they are still OBDDs. Note that theycstittain the variable&l
andG, which have not been eliminated. However, the message- Cs < my 1 mo
is not an OBDD anymore. We can see that it follows the strectdithe pseudo tree,
whereF' has two childrenG and H. Some of the nodes correspondingidave two
outgoing edges for value 1.

The processing continues in the same manner. The final oafpgbe algorithm,
which coincides withmy, is shown in Figure 6(a). The OBDD based on the same or-
deringd is shown in Fig. 6(b). Notice that the AOMDD has 18 nonterrhmades and
47 edges, while the OBDD has 27 nonterminal nodes and 54 edges

7.1 Algorithm BE-AOMDD

Algorithm 2, called BE-AOMDD, creates the AOMDD of a consttanetwork by
using aBE schedule fomPPLY operations. Given an orddrof the variables, a pseudo
tree is created based on the constraint graph (this is jadiubket tree, or elimination
tree ofd). Each initial constrainC; is then represented as an AOMDD, denoted by
gg{?mdd, and placed in its bucket. To obtain the AOMDD of a constraistscope is
ordered according td, a search tree (based on a chain) that repreggrissgenerated,
and then reduced by Procediet t omJpReduct i on. Then, the algorithm proceeds
exactly like BE, with the only difference that the join of constraints (repented as
AOMDDSs) is realized by thexppLY algorithm, and variables are not eliminated but
carried around to the destination bucket. The message®betiuckets are initialized
with the dummy AOMDD oft, denoted by;¢°™44, which is neutral for join.



Algorithm 2: BE-AOMDD

input : Constraint networkR = (X, D, C), whereX = {X4, ..., X}, C={Cq,...,Cr};
orderd = (X1,...,Xp)

output  : AOMDD representing<;cr C;

Let 7 be the pseudo tree (bucket tree) corresponding tior ¢ <— 1tordo// place constraints

in buckets

=

2 | placeGg?™? inthe bucket of its latest variable ih

3 for i «— ndownto1 do /1 process buckets
4 message(X;) — ggomdd /] initialize with AOMDD of 1;
5 while bucket(X;) # ¢ do // conbine AOVDDs in bucket of X;
6 pick Q}W”dd from bucket(X;);

7 bucket(X;) «— bucket(X;) \ {g}”’"dd};

8 message(X;) < APPLY(message(X;), g‘;”mdd)

9 addmessage(X,) to the bucket of the parent of; in 7

10 return message(X1)

Fig. 7.Example ofappLY operation

7.2 The AOMDD APPLY Operation

The apply operator takes as input two AOMDDs representingsitaintsC; and Cy
and returns an AOMDD representing their jaiih > Cs. In OBDDs theapply oper-
ator combines two input diagrams based on the same variathéging. Likewise, in
order to combine two AOMDDs we assume that they are basedesaine pseudo
tree. This restriction is satisfied when we userLY to combine the constraints in the
same bucket of thBE based algorithm. There are also more relaxed versiappty,
when the pseudo trees of the two input constraints need @dgtpatible rather than
identical. Intuitively, this means that the pseudo treesegate partial orders (based on
descendance relation) that are not in conflict. For spacnsa we will not present
the details of thesPpPLY algorithm here, but refer the reader to [1]. We will just fisie
describe it by an example.

Example 7.Figure 7 shows the result of combining two Boolean functiopsn AND
operation (or product). The input functiofisandg are represented by AOMDDs based
on chain pseudo trees, while the results is based on the pdesrl that expresses
the decomposition after variablesand B are instantiated. ThePPLY operator per-
forms a depth first traversal of the two input AOMDDs, and gates the resulting
AOMDD based on the output pseudo tree. Similar to the caseB#» 0¥, a function
or an AOMDD can be identified by its root meta-node. In thisregke the input meta-
nodes have labelsA(, A5, B1, By, etc.). The output meta-node labeled B\ B; is



the root of a diagram that represents the function obtaiyezbimbining the functions
rooted byAs; and B.

The complexity of BE-AOMDD and the output size are similarthose of the
search based algorithm:

Theorem 7. The space complexity &E-AOMDD and the size of the output AOMDD
are O(n k™), wheren is the number of variableg; is the maximum domain size and
w* is the treewidth of the bucket tree. The time complexity imbded byO(r k"),
wherer is the number of initial functions.

8 Related Work

There are various lines of related research. The formdieation literature, beginning
with [9] contains a very large number of papers dedicatetiécstudy of BDDs. How-
ever, BDDs are in fact OR structures (the underlying pseuvel® s a chain) and do
not take advantage of the problem decomposition in an eékplay. The complexity
bounds for OBDDs are based pathwidthrather thartreewidth

As noted earlier, the work on Disjoint Support DecompositfpSD) is related to
AND/OR BDDs in various ways [14]. The main common aspectés both approaches
show how structure decomposition can be exploited in a BlkBrkpresentation. DSD
is focused on Boolean functions and can exploit more refitedttsiral information
that is inherent to Boolean functions. In contrast, AND/ORIB assumes only the
structure conveyed in the constraint graph. They are theefore broadly applicable
to any constraint expression and also to graphical modeggeireral. They allow a
simpler and higher level exposition that yields graph-daseunds on the overall size
of the generated AOMDD.

McMillan introduced the BDD trees [16], along with the optwas for combin-
ing them. For circuits of bounded tree width, BDD trees hawvedr space upper bound
O(|g|QWQ2w), where|g| is the size of the circui (typically linear in the number of vari-
ables) andv is the treewidth. This bound hides some very large constardim the
linear dependence dg| whenw is bounded. However, McMillan maintains that when
the input function is a CNF expression BDD-trees have theesbounds as AND/OR
BDDs, namely they are exponential in the treewidth only.

The AND/OR structure restricted to propositional theoitegery similar to deter-
ministic decomposable negation normal form (d-DNNF) [IMpre recently, in [23],
the trace of the DPLL algorithm is used to generate an OBDId, @mpared with
the typical formal verification approach of combining the @IBs of the input function
according to some schedule. The structures that were iga&st are still OR.

McAllester [24] introduced the case factor diagrams (CFhjolv subsume Markov
random fields of bounded tree width and probabilistic canfiee grammars (PCFG).
CFDs are very much related to the AND/OR graphs. The CFDst#ng minimal rep-
resentation, by exploiting decomposition (similar to ANBdes) but also by exploiting
context sensitive information and allowing dynamic ordgrof variables based on con-
text. CFDs do not eliminate the redundant nodes, and pahteofause is that they use



zero suppression. There is no claim about CFDs being a cealdorm, and also there
is no description of how to combine two CFDs.

More recently, independently and in parallel to our work ddDXOR graphs [4, 5],
Fargier and Vilarem [17] proposed the compilation of CSRs iree-driven automata,
which have many similarities to our work. Their main focuthis transition from linear
automata to tree automata (similar to that from OR to AND/CHRY the possible sav-
ings for tree-structured networks and hyper-trees of caims due to decomposition.
Their compilation approach is guided by a tree-decompositihile ours is guided by
a variable-elimination based algorithms. And, it is welblum that Bucket Elimination
and cluster-tree decomposition are in principle, the s&8g [

9 Conclusion

This paper gives an overview of a new compilation data stinector constraint net-

works. The AND/OR Multi-valued Decision Diagram (AOMDD)3] emerges from

the study of AND/OR search spaces for graphical models B %] and ordered bi-

nary decision diagrams (OBDDs) [9]. Graphical models athors that are search-
based and compiled data-structures such as BDDs diffefapitinby their choices of

time vs memory. When we move from regular OR to an AND/OR seapate, the

spectrum of algorithms available is improved for all timenvemory decisions. We be-
lieve that the AND/OR search space clarifies the availabbécels and helps guide the
user into making an informed selection of the algorithm thadald fit best the particular

query asked, the specific input function and the availabfemdational resources.

We presented the two main algorithmic approaches for cangpdn AOMDD for
constraint networks. The first is a top down procedure, tlsgsumemory intensive
AND/OR search, and applies reduction rules to the tracee$éarch. The second is a
bottom up procedure that uses a Bucket Elimination sched@embine the constraints
via theAPPLY operator.

As part of our current and future work, we are implementing] axperimenting
with, the algorithms described here in order to provide apignal evaluation.
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