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Abstract. We investigate two parameterized algorithmic schemes for graphical
models that can accommodate trade-offs between time and space:D/PRN
Cutset Conditioning AOC(i)) and 2) Variable Elimination with Conditioning
(VEC(i)). We show thatAOC(i) is better than the vanilla versions WEC(i),

and use the guiding principles 80C(i) to improveVEC(i). Finally, we show
that the improved versions ™EC(i) can be simulated b&OC(i), which empha-
sizes the unifying power of the AND/OR framework.

1 Introduction

In this paper we compare AND/OR search [1] and alternatingiehtion and con-
ditioning controlled by induced-widtlv (VEC) [2, 3]. By analyzing them using the
context minimal AND/OR graph data structure [4], we showt MBC(i) can be im-
proved via the AND/OR search principle and by careful caghia the point that both
schemes become identically good. We show that the recempoped AND/OR cutset
conditioning [5] (improving cutset, and-cutset schemes) can simulate any execution
of VEC, if the latter is augmented with AND/OR search over the ctorling variables.

The analysis is done in the general context of graphical tspdssuming no deter-
minism. This is still useful in the context of constraintwetks, providing a comparison
of the total space that the algorithm might need to traverse.

2 Preliminaries

Definition 1 (graphical model). A graphical models a 3-tuple M = (X D,F),
where:X = {X;,...,X,,} is a set of variablesD = {D,,...,D,} is the set of their
finite domains of value®' = {f1,...,f,} is a set of real-valued functions.

Definition 2 (pseudo tree).A pseudo treef a graphG = (X, E) is a rooted treel’
having the same set of nod&s such that every arc it is a backarc in7 (i.e., it
connects nodes on the same path from root).

Definition 3 (induced graph and induced width). An ordered graplis a pair (G, d),
whereG is an undirected graph, and = (X3, ..., X,,) is an ordering of the nodes.
Thewidth of a nodein an ordered graph is the number of neighbors that precede it
in the ordering. Thevidth of an orderingl, denotedw(d), is the maximum width over



all nodes. Thenduced width of an ordered graph*(d), is the width of the induced
ordered graph obtained as follows: for each node, from ladirst in d, its preceding
neighbors are connected in a clique. Tinduced width of a graphv*, is the minimal
induced width over all orderings. The induced width is eqaahetreewidthof a graph.

3 Description of Algorithms

AOC andVECare both parameterized memory intensive algorithms thed ne use
space in order to achieve the worst case time complexig)(efk™ "), wherek bounds
domain size. The task that we consider is one that is equivadesolutions counting.

3.1 AND/OR Cutset Conditioning - AOC

The AND/OR search space is a recently introduced [1, 4, Slying framework for
advanced algorithmic schemes for graphical models. Ite wigue consists in exploit-
ing independencies between variables during search, wddohprovide exponential
speedups over traditional search methods oblivious tol@nobtructure.

Given a graphical modeM = (X, D, F), its primal graphG and a pseudo tree
T of G, the associated AND/OR search tree has alternating le¥elRoand AND
nodes. The OR nodes are labeled correspond to branchingdaagto values of vari-
ables, while the AND nodes correspond to problem decomipasithe structure of the
AND/OR search tree is based on the underlying pseudoZireehe AND/OR search
tree can be traversed by a depth first search algorithm, #ing linear space.

Theorem 1 ([6-8, 5]) Given a graphical modeM and a pseudo tre€ of depthm, the
size of the AND/OR search tree basedis O(n k™), wherek bounds the domains
of variables. A graphical model of treewidth* has a pseudo tree of depth at most
w* log n, therefore it has an AND/OR search tree of i@ k" 1°8™),

The AND/OR search tree may contaimifiable nodes, that root identical condi-
tioned subproblems. When unifiable nodes are merged, thehnsspace becomes a
graph. The depth first search algorithm can therefore befiraddb cache previously
computed results, and retrieve them when the same nodes@ergered again. Some
unifiable nodes can be identified based on tbeirtextd8]. We only use caching based
on OR contextdenoted asontext(X) = [X; ... X}], which is the set of ancestors of
X in7T ordered descendingly, that are connected in the primahgayi or to descen-
dants ofX. Thecontext minimaAND/OR graph is obtained by merging all the context
unifiable OR nodes. An example will appear later in Figure 4.

Theorem 2 ([7, 1]).Given a graphical modeM, its primal graphG and a pseudo tree
T, the size of the context minimal AND/OR search graph basefl isrO (n kv7 (),
wherew?’-(G) is the induced width af over the depth first traversal 6f, andk bounds
the domain size.

AND/OR Cutset Conditioning AOC) [5] is a search algorithm that combines
AND/OR search spaces with cutset conditioning. The comiitig (cutset) variables



form a start pseudo tree. The remaining variables (not belonging to titget), have
bounded conditioned context size that can fit in memory.

Given a primal grapl, of a graphical model and a pseudo tfEeof G, a start
pseudo tre€,,,; is a connected subgraph ®fthat contains the root df .

We can now define algorithrAOC(i), that depends on a parameter i that bounds
the maximum size of a context that can fit in memory. Given aigsdree7 , we first
find a start pseudo treg,,;,,, such that the context of any node notZg,,; contains
at most i variables that are not ;.. This can be done by starting with the root of
7 and then including as many descendants as necessary irathestudo tree until
the previous condition is mef,,,» now forms the cutset, and when its variables are
instantiated, the remaining conditioned subproblem hdadad width bounded by i.
The cutset variables can be explored by linear space (nancgchND/OR search, and
the remaining variables by using full caching, of size bathdly i. The cache tables
need to be deleted and reallocated for each new conditiargamablem.

Adaptive Caching for AND/OR Search The cutset principle inspires a refined
caching scheme for AND/OR search, which we will calaptive cachingin the
sense that it adapts to the available memory), that cachme salues even at nodes
with contexts greater than the bound i that defines the meiiroity Lets assume that
context(X) = [X;...X,] andk > 4. During search, when variablé$,, ..., X;_;
are instantiated, they can be regarded as part of a cutseproblem rooted byX ;1
can be solved in isolation, like a subproblem in the cutskeswe, after the variables
Xy,...,X,_; are assigned their current values in all the functions. is skabprob-
lem, context(X) = [Xj—i+1...Xx], SO it can be cached within space bounded by i.
However, when the search retracts¥g_; or above, the cache table f&r needs to be
deleted and reallocated when a new subproblem root&g at, ; is solved.

Algorithm AOC(i) is essentially an AND/OR search with adaptive caching bednd
by i for all variables. The AND/OR search algorithm that caglonly the full contexts
bounded by i isAO(i).

Proposition 1. AOC(i) increases space requirements linearly compared@gi), but
the time savings can be exponential.

3.2 Variable Elimination with Conditioning - VEC

Variable Elimination with ConditioningMEC) [2, 3] is an algorithm that combines
the virtues of both inference and seartf=C works by interleaving elimination and
conditioning of variables. Typically, given an orderingprefers the elimination of a
variable whenever possible, and switches to conditionihgnever space limitations
require it, and continues in the same manner until all véegabave been processed.
We say that the conditioning variables forntanditioning setor cutset(this can be
regarded as a-cutset wherew defines the induced width of the problems that can
be handled by elimination). The vanilla version\@dEC will also be calledvEC-OR
because the cutset is explored by OR search rather than ARD/@&/hen there are
no conditioning variablesyEC becomes the well known Variable EliminatioWE)
algorithm. In this cas@OC also becomes the usual AND/OR graph seafsb)(
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Fig. 1. Primal graph and pseudo tree Fig. 3. Pseudo tree foAOC(2)

Theorem 3 (VE and AO are identical [4]). Given a graphical model with no de-
terminism and a pseudo tre®E traverses the full context minimal graph bottom-up
by layers (breadth first), whil&O is a top-down depth-first search that explores (and
records) the full context minimal graph as well.

4 AOC(i) Compared to VEC(i)

We will begin by following an example. Consider the graphioadel given in Figure
la having binary variables, the orderidg = (A4,B,E,J,R,H,L,N,O,K,D, P-
,C, M, F,G), and the space limitatioh = 2. The pseudo tree corresponding to this
ordering is given in Figure 1b. The context of each node isvshio square brackets.

If we applyVEC alongd; (processing from last to first), variablés F" andM can
be eliminated. However,’ cannot be eliminated, because it would produce a function
with scope equal to its contetA BEH LK D P], violating the bound = 2. VEC
switches to conditioning o4’ and all the functions that remain to be processed are
modified accordingly, by instantiating. The primal graph has two connected compo-
nents now, shown in Figure 2. Notice that the pseudo treeseared on this new graph,
and their shape change from the original pseudo tree.

Continuing with the orderingP and D can be eliminated (one variable from each
component), but the cannot be eliminated. After conditioning dx, variablesO,
N and L can be eliminated (all from the same component), theis conditioned
(from the other component) and the rest of the variables larenated. To highlight
the conditioning set, we will box its variables when writitige orderingd;, = (A, B-
,E,J,R,H|,L,N,O0,K|,D,P,C,M,F,G).
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Fig. 4. Context minimal graph

If we take the conditioning séf K'C] in the order imposed on it by,, reverse it
and put it at the beginning of the orderitg, then we obtain:

a2 = ( , [ [4.8.58.0.K], LNO| ,D,P} ,M,F,G>
C

where the indexed squared brackets together with the undgrepresent subproblems
that need to be solved multiple times, for each instantiadicthe index variable.

So we started witli; and bound = 2, then we identified the corresponding con-
ditioning set[H K C] for VEC, and from this we arrived af,. We are now going to
used, to build the pseudo tree that guide®C(2), given in Figure 3. The outer box
corresponds to the conditioning 6f. The inner boxes correspond to conditioning on
K and H, respectively. The context of each node is given in squaaekiets, and the
2-contextis on the right side of the dash. For exampleptext(J) = [CH-AE], and
2-context(J) = [AE]. The context minimal graph corresponding to the execution o
AOC(2) is shown in Figure 4.

We can now follow the execution of boROC andVEC along this context minimal
graph. After conditioning orC, VEC solves two conditioned subproblems (one for
each value of?), which are the ones shown on gray backgrounds. Howevevathi#a
versionVEC-OR is less efficient thalAOC, because it uses an OR search over the
cutset variables, rather than AND/OR. In our example, thypsablem or4, B, E, J, R
would be solved eight times BYEC-OR, once for each instantiation 6f, K and H,
rather than four times. It is now easy to make the first impnoet toVEC, so that it
uses an AND/OR search over the conditioning set, an algonitie callVEC-AO.

Let's look at one more condition that needs to be satisfiedHertwo algorithms
to be identical. If we change the orderingd9 = (A, B, E, J, R,H], L, N, O,[K], D-
,P,F,G,[Cl, M), (F andG are eliminated after conditioning af), then the pseudo
tree is the same as before, and therefore the context mimgjraph forAOC is still
the one shown in Figure 4. HowevarEC-AO would require more effort, because
the elimination ofG and F' is performed twice now (once for each instantiatiorC)f
rather than once as was for orderifig This shortcoming can be eliminated by defining
a pseudo tree based version YEC, rather than one based on an ordering. The final




algorithm,VEC(i) is given below (whereVi; (X;) is the set of neighbors oX; in the
graphG). Note that the guiding pseudo tree is regenerated aftér @auditioning.
Algorithm VEC(i)
input - M=(X,D,F); G=(X,E); d=(X1,...,Xpn);
output: Solutions count.
generate the bucket tr@efor d;
while 7 not emptydo
if (3X; leafinT)A(|Ng(X;)|<1i)) then eliminateX; elsepick X; leaf of T;
for eachz; € D; do
assignX; = x;;
call VEC(i) on each connected component of conditioned subproblem

Theorem 4 (AOC(i)) can simulate VEC(i)). Given a graphical modelM =
(X,D,F) and an execution 0¥EC(i), there exists a pseudo tree that guides an ex-
ecution ofAOC(i) that traverses the same context minimal graph.

5 Conclusion

We have compared two parameterized algorithmic schemegréphical models that
can accommodate time-space trade-offs. They have emeedsEemingly different
principles:AOC(i) is search based andEC combines search and inference.

We show that if the graphical models contain no determini&®C(i) can have a
smaller time complexity than the vanilla versions\EC(i). This is due to a more ef-
ficient exploitation of the graphical structure of the peablthrough AND/OR search,
and the adaptive caching scheme that benefits from the quiseiple. These ideas
can be used to enhan®EC(i). We show that ifVEC(i) uses AND/OR search over
the conditioning set and is guided by the pseudo tree datatste, then there exists
an execution oAOC(i) that is identical to it. AND/OR search with adaptive caching
(AOC(i)) emerges therefore as a unifying scheme, never worseME&l(i). All the
analysis was done by using the context minimal data strectnich provides a pow-
erful methodology for comparing the algorithms.

References

1. Dechter, R., Mateescu, R.: Mixtures of deterministic-probabilistic aetsvand their and/or
search space. In: UAI'04. (2004) 120-129

2. Rish, I., Dechter, R.: Resolution vs. search; two strategies for Jairnal of Automated
Reasonin@4(1/2)(2000) 225-275

3. Larrosa, J., Dechter, R.: Boosting search with variable-elimina@onstraint/ (3-4) (2002)
407-419

4. Mateescu, R., Dechter, R.: The relationship between and/or saadchariable elimination.
In: UAI'05. (2005) 380387

5. Mateescu, R., Dechter, R.: And/or cutset conditioning. In: IJG&I(2005) 230-235

6. Freuder, E.C., Quinn, M.J.: Taking advantage of stable setgiabl@s in constraint satisfac-
tion problems. In: IJCAI'85. (1985) 1076-1078

7. Bayardo, R., Miranker, D.: A complexity analysis of space-bdeading algorithms for the
constraint satisfaction problem. In: AAAI'96. (1996) 298-304

8. Darwiche, A.: Recursive conditioning. Artificial Intelligent251-2) (2001) 5-41



