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Lofgren [12] treats a problem related to the one dis-
cussed in this section: namely, the problem of the
existence of a contact net realizing a truth function
f(pr, - -+, pa) and having, for each 7, at most one con-
tact labeled p; and at most one labeled p..
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Linear-Input Logic*

ROBERT C. MINNICKf, MEMBER, IRE

Summary—Techniques are developed for the logical design of
magnetic core circuits to produce arbitrary single-output combina~
tional switching functions. The approach is based on the relationship
of a single magnetic core circuit to a linearly separable switching
function. A synthesis procedure is developed which uses a pair of
logical primitives, AND with NOT and OR with NOT, which are
similar to the STROKE primitive and its inverse. Procedures are
developed for the synthesis of symmetric functions which require no
more than the integral part of (n+3)/2 cores, approximately half
the number used in previously published procedures. The synthesis
of arbitrary switching circuits is treated as a linear programming
problem, and a table of all four-variable circuits is presented in which
no circuit requires more than three cores.

INTRODUCTION AND NOTATION
'[ INEARLY separable switching functions [1]-[8]

have been studied under different names, such as

linearly separable logic, linear-input logic, threshold
logic, majority logic, and voting logic. The relationships
of these switching functions with unate! functions have
been studied [2], [8]-[12]; and other papers have been
published showing uses of linearly separable functions
in self-organizing systems [13], [14].
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1 A unate switching function is one which can be represented as a
normal form in which no variable appcars both ncgated and un-
negated.

In the present paper the problem of synthesizing arbi-
trary combinational switching circuits using linearly
separable functions is considered. This problem has been
partially treated by a number of writers [1], [3]-[7],
and somewhat more completely by Muroga [5]. In this
form of logical design, which in the present paper is
termed linear-input logic, the binary inputs to a circuit
are combined in a weighted linear sense, and the result-
ing sum is applied to a device which has threshold and
amplifying properties.

Examples of circuits to which linear-input logic can
apply are:

1) Magnetic core circuits [1], [23]—The inputs aré
the presence or absence of currents on several
wires, each of which is associated with a given
number of turns on the core. The resulting mag-
netomotive force is the weighted sum of the input
currents, with the turns representing the weights.

2) Resistor-transistor circuits [15]—The inputs ar€
one of the two voltage levels connected to a Kirc':h'
hoff resistor-adder. The resulting voltage applie
to the base of a transistor is the weighted sum ©
the input voltages, with the resistor conductances
representing the weights. )

3) Parametron circuits' [16]—The inputs are S
oidal signals having one of two standard phases
These are applied to a linear weighted Summ{ﬂg
network, such as a magnetic core, and the resulting
sum is amplified.
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4) Resistor tunnel-diode circuits [17], [25]—The in-
puts are one of two voltage levels connected to a
Kirchhoff resistor-adder in a manner very similar
to that of circuit 2). The resulting voltage is ap-
plied to a network consisting essentially of two
biased tunnel diodes. ‘

3) Multiple coil relay circuits [18]—The inputs are
one of two current levels which are connected to
several coils on one relay core. The resulting mag-
netomotive force on the relay is the weighted sum
of the input currents with, the weights represented
as the number of turns of the coils.

Simplified drawings of circuits for these five examples
appear as Figs. 1 through §. From the figures it is evi-
dent that all of these circuits, as well as others, have
similar logical properties; however, the exact application
details differ in each case. For the remainder of this
paper, magnetic core circuitry is assumed; however,
with appropriate modifications of the constraints, the
methods may be made to apply for other circuit types.
No consideration is given in the present paper of such
engineering problems as transient behavior and current
tolerances. This should not be construed as an indication
that such problems are solved or are trivial.

Let there be »+1 input variables, xq, %1, - - + , &, to
a circuit for the production of a combinational switching
function, F, of n variables. Each of these inputs is con-
nected to a winding of N; turns of wire, where the sign
of N, indicates the polarity of that winding. One wind-
ing of N, turns is associated with an input x, which is
always true; that is, with a bias generator. Lct it be as-
sumed that a true input (x;=1) corresponds to a current
of 1, while a false input (x;=0) corresponds to a current
of 0. With these assumptions the resulting magneto-
motive force of the #41 inputs is

M = ZN,;:\CT',

=0

with o = 1. (1)

Since each term in the summation is an integer, M may
take on only integral values. If M exceeds some thresh-
old value, the magnetic core is set and the function
F=1; that is, unit current is assumed to be available at
the output. If M is less than this threshold, F=0 and
no current is delivered at the output. Let it be assumed
that

M > 1 corresponds to F = 1,

M < 0 corresponds to F = 0. ' (2)

) Let each N; be the difference of two non-negative
Integers.
Ni = N“ -

Ny, Nu=>0, Nyp=0, (3)
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Fig. 1—Magnetic-core circuit.
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Fig. 2—Resistor-transistor circuit.
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Fig. 5—Multiple coil relay circuit.

where it is assumed that only one of N, and Ny is not
zero. Then a linear-input circuit may be represented in
a form which clearly displays the input connections:
F—(Noo, Nloxl, Naoxay « + +

Nnoxn**Nm, Nuxi, Naxe, -+« anxn)1 (4)
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where for a specific circuit the terius involving an N;=0
are understood to be omitted. In the form indicated by
(4) all nonzero inputs to the left of the asterisks are con-
nected negatively, while those to the right are connected
positively.

To illustrate these definitions, consider the switching
function shown in Table I. Fis true for rows 0, 1, and 3
of this truth table. The switching function may there-
fore be represented in a notation similar to that used by
Caldwell [19] as

F: 2,(0,1, 3).
TABLE I
THREE-VARIABLE EXAMPLE FOR wWHICH F: 2 (0, 1, 3)
State X3 X2 X F
0 0 0 0 1
1 0 0 1 1
2 o 1 o0 0
3 0 1 1 1
4 1 0 0 0
5 1 0 1 0
6 1 1 0 0
7 1 1 1 0

Using methods developed later in this paper, a linear-
input circuit for producing this switching function con-
sists of a single core with Ny=N,=1, Ny=—1, and
N3= —2. The magnetomotive force equation is

M= 1+x1-—x2-—2x3,
while the linear-input circuit representation is
F—(xg, 23’»3 *% Xy, 1)

This magnetic-core circuit is given as Fig. 6, in which
it is understood that the input and the shift pulses
alternate.

1

*1

x

2

*3
v
g e

Shift N

Fig. 6—Circuit for the function of Table I; F: 3°(0, 1, 3).

Implicit in (1) and (2) are normalizing assumptions
on the input and output thresholds; namely,

true input: «x;,= 1, false input: x;=0,

true output: M > 1, false output: M < 0. (§)

M arch

A more general set of input and output thresholds is,

true input:

true output: M > M,,

x; = Iy, false input: x; = I,

false output: M < M.. (6)

Let the symbol ™ correspond to a parameter for a cip.
cuit having the general thresholds in (6). Then (5) ang
(6) may be related by

#i =L+ (I — L)z, M= M.+ (M, — M)M.

92,--L,]
b_la .

Rearranging and noting that &= I,

Substituting these in (1),

M-M,
,=2Ni

My — M, im0

M= M.+ AN, — AL, 2 N;+ A 3, Ni..

1==0 =1

But (1) must hold for the general thresholds; v:z.,

M= Na,= Np + Y, Nids.

1=0 i=1

It follows that any circuit using normalized thresholds,
(5), may be transformed into one having general
thresholds as follows:

My — I.A >, N;

o= AN, + A =

Ni=AN, i=1,2---,n (7
where

My — M,

A::

is required to be integral.
I, —1I,

In particular, the thresholds cutomarily used for
parametron circuits are l,=M,=—1, I1=M,=1. For
this case (7) becomes

No=No—1+4+ XNy Ni=N, i=1,2,---,n (8

=0

It is interesting to note that for parametron circuits the
algebraic sum of the turns is, from (8),
L n
2 N=23N;—1
i={

=0

which clearly is a positive or negative odd integer
Therefore, a parametron circuit produced by trans
forming a linear-input circuit with the thresholds of the
present paper is guaranteed not to violate the known re-
striction that the magnetomotive force never be zero for
any combination of the inputs.
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Another transformation of interest is that which con-
verts a linear-input circuit for a given function into the
circuit for the ¢nverse or Boolean complement function.

This corresponds to choosing the thresholds for the in-
verse circuit as I, =M, =0, I,= M,=1. For this case (7)
becomes

No=1—DNo, Ni=—N, i=1,2 (9)

To illustrate, the parametron circuit for the example
of Table I is obtained from (8).as

., n.

F (parametron)—(oég, 2x3, 1 %% x1).

For the same example, the inverse function with nor-
malized thresholds, (5), is obtained from (9),

F'—(xy ** xq, 2x3).

PriMITIVE SYNTHESIS

The problem of synthésizing linear-input circuits is:
given a statement of the desired combinational switch-
ing function, a set of windings, IV, is to be found which
produces the function. There is no assurance that an
arbitrary function is producible with one core; indeed,
the function F=uxx,"4x'xs requires two cores. There-
fore, the question naturally arises of the possibility of
producing an arbitrary combinational switching func-
tion with linear-input circuits. This question may be
answered affirmatively; in fact, any function may be
generated in one of a number of ways. Four such tech-
niques will now be developed.

It is well known [20] that an arbitrary combinational

switching function of » variables may be specified by -

choosing values for the 2” binary constants f; in four
equivalent forms,

2% —1 ot—1 - o"—1
F= 3 fp:= Il (it p)) = X ¢/ + )
=0 i=0 =0
2"—1
= I (772, (10)
im0
where
po = /w0l - - - @),
0 = %nt ot o+ we oA,
1= x/w e e @,
pll = Xn + Xn—1 + vt + x2+ xllg
Pan1 = XnXn © Xa¥y,
R R R

Each of the four alternative forms for a switching furnc-
tion, (10), involves the application of one or both of the
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following fundamental functions, termed primitive
Sfunctions:
AND with NOT F. = v/ve’ -« 0, vpp1lp12 * * * Vpigy
OR with NOT Fpy= w4+ w2+ -+ + 4, + 241
+ ule o e (11)

But it is easy to verify that linear-input circuits to pro-
duce these two primitive functions are

) Upta)s

*y Uy P)

Fa—(vl: V2, * * y Upy 4 — 1 s Up+1, Upt2y = " "

(12)

In order to illustrate the ease of logical design using
the primitive circuits of (12), consider again the example
of Table I. By appropriate manipulation, this may be
put into each of the forms of (10) as follows:

Fb—(utﬁ-l; Ugt2y * * 7y Ugpp ¥* Uy, Ugy *

F = xx + x'2y,

F= (xa + xz)/ -+ (xa + xl/),,

F = (x5) (2 + 1),
= (a3)" (2a21)".

Using (12), four equivalent linear-input circuits may be
constructed for this switching function:?

o (g, we 1), (osw w1)],
F—[1 %% (x5 % 1), (22 * 2y, nl,
[
—[#s,

F o [( xyy w2), () % 25, 1) 2w "]

i3, (01 % 1) *% 1].

It is seen that the first three of these circuits require
three cores each, while the fourth requires two cores.
Since a one-core solution is given as Fig. 6, it is clear
that the most economical circuits do not necessarily re-
sult from this method of logical design. On the other
hand, the use of this method is reasonably straight-
forward.

.

SYMMETRIC FUNCTION SYNTHESIS

A symmetric function is a switching function which
remains invariant to all permutations of the input vari-
ables. A well-known result of this definition is that a
symmetric function of # variables may be described
uniquely by stating its truth value for % true inputs with
k=0, 1, « - -, n. For instance, the three-variable func-
tion F:_(0, 3, 5, 6) is a symmetric function; and it may
be described equivalently by stating that it is true for
0 or 2 true inputs. '

It follows that an arbitrary symmetric function may
be specified by stating the ranges of the number of true

2 Although it is not strictly necessary, distinction is made between
the first and second levels of a multiple-core circuit by the use of a
single asterisk in the first level of the circuit notation, and a double
asterisk in the second level.
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inputs for which the function is true. Thus,
F=1 for k inputs true, with ¢; <k <Q;,2=1,2, - - - ,r
‘ (13)

where ¢; and Q,, i=1, 2, .- -, r, are known con-
stants for any specific function. As & can assume only
the 41 values 0, 1, - -

r < [(n+ 1)/2]

where [] denotes “the integral part of.” Procedures are
given below for finding (1+47)-core linear-input circuits
for r-range symmetric functions. It follows from (14)
that the maximum number of cores required to produce
a linear-input circuit for an arbitrary symmetric func-
tion is 14 [(z+1)/2]. This is essentially half the num-
ber of cores required by Muroga [5].

It is claimed that the arbitrary symmetric function
specified in (13) and (14) may be produced by either
one of the following two circuits, where the symbol I
stands for the inputs xy, xq, * -+, ot

Fa—"[Cn, Cx(Ql *I),C?(QQ*I), A (0 A I]

-, n, 1t may be ascertained that

(14)

where (15)
Co=q1—1,c;=q;+1—g;, ’l:=1,2,"',7‘—1
{n—i—l-—q,, if O #un
Cr =
0 ifQ,=n
Fd_ldl(l* ‘11): d?-(l* 92)1 cr ydr(I* qr)) VL dﬂ]
where (16)
O+1 ifqa#0
dy= Q.+ 1 d, =
=&t L 4 {o if g = 0
di=Qi'—Q'i—1; 1:—_—'-2,3,"',7‘.

To verify (15), it is necessary to show that the func-
tion is true for ¢; <2 < Q;. As Q;1<g;, it follows that the
subsidiary circuits (Q;+I) are true only for 0<¢<j—1.
Therefore, the left side of (15) becomes

—1
E = g; — 1;

=0

and as k> g; of the inputs is true, the switching func-
tion is true as required. Next, it must be shown that
the function is false for Q;_1<k<g, But this follows
immediately in that the left side of (15) is still ¢;—1,
while only 2<gq; of the inputs is true. In a very similar
manner, the alternative form, (16), may be verified.
Two additional circuits for arbitrary symmetric func-
tions result by obtaining the circuits of (15) and (16)
for the symmetric function which is the inverse of the
one desired; the resulting circuits are inverted by (9).
It is interesting to note that a number of the examples
treated in the previously cited references are symmetric

March

functions, and more particularly alternating symmetrie
(or parity) functions. Therefore, it makes a useful com.
parison to develop a linear-input circuit which is trye
for (say) an odd number of true inputs. Of the several
alternative circuits which result from (15) and (16) ang
from the application of the inversion algorithm, (9), tq
the even alternating symmetric function, the following
is among the most economical:

F—[2(1=1),23%1),- -+, 22[n/2] = 1% I) »« I]. (17)
In particular for =3,
F—[2<1 *X, Y, Z) ** X, Y, z]‘ (18)

This circuit is given as Fig. 7. In this figure subscripts

Sy 5

Fig. 7—Circuit for the three-variable odd alternating
symmetric function.

indicate phases, while S; and S; are shift pulses. For
n=4, :

F—[2(1 % w, 2,9,2),2@8 *w, %, 9,2) »w, x,y,3]. (19

The three-variahle case, (18), is treated by Wigington
[4] and Lindaman [7]. The most economical result ob-
tained by these authors, in the notation of the present
paper, is

F_[l ** X, (x*y7 Z), (:XZ, Y, 2% 2)]7

which requires three cores as compared with two for
(18). '

Muroga [5] treats symmetric functions more sys-
tematically. His cxample for the odd alternating sym-
metric function for #=4, after applying the inverse of
the transformation given by (8), to account for the dif-
ferent thresholds, is l

F—-[<1 *w, x, Y, Z): (3 * W, X, Y, Z) *k (* W, Xy Y Z),
(Z*w, Xy Y, z)]; ’

which requires five cores as compared with three for
(19).
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LINEAR PROGRAMMING SYNTHESIS

The primitive synthesis techniques developed in the
second section are attractive in that any of the four
methods may be readily used to synthesize an arbi-
trary switching function in terms of one or two primi-
tive circuits. However, the use of primitives in some
cases appears to lead to more expensive circuits than
are necessary; therefore, a general synthesis procedure
will now be developed which does not depend on primi-
tive operations. This method, at least in some cases,
leads to less expensive c1rcu1ts than do the previous
techniques.

A switching function is completely specified if its
binary value is given for each of the 2" combinations of
the n variables x;. From (2) it is clear that for each com-
bination of the variables, an inequality is established
on M; thus, there are 2 -inequalities in the N;. To
iltustrate, consider again the example of Table I. From

(1) and (3)
Nop— Nop 21
N+ Ny — Nop— Np>1
No+ Nay —
No+Nu+ Nu—
Nor+ Nat— Noo— N2 £ 0
No+ Nu+ Nu— No —
N+ Na+ NNsn— Noo —
Not+ N+ Now + Nyy — Nog — Nyo

— Ny —

Nog— Ny X0

Nop— Nwg— N2 1

Ni— Ny <0

NZO—NZ&O.SO

Ny < 0. (20)

In general, each of the 2" inequalities in the non-nega-
tive lutegers Vg 1s one ol two Lypes,

3N Naw; — 2 Nix; > 1 corresponds to f, = 1, (21)
=0 =0
> Niax: — 2 Nax; < 0 corresponds to f, = 0. (22)
=0 7=0

Let a set of 2" slack variables, N+ >0, for k=0,1,

2"—1, be defined. For equations of the type of (21), let
the slack variable corresponding to f, be subtracted
from the left, and for equations of the type of (22}, let
the slack variable corresponding to f, be added to the
left. Then values of the non-negative slack variables
may always be chosen which convert (21) and (22) into
equalities. For reasons which will become evident, two
additional sets, each of 2" a- and b-variables, N,, >0 and
Ny >0, for k=0, 1, , 2»—1, are defined. Let the
a-variable corresponding to f, be added to the left of
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equations of the type of (21), and let the b-variable cor-
responding to f, be subtracted [rom the left of equa-
tions of the type of (22). Thus, (21) and (22) become

i Nx; — i Nigx; = Nyp+ Nop =1
i e
corresponds to f,, =1, (23)
i Nox; — i Ni¥;+ Nyg— Nyy=0
1=0 =0
corresponds to fy = 0. (24)

Non-negative values of the a- and b-variables may
always be chosen which do not violate the equalities of
(23) and (24), providing that

Nop < Nyp and Ny < Ny

< (25)

While 2t1 g- and b-variables are defined, only 27 of
them are used in any one problem. Therefore, for any
function of #z variables, (23) and (24) may be used to
write 2 equalities in 2(#n+1+42") variables. Since there
are more unknowns than equations, a unique solution is

- generally not possible, and it is of some importance to

establish a criterion for choosing the best solution if any
solutions exist. For this purpose, a cost function is de-
fined as

at_1 2"y

C= Y Wat N+ 4 X N+ B Y. Noy (26)

== =0 120

where 4 and B are non-negative coustants. The first
summation of (26) represents the total number of input
turns (disregarding the polarity) on the magnetic core;
clearly it is desirable to have this quantity be a mini-
mum. Since in the process to be described at least one
of N.p and N,, will be zero, it follows from (25) that
any nonzero N4 indicates that the original set of in-
equalities has not been completely satisfied. Similarly,
any nonzero Ny indicates that the original set of in-
equalities has not been completely satisfied. Conversely,
nonzero values of V,; may occur without violating (21)
or (22). Thus it is desirable to minimize, and if possible
to reduce to zero, the second and third summations of
(26).

It is clear, therefore, that the 2” equations of the form
of (23) and (24) must be solved for the 2(n+1+42) non-
negative variables in such a way as to minimize (26).
Stated in this manner, the problem evidently is one of
linear programming [21]. The a-variables are the arti-
ficial variables of linear programming necessary for ob-
taining a basic feasible solution. That is, for equations of
the typeof (23), Nyp=1, N, =0, and the N;; which occur



are chosen as zero. So, for the basic feasible solution, (26)
becomes

If A>»n+1 is chosen, the cost is reduced by causing
one or more of the N,; to go to zero and by simultane-
ously causing one or more of the N;; to take on nonzero
values. Therefore, by following one of the known methods
for solving linear programming problems, such as the
simplex method,® it may be possible to find a solution for
which all a-variables vanish. If this is the case, the spec-
ified function may be produced with one core; the V;
determine the wiring.

. The details of the simplex algorithm are not given
here; it is sufficient to state that the process consists of
finding successive solutions, beginning with the basic
~ feasible solution, in such a manner that in proceeding
from one solution to the next, the cost cannot be in-

creased, and may be reduced. 'l'o illustrate the operation .

of this algorithm, consider the example treated before
and stated initially in Table I. The set of inequalities in
the torm of (21) and (22) 1s given as (20). The introduc-
tion of slack variables and a- and b-variables in the form
of (23) and (24) converts (20) into

Nop = Nop — Neo + Nao = 1

Nor+ Nuu— Nop— Niww— N+ Na =1

Noy+ Noy— Nog— Nag+ Ny2 — Np2 =0

Noo+ Nu+ Noy— Nop— Nio— Nzo— Neg + Ny =1
Noo+ Noyg— Nog— Nao+ Ny — Npa = 0

Noy+ Nu+ Naw = Nog— Nwo— Nyo+ Nes — Nos = 0
Nor+ Noay+ Nst — Nop — Noo — Nyo+ Nog — Ny = 0
Nu+ Nu+ Nat+ Ny — Nog — Nig — Nog — Ny

+ Ns7 - Nz,7 = (. (27)

A basic feasible solution is obtained as described previ-
ously, and is

Nao = Nu = Nosz = 1, all other variables zero.

Letting 4 =100 and B=0 in (26), the initial cost is
C=300. If the simplex algorithm is applied for the
present in such a way that all Ny, =0, it is found that
the first two applications do not change the basic fea-
sible solution or the cost. On the third application the
nonzero variables and the cost are found to be

]\Tuﬂ = ]\730 = ]\734 = Nu = Ns(; = 1, C = 102.

3 Although linear programming techniques exist for obtaining in-
teger solutions [24], the simplex method was chosen for its relative
simplicity. It is interesting to note that except for an insignificant
number of unusual cases, the simplex method produced integer
solutions.

That this solution is valid may be verified by substity.
tion in (27). The fourth application results in no change
in C, while the fifth produces

Nyw=Nws=2,Nyo=Non=Njg=Nyy=Nuy= Ng= 1,
C =3.

At this point all a-variables have been reduced to zero,
and a one-core solution has been found, namely,

F—‘(x:),, 205 ** X1, 1)

Situations exist for which a solution devoid of a-vari-
ables or b-variables, or both, cannot be obtained. For
such cases, let an a-residue function, G, be defined as 3
switching function which is true for those code states
for which there exist nonzero a-variables at the termina-
tion of the simplex process. Similarly, a b-residue func-
tion, H, is defined for the remaining b-variables. If ¢
and H are different from the original function F, the
residues may be treated as separate functions by the
same linear programming algorithm.

Two examples should illustrate this. First, consider
the function F:> (2, 3, 4, 5). At the termination of the
simplex process applied to this example, the nonzero
variables are N3jo=Ng =1, Ny = Ng=2. Therefore, the
a-residue function is different, and is defined as

G: D.(4,5).

Re-entering this into the simplex algorithm leads to the
circuit

G—(xq #* x3).
Therefore, the entire circuit is
F—[g %% 2(xz % x3), 25].

In a similar manner, the function £:2(0, 3) leads to
Nyy=Noy =Ny =1, Nyy=Nz=2. Therefore, a b-residue
function is defined and re-entered into the simplex
process. The resulting circuit is

F——[2x3, X1, Z(xa, X1 * xz) *%k KXo, 1}

A program has been written for the Burroughs 220
computer for applying the simplex method to the syn-
thesis of linear-input circuits for combinational switch-
ing functions of five and fewer variables. This program
has been used to compute all distinct linear-input cir-
cuits of four variables under the transformations of
inversion and permutation of the input variables, and
inversion of the switching function. Following this the
circuits were further simplified by a number of heuristic
techniques which as yet cannot be considered to repre-
sent formal procedures.* The list of the 237 distinct lin-

4 Credit is due to E. L. Glaser, now of the Burroughs Res. Center,
who contributed extensively to the initial simplification, and to Drt"
E. F. Moore, of Bell Telephone Labs., who, after the best efforts 0
E. L. Glaser and the author, was able to reduce some sixty three-core
circuits to two-core circuits, )

S
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ear-input circuits is included as Table II. In that sim-
ilar tables have been published for vacuum tube [20]
and for relay [22] circuits, the notation of [20] has been
 followed. The four input variables are chosen as w, x, v,
. and z. The column labeled m indicates the number of
true states in the truth table, while the column labeled
s contains an index number for reference. The third
column of Table 11, labeled f;, indicates the true states
of the truth table, and a linear-input circuit is given in
the fourth column. §

An examination of the table indicates that of the 237

circuits which are listed, 14 may be produced with one
core, 185 with two cores, and 38 with three cores. Tak-
ing into account the number 'of the 65,536 functions of
four variables which map into each listed function, it is
found that 1880 (3 per cent) of the functions of four vari-
ables may be produced with one core, 50,284 (77 per
_cent) with two cores, and 13,370 (20 per cent) with three
cores. An upper bound on the number of cores required
to produce any switching function of four variables by
more conventional techniques is known to be 2#1+1=9
cores. In that the simplex algorithm leads to a one-core
solution if it exists, it may be inferred that, for the as-
sumed conditions, all one-core and two-core solutions
require a minimum number of cores. The three-core cir-
cuits are not proved to be minimum.

In order to find the linear-input circuit for a function
not listed in Table I, the transformation procedure given
in Appendix I of [20] may be used, with the following
modification: if m > 8, the circuit for the inverse func-
tion is first obtained. The combined transformation is
determined as explained in the reference, and this trans-
formation is applied to the circuit found in Table II by
renaming the variables in the circuit in accordance with
the transformation. If a variable is inverted in this
transformation, the corresponding variable together
with its coefficient is moved to the opposite side of the
asterisks, both in the main and in the subsidiary cir-
cuits. If a variable is moved from the left side to the
right side of the asterisks, the bias is corrected by the
addition of a bias on the left side having thc same valuc
as the coefficient of the moved variable. Similarly, if a
variable is moved from the right side to the left side, the
correction bias is added on the right side of the asterisks.
If initially 7 >8, and the circuit for the inverse function
is obtained, the resulting circuit after application of the
combined transformation is inverted by (9).

To illustrate the use of Table II, suppose a linear-
input circuit is desired for the switching function,

F=wyzs+ ys +2'y) + w'y(@ +2) + 'y

By conventional methods, it is easjly discovered that

m=9 and F: ».(1, 2, 3, 7, 8, 9, 10, 13, 14). As m>8,
the inverse function is investigated, namely 2 (0, 4,
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5, 6, 11, 12, 15). Application of this function to Table
I. 1 of [20] leads to s =129 and the combined transforma-
tion (w, x, ¥, 2)—(x/, w, v, 2). The listed linear-input cir-
cuit for s=129 is

F—[w, ¢, 5, 5% 32 x, y, 2), 2].
Applying this combined transformation,
F_[wr Y, B F* X, 3<2 * W, Y, z): 1]

But this is the circuit for the inverse function, and there-
fore it must be inverted by (9). The resulting circuit is

F—|x, 302 % w, v, 2) »x w, v, z].

Consider finally an example which is treated by
Muroga [5}],°

L

F = w'xyz + wx'y's + way's’ 4+ w'a'y'2. (28)
The linear-input circuit given by Muroga to produce
this switching function, in the present notation and

thresholds, is
F_{S *k [3’: Z kX (w * x); 2]7 [Z *x (x * ZU), Y, 1]7
[ (1%, %), (0, % 1), 9, 2], [y #xz, 1]},

requiring nine cores.

From (28), it is evident that m =4 and F: D_(0, 7, 9,
12). Applying this function to Tables 1.1 and 1.2 of
[20], it is found that the combined transformation (w, x,
v, 2)—(y, x, z, w) to (28) produces a function which is
listed in Table 1I; namely s=28. Thus after applying
the combined transformation, a two-core linear-input

circuit to produce this function is found to be
F_[w) 2 %% x, Y, % 3(‘77 23’; Z* w, 1)]

A magnetic core circuit for this function is given in Fig,
8. :

1 Nl 2
1, 13
. 1 1
¥y L£1
1 1
ER *2
2 1
Y1 14}
. 1 1
L3 3 2y
[ wl 3
] I
1 "
l F
Nt !
S S
1
2 N

Fig. 8—Circuit for the four-variable function, F: ) (0, 7, 9, 12).

5 This example is given as (8) of [§], and the resulting circuit is
given as Fig. 6(c). The variables have been renamed (x4, %3 X,
x1)—(w, %, ¥, ), and all biases have been modified by (9) of the
present paper; furthermore, a presumed mistake has been corrected,
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TABLE 11
ALL FOUR-VARIABLE CoMBINATIONAL Linear-INPUT SwitcHinGg CIrcurTs
m| 8 1y Linear-Input Circuit m| s f; Linear-Input Circuit : ot
1{001 |0 W, X,y, Z*F1 61061 10,1,2,3,4,9 3w, 2x, 2y, 2(1 * x, z) ** z, 3
21002 0,1 W, X,y **1 61062 |0,1,23,4,11 3w, 2x, ¥,z **3(x, 1 *y, z), 3
2(003(0,3 2w, 2x, z, 2(z * y) **y, 1 6 |063 | 0,1, 23,412 3w, 2x, y, z ** 3{(y, z * x), 3
21004 10,7 W, X, ¥, 2 **3(w, 2*%x,v,12), 1 6 j064 | 0,1,2, 3, 4,13 3w, 2x,y, 2 *¥ 4(y, 2 *w, x. 2), 3
2005 | 0, 15 My, B YV A( YW, %, ¥, w), L 6 1065 | 0,1, 2, 9,4, 15 Sw, 2x, ¥,z ** 5(8 * w, x, y, z), O
31006 0,1,2 2w, 2X,y, z ** 2 6 {066 | 0, 1, 2, 3, 12, 13 w, X ** 2(y, 1 *w, x), 1
3le07{0,1,6 W%, ¥ % 2w, 2, 1%, ¥), 1 6 log710,1,2,3,12,15 3w, T, 3(2w, 7, L * 3%, y) ** 2%, y, 2
3(o08 (01,14 W, X, ¥ **3(z,2*%w,x,3),1 6 |068 | 0,1,2,4,17,8 W, %, ¥, 2 %% 2(w, 2%x,y,12),2
3/009/{0,3,5 2w, X, ¥, 2(x, y *z) ¥*¥z, 1 6 (069 0,1,2,4,7,9 2w, X, ¥y, z ** 2(4 * 2w, x, y, 3z), 2
31010 |0,3,12 X, 2z, 4(x, 2z, 1 * 2w, 3y) ** w, 2y, 1 6 |070 | 0,1, 24,711 2w, X, ¥, 2 ** 3(4 * w, x, 2y, 2z), 2
3011 0,3, 13 2%, vy, 3(3x, y * 2w, z) **w, z, 1 64071 |0,1,2, 4,715 2w, X, y, Z ** 4(2* x, y, z), 2
41012 10,1,2, 3 W, X ** 6 1072 |0,1,24,8,15 W, X, ¥, 2 ¥* 33 *w, x,y,12), 2
4013 0,1,2 4 2w, X, ¥, 2 ** 2 61073 10,1,2 4,9,10 2w, X, ¥, 2 ** 2(2x, 2 * 2w, ¥, Z), 2
4(01410,1,25 3w, X, 2y, z, 2(z * X) ** 3 6 074 | 0,1,2 4,9 11 W, X, ¥, 2%+ 3(x, 1 *w, 2), 2
410156 (0,1,2, 7 3w, 2x, 3(x, 1 *y, z) **y, z, 1 6 {075 | 0,1, 24,9, 14 2w, 5(w, 3 * 2x, 2y, 3z) **x, y, 2z, 1
4016 {0,1,2, 12 2w, 2%, y, 2 **3(y, 2, 1 *w, x), 2 6 (076 (0,1, 2, 4,9, 15 2w, X, Y, 2 %% 2(1 *w, z), 2(3 *w, X, y, 2), 2
41017 |0, 1,2 13 2w, 2x,y, 2 ** 4(y, 2*w, x, 2), 2 6 1077 |0, 1, 2,4, 11, 13 X, ¥y Z, 3(X, y, 2z * 3w) ** w, 2
41018 [0,1,2,15 .2w, 2X,y, z2**5(3 *w, X, y,2), 2 6 o8 0., 1, 2, 4, 11, 15 2w, X, ¥, 2 **4(2*w, y, 2), 2
410191 0,1,86,7 W, 1**x,y, 2(w, X,y * 1) 6079 |0,1,2,5,86,7 3w, ¥, %, 3(y, 2z *x) **x, 2
4102010,1,56, 10 2w, 2x, 2y, z ** 3(2z, 2* w, X, 2y), 2 .6 080 | 0, 1, 2,'5,‘ 6, 11 2w, x, 3(w, 1 ¥y, z) **y 2z 1
4 (o021 [0,1,6,11 2w, 3x, z, 4(w, 2x, z * 2y) ** 2y, 2 v6 081]0,1,25,6,12 3w, 2y, 2z, 4(w, y, 2 * x) **x, 3
4022 |0, 1,6, 14 @ 1 ¥+ x, y, 8w, x ¥ ¥ 1) ¢ [osz | 0,1, 2,5 0,13 w; By, 1 ** 4(2w, a, 2z * y, 1), X, 2z
41023 | 0,1, 6,15 3x, z, 5(3x, z * 2w, 2y) ** w, 2y, 2 6108310,1,25,86, 15 2y, 2z, 5(2y, 2z * 3w, x) ** w, x, 3
4024 [ 0,1, 14, 15 w, X,y **3(2%w, X,¥), 1 6 jog4 | 0, 1, 2, 5, 10, 12 2w, X, 2y ** z, 3(y, z, 1 *w, x), 4(x, 2 * y), 1
41025 10,3,5,6 W, X, ¥, z¥* 2{1 *x,y,z),1 6085 0,1, 2, 5, 10, 13 w, 2x, 2z ** 5{w, 2y, 1 * x, 22}, y, 1
4026 |0,3,5 9 W, X, ¥, 2(w, X,y *z) ¥z, 1 € (086 | 0,1, 2,5, 10, 15 2w, 2x,y, 2 ** 2(1 * x, z), 3(z, 3 * 2w, x, 2y), 2
4 |o27 | 0,3,5 10 2x, 2y, 4(x, 2y * 2w, z) **w, z, 2 61087 (0,1,25, 11,12 2y, 2z, 2 *¥ 5(3w, 2x * y, 2z, 1), 2w, x
4(028{0,3,5, 14 Z, 2% W, %5, 3(2%, X,y * 2, 1) 6088 |0,1,2 511, 14 2w, 2%, 3, 2 *¥* 2(w,1%x,2),4(4*2w,x, 2y,2),2
4029 | 0, 3,12, 15 w, 2y, 4(w, 2y * x, 2z) ** x, 2z, 1 6 (089 | 0,1, 2, 5,11, 15 x, 2y, 2, 5(2y, 2z * 3w, x) ** 2w, 3
41030 | 0, 3,13, 14 2y, 3 ** 4(w, x, 2z * 2y, 1), w, X, 2z 610900, 1,25 14, 15 2w, 2%,'y, 2 ** 2(1 * x, z), 4(2 * w, X, y), 2
51031 00,1,23,4 3w, 2x, y,‘z ** 3 6 1091 |0,1,2 711,12 ¥, 2, 1 %% 3(2w, 2x *y, 2, 1), w, X
51032{0;1,2 3,12 w, x ** 20y, 7, 1 % w, x}, 1 6 (oo2z | 0,1, 2, ;, 11, 12 2w, 2%, y, z % 42 % w, =, y, 22), 2
5(033|0,1,2 4,7 2w, X, y, z** 2(w, 2*x,y,2), 2 6(0930,1,2 7, 11, 15 2w, 2%, y, z ** 5(4 * w, x, 2y, 2z), 2
5103410,1,24,8 W, X, Y,z %2 61094 |0,1,2 712,13 3w, 2y, 2, 5(2w, y, z * 2x) ** 2x, 3
51035(0,1,2,4,9 2w, X, y, 2 ** 2(x,y *z), 2 61095}0,1,2,7,12,15 2w, 2%, ¥, 2 ** 3(2 * x, y, 2}, 3(1 * w, x), 2
51036 0,1, 24,11 2w, X, y, 2 ** 3(x, 2% w, y, 2), 2 6096 | 0, 1,2 7,13, 14 2w, ¥, Z, 4(w, y, 2 * 2x) ** 2x, 2
51037 1 0,1, 2, 4, 15 2w, X, ¥,z **4(3*w, X, y, z), 2 6 (097 |0,1,27, 1315 4 **w, 2%, y, 22, 5(2w, 2X, ¥,z * 2)
5038 |0,1,25,6 2w, ¥, 2, 2(y, z * x) ** 2 61098 ] 0,1,2 12,13, 14 v, 2, 2%* 2w, 2x, 4(2w, 2%, ¥, Z * 2)
5103970, 1,25, 10 X, Z ** 3(2w, X, 2y * 2, 1),y 6 {099 | 0, 1, 2, 12, 13, 15 2w, 2%, y, z ** 5(y, 3 * 2w, 2x, 2), 2
5040 | 0, 1, 2, 5, 11 2w, X, 3(w, 2% x, 2y, z) **y, z, 1 6 (100 | 0, 1, 2, 13, 14, 15 2w, 2%, ¥,z ** 5(4 * 2w, 2%, y, z), 2
51041 1]0,1, 2,5, 14 2w, 2x,y, 2 ** 4(z, 2* w, X, y), 2(w, y, 1 *x,z), 2| 6 [101 | 0,1, 6,7, 10, 11 w, X, 2{w, x *y) **y 1
51042 {0, 1,2, 7,11 2w, 2X, y, z ** 3(4 * w, x, 2y, 2z), 2 6 (102 0,1,6,1, 10,12 WX,y **2(z,2 *w, 2 2y), 1
5043 |0,1,27, 12 2w, y, 2, 3(2w, y, 2 * 2x) *+ x, 2 6 |103 | 0, 1, 6, 7, 10, 13 2y, 4 ** 5(3w, 2x, z * 2y, 2), 2w, 2x, z
5(044 10, 1,2,7, 13 2w, 2x,y, Z ** 4(4 *w, 2x, y, 22), 2 6 [104 | 0, 1, 6, 10, 12, 15 2w, z, 1 ** 3(2x, 2y * 3w, z, 1), x, y
51045 | 0, 1, 2, 7, 15 2w, 2X,y, Z **5(2%x, y, z), 2 6 105 | 0, 1, 6, 10, 13, 15 2w, 2x, 2y, z ** 3(2 * w, x, 2y), 4(2 * w, X, z), 2
5 (046 | 0, 1, 2, 12, 13 2w, 2%, y, 2 ** 4(y, 1 * w, X), 2 6 [106 | 0, 3, 5, 6, 9, 10 2w, 2%, ¥, 2 ** 3(1 * W, x, ¥, z), 1
51047 | 0,1, 2,12, 15 2w, 2%, y, 2 **5(3 *w, X, y, 2), 3(y, z, 1 *w, x), 2|} 6 {107 | 0, 3, 5, 10, 12, 15 X, ¥, 3(»x, y*w,z)**w, oz, 1 .
5(048 | 0, 1, 2, 13, 14 2w, 2X, y, z ** 4(4 * 2w, 2x, y, z), 2 71108 ]0,1,23,4,5,6 3w, X, Y,z ** 3
51040 |'0, 1,2, 13, 15 Jw, %, y, 7 k% 5(2 *w, x, 2), 2 7 |100 | 0,1,2 3,4,5,8 3w, 2x, By, = k* 4
5 (050 | 6, 1,6, 7, 10 3w, 2X, 7, 4(w, X *y) ** 2y, 2 7{110|0,1,2,3,4,5,10 2w, X, y ** 2(x%,z *y), 2
51051 | 0, 1, 6, 10, 12 w, X,y **2(2z, 1 *w, x,y), 1 7111 1 0,1, 2, 3, 4, 5, 14 2w, X,y ** 3(z, 2% w, x, y), 2
5052 | 0, 1, 6, 10, 13 2%, z, 2 ** 4(3w, 2y * 2%, 7, 1), 2w, y 71120, 1,23,4,7,8 v 2w, 2%, y, 2** 2(w, L * y, 2), 3
51053 | 0, 1, é, 10, 15 2y, z, 4(3y, z * 2w, 2x%) ** w, x, 2 7(1130,1,23,4, 7,'9 2w, X, y, 2(y, 1 ¥x, 2) **z, 2
5(054 |0, 1,6, 11, 14 w, %,y *¥*3(z,1%x,y),2(x,2*%w,y,2),1 71114 (0,1,23,4,7 12 3w, 2x **y, 2 5(y,z*x), 1
51055)0,3,5,6,9 W, X, Y, 2 ** 2(8 *w, 2x, 2y, 3z}, 1 71(11510,1,2,3,4,17,13 3w, 2x, y, Z ** 4(4 * w, 2x, y, 22), 3
31056 | 0,3, 9,14 L, I(Z* W, X, ¥yt w, Xy, 1 71110 0,1,2, 3,4, 8, 12 W, 2K, Y, 2T Uy, 2 * W), 3
5{057 | 0, 3, §, 10, 12 w,z, 3(w, z, 1*2x, 2y} **x, v, 1 7i117(0,1,%,3,4,8,13 20, 2%, ¥, 2% Ay, 2w, %, 28, 3
61058 |0,1,23,4,5 2w, X, y ** 2 71118|0,1,23,4,8,15 2w, 2X,y, 2 ** 4(3 l".w, X, ¥, 2), 3
61059 10,1,2,3,4, 7 3w, X, v, 2(y, 1 *x,z) ** 2, 2 71119 | 0.1, 2,3, 4.9, 12 3w, 2x, v,z ** 3{2y, 2% 2w, x, 2), 3
6060 [0,1,23,4,8 2w, 2X, y, z ¥* 3 7120 | 0,1, 2, 3,4, 9, 14 3w, 2%, y, 2 *¥ 2(x,y, 1 *w,2),4(z, 2% w, %, ¥), 3
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TABLE II (Cont'd.)

m| 8 i Linear-Input Circuit mj 8 i; Linear-Input Circuit

| T 121 | 0, 1, 2, 3, 4, 11, 12 x, y, =, 3(2x, ¥, z % Ow) ** 3 g {181 | 0,1,2,3,4,7,8, 12 2w, 9%, y, = ** 2(4 * 2w, %, y, 7), 2
71{122 10, 1,2, 3,4,11,13 3w, 2x, ¥, 2 ** 4(4 * 2w, x, y, 22}, 3§ 8 (182 (0,1,2,3,4,17,8,13 2w, 2x,y, z ** 3(4 *w, 2x, y, 22), 3
7]123]0,1,2,3,4,12, 13 3w, 2x, y, 2 ** 4(y,l1 *w, x), 3 81183 )0,1,2,3,4,7,8,15 2w, 2x, ¥, z ** 4(2 *x, v, 2), 3
71124 10,13, 2,3,4,12,15 3w, 2%, ¥, 2 ** 5(3%*w, x,y,2),3(y, 2,1 *w,x),3 81184 10,1,2,83,4,7,9,10 W, ¥, 2 ¥ 2(x*y, z),1
71125 (0,1,2,38,4,13, 14 2x, Y, 7, 4(2x, Y,z *3w) **w, 3 81185 (0,1,2,3,4,17,09,12 w, 2y, 2z ** 5(Z'w, 3x *y, 2z, 1), 2x
7{126 [0, 1,23, 4,13, 15 3w, 2x, ¥, 2 ** 5(2 * w, x, z), 3 8186 (0,1,2,3,4,179,13 3w, X, 2y, 4(W, y, 1 * X, 2) #* 2z, 3
7127 | 0, 1, 2, 3, 12, 13,14 w, x ** 2(y, z, 2 * 2w, 2x), 1 81187 [0,1,2,3,4,7,0,14 | 2x 2y, 1 **5(3w, 2z * x, 2y, 1), w, 2z
7 (128 [ 0,1,2,4,7,8, 11 W, X, ¥, 2 ** 2(4 % w, X, 2y, 22), 2 8 (188 10, 1,2,3,4,1, 12,13 4w, 3x, 2y, 2 ** 5(4 * 2w, 3%, ¥, 2), 4
71129 10,1, 2, 4, '%, 8,15 w, X, y,(z **3(2%x,y,z), % 81189 (0,1,2,3,4,7,12, 15 w, X, 2z, 4(x, 2z * w, 2y) ** 2y, 3
7(130 {0, 1,2,4,7,9, 10 X,z ¥ 2(2w, 3y *x, 22, 1), y 8190 {0, 1,234,713, 14 3w, 2%, ¥, 2**4(3 * w, 2X, v, 2), 3
7(131]0,1,2,4,7,8,11 2w, 3x, 2z ** 4(2y, 1 *w, 2x, 3z), ¥, 1 8 {181 (0,1, 2,3, 4,8,12,15 w, X, 2y, 2z ** 2(w, x, 1 *y, z), 43 *w, X, y, z), 3
7(13210,1,2,4,7,9, 14 2w, 3y, 2z ** 4(2x, 1 * w, 3y, 2z), x, 1 8 (192 0,1,23,4,8,13, 14 2w, 2X, ¥, z ** 3(4 * 2w, 2x, v, z), 3
7(13310,1,2,4,7,8,15 w, 2;', z, 1 ** 4(w, 3x * 2y, 2z, 1), 2x 81193 |0,1,2 3,6 4,8, 13,15 2w, 2%, Y,z ** 4(2*w, X, z), 3
70134 0,1, 24,7, 11,13 3w, 3% 4(x,y, 2% W, 2), X, 3, 22 81194 10,1,23,4,9,12 13 | 3w, 2x,y, z ** 4(2y, 2 * 2w, x, ), 3
7[195 10,3, 24,7, 11,15 2w, &, y, z "+ 4(4 * w, x, By, 2z}, 2 6195 | 0, 1, 2, 3, 4, 9, 12, 14 ¥, 25, 1 ** 5(aw, 3x, y * =, 8), W, Ox
71136 {0,1,2,4,09,10,11 2w, %, ¥, 2 ** 3(2x, 2 * 2w, ¥, 2), 2 81196 | 0,1,2 34,9, 12,15 | 3w, 2x,y, z ** 2(1 * w, 2), 3(z, 4 * 3w, 2x,y), 3
7113710,1,2,4,9,10,12 X, ¥, % 2(X,y, 2% w) ** 2 81197 10,1, 2, 3,4,9, 14,15 3w, 2x, ¥,z ** 2(1 *w, z), 4(2*w, x,¥), 3
7138 }0,1,2 4,8, 10, 13 2%, 3y, 22, 5(y, 2 * w) ** w, 4 80198 10,1,2,3,4,11,12,13 | 2y, 2,1 *5(2w, 3x*y, z, 1), w, 2x
71139 |0,1,2 4,9,10,15 2%, X, y, z ¥* 2(2*2w,y,2),2(3*w,X,y,2), ¢ 81189 (0,1,2,3,4,11,12, 15 3w, 2%, y, z** 3(2 *w, vy, %), 3(1 * w, x), 3
7]140 | 0,1,2,4,9,11,13 2w, X, y, 2 ¥* 3(1 * w, 2), 2 8200 |0,1,2,3,4,11,13, 14 3w, 2x,y, z ** 4(3 * 2w, x, v, 2), 3
71141 (0,1,2,4,9,11,14 2%, y, 2z, 4(X, y, 2z ¥ 2w) ** w, 3 8120110,1,23,4,12,13, 14 3w, 2x, ¥, z ** 4(y, 2z, 1 *w, 2x), 8
1)142 | 0, 1, 3, ;}, 9, 11, 13 2W, X, ¥, & ** 4(X, 3 * 2w, y, 22), 2 84202 |0,1,23,4,12 13, 15 3w, zx; ¥, Z ** 5(y, 3 * 2w, 2X, 2), 3
71143 |0, 1, 2, 4, 9, 14, 15 2w, X, ¥, 2 *¥*2(1 *w, z), 3(2*w, x,y), 2 8203 |0,1,2,3,4,13 14, 15 3w, 2x,y, z ** 5(4 * 2w, 2x,y, z}, 3
71144 0,1, 2,4, 11,13, 14 2w, X, ¥, z ** 3(3 * 2w, X, y, 2), 2 81204 {0,1,2 3,12, 13, 14,15 | w, x **2(1 * w, x), 1
71145 |0, 1, 2, 4, 11, 13, 15 2w, X, ¥, 2 ** 4(4 * 2w, %, y, 22), 2 81205 |0,1,2 4,7, 8, 11, 13 W, X, ¥, z**2(3*w, x,y, 2z), 2
7|14610,1,2,5,6, 7,11 2w, x, 3(w,x, 1 *y, 2) **y, z, 1 81206 {0,1,2,4,7,8,11,15 W, X, ¥, 2% 3(4*w,x, 2, 22), 2
71147 | 0,1, 2,5, 6, 11, 12 x, 2 %% 3(3w, 2y, 22 % x, 3), W, ¥, 2 81207(0,1,24,7,89, 10, 11 2w, 5(w, 3 * 3x, 2y, 2z) ** x, 2y, 2z, 1
7{148 |0, 1, 2,5, 6, 11, 13 | 2w, 2x,y,z** 2(2w, 2% 2x,7,2), 4(4 * 2w, x,y.22),2 |{ 8 (208 |0, 1,2 4,709, 10,12 X,y **2(w, 22%x,y, 1), 2
71149 10,1, 2,5, 6, 11, 15 3w, %, 5{w, 1 *y, z) ** 2y, 2z, 1 81209 (0,1,2,4,7,9,10,13 2x, 2z, 1 ** 5(2w, 3y * x, 22, 1), w, 2y
71150 10,1, 2,5,86,12,13 2w, 2x,y,2*%* 2(w,2,1*x,y),4(2y,2* w, 2%, 2),2 8210 |0,1,24,7109, 10, 15 w, 2y, 2z, 1 ** 5(w, 3x * 2y, 22, 1), 2x
7(1(0,1,25,6,12, 15 2y, 2z, 1 ** 4(3w, x * 2y, 2z, 1), W, x 81211 {0,1,2,4,7,9,11,13 2w, X, y, z ** 3(4 * 2w, X, y, 3z), 2
7152 | 0,1, 2, 5,6, 13, 14 w, 2y, 22, 4(2y, 22 * w, X) ** x, 3 8|21210,1,24,17,09,11, 14 2%, y, 1 ** 4(2w, 22 * %, ¥, 1), W, 2z
74{153(0,1,2,5,6,13, 15 S| 2w, 2%, y, z ** 2(w, 2,1*x,y),5(y, 3*w, 2, 22), 7 8(213|0,1,2,4,17,911,15 2w, X, ¥, z ** 4(x, 3% 2w,y, 22), 2(w, 2*X,y, z), 2
71154 | 0,1, 2,5, 10, 12, 15 2w, 2X, ¥, 2 ** 2(1 * x; z), 3(z, 2* 2w, X,y), 2 8(214]0,1,2,4,7,9,14,15 2w, X, ¥, 2 ** 3(4 * w, 2x, 2y, z), 2(1 * w, z), 2
71156 {0, 1, 2, 5, 10, 13, 14 2w, 2%, ¥, 2 **4(y, 1 *x, 2), 4(z, 1 *w,5), 2 8§215/0,1,2,4,7,11,13, 14 | 2w, x,y, 2 ** 3(2*w, x,y,2), 2
7156 | 0, 1, 2, 5, 11, 12, 14 2w, 2x, v, z ** 3(2y,2*w, 2x,2),4(4 * 2w, X, 2y,2),2{| 8 216 | 0,1, 2, 4, 7, 11,13, 15 Sw, 4(2w, 1 * X, ¥, z) ** x, y, 2z, 1
7157 | 0,1, 2, 5,‘11, 14, 15 2w, 2x, ¥, z ** 2(w,v,1*x%,2),5(4*2w,x,2y,2),2 81217 | 0,1,2,4,9,10,11, 12 | 3x, 2y, 22, 5(x, y, z * w) ** w, 4 ’
71158 [ 0,1,2,7,11,12,13 |2y, 2, 2%+ 5(2w, 2x * y, 2, 1), 2w, 2x 8(218(0,1,24,9,10,11,13 | 2x, 2y, z, 4(y, z * w) **w, 3
7(159 )0, 1, 27, 11, 12, 15 2w, 2%, ¥, 7 ** 3(4 * w, X, 2y, 2z), 3(1 *w, x), 2 8219)0,1,2,4,8,10,11,15 | 2w, X, ¥, z **4(x, 2 * 2w, y, z), 2
7.|160 | 0, 1, 2,7, 11, 13, 14 2w, 2%, y, 2 ** 4{2* w, X, y, 2), 2 80220 |0, 1,2 4,9, 10,12, 15 | 2w, 4y, 4z ** 7(3x, 1 * w, 2y, 22), 3x, 1
71161 | 0,1, 2,17, 12, 13, 14 2w, 2X,y, z ** 4(4 * 2w, 3x, ¥, z), 2 8lz221101,24,9, 10,13, 14 X, 2y, 22, 4(y, 2z * w) ** w, 3
7162 |0,1,6,7, 10, 11, 12 w, X, ¥ ** 2(z, 3 * 2w, 2x, 3y), 1 8222(0,1,2,4,9,10,13,15 | 2w, x,y, 2z ** 2(1 * w, ), 4(y, 3 * 2w, x, 22), 2
7 ]163 | 0, 3, 5,6, 9, 10, 12 W, X, ¥, 2**2{1*W, X, ¥,2), 1 81223 )0,1,2,4,9,11,13, 14 | 2w, X, y, 2 ** 3(2 * 3w, X, ¥, 22), 4
8164 {0,1,23,4,5,6,7 RIS} 81224 |0,1,2,4,9,11,14,15 | 2w, x, y, 2 ** 3(x, 1 *w, 2), 4(2 * w, %, ¥), 2
8 |165 | 0,12, 3, 4,5,6,8 2w, %, ¥, 2**3 81225 |0,1,2,4,11,13, 14,15 | 2w, x,y, 2 ** 4(3 * 2w, X, y, 2), 2
81166 |0,1,2,3,4,5,6,9 3w, %, ¥, 2(2* X, y,z) ** 2,3 8 (226 {0,1,2 56,7 11,12 2w, 2%, ¥, 2 ** 3(2 * w, 2x, v, 2), 2
8 (167 | 0, 1, 2, 3, 4,.5, 6, 11 3w, x, 3(2 %%, y, 2} **y, 2, 2 81227 )0,1,2,56, 11,12, 13 | 2w, 2, v, z, 2(4*w, 2%, 2y, Z) **4(2*w, 2x,y,2),2 |
8168 |0,1,2,3,4,5,6,15 3w, 4(w, 2% X%, y,2) ** %y, 21 80228 |0,1,25, 6, 11,12, 15 | x, 4 ** 5(3w, 2y, 2z * x, 3), 2w, 2y, 2z
8116910,1,2,3,4,5,8,9 W, X,y **2 . 8422910,1,2,5,6,11, 13, 14 2w, 2%, ¥, 2 ** 4(3* 2w, X,v,2), 2(2w, 2*2x,y,2), 2
8170 {0,1,23,4,5,8, 10 2w, 3%, ¥, 22 ** 2(w,y *x), 4 81230 | 0,1,2,56,11,13,15 | 2w, 2x,y, z ** 5(4 *2w,X,v, 22), 2(2w, 2% 2x,y,2), 2
8111 |0,1,2,3,4,5,8,11 2w, 3x, 2y, 3(y, 1 * w, z) ** 2, 4 8231 |0,1,25,6,12, 13, 14 | 2w, 2x, ¥, z ** 4(y, 2, 2 * 2w, 2x), 2( 2w, 2* 2x, Y, 2), 2
8 {172 '0, 1,2,3,4,5,8, 14 3w, 2x, 2y, z ** 4(z, 2 * w, x, y), 4 8232 0,1,2,56,13,14,15 | 2w, 2x,y, 2 ** 2(2*2x,y,2),3(4 * 2w, 2x,y,2), 2
8(17310,1,2,3,4,5,8,15 3w, 2x, 2y, 2 ** 5(3 % w, X, ¥, 2), 4 81233 | 0,1, 25,10, 13, 14, 15 | 2w, 2x, y, z ** 4(y, 3*w, 2x, 22), 4(z, 3 * 2w, x, 2y), 2
8174 10,1,2,3,4,5,10, 11 W, 2x **y, 2(w,y *x), 1 8 (234 | 0,1, 2,5, 11,12, 14, 15 | 2w, 2x, y, z ** 5(4 * 2w, X, 2y, z), 3(2y, 2 * W, 2x,2), 2
8 |175 | 0, 1, 2, 3, 4, 5, 10, 12 2w, X, y ** 2(2z, 2 * 2w, X, y), 2 812351 0,1,2, 7,11, 12,13, 14 | 2w, 2x, y, z ** 4(3 * 2w, 2x, y, z), 2
8 (176 ]0,1,23,4,5, 10, 13 W, 2%, 3y, z, 4(x, 2y, 2% Qw) ** 5 81236 (0,1,6,7,10,11,12,13 | w,x, ¥y **2(1 *w, x, ¥), 1
81177 |0, 1, 2, 3, 4, 5, 10, 14 2w, z, 3(w, 1 ¥ X, y) **y, 2 81237 |0,3,5 6,9, 10,12,15 {2(2*w,x,y,2), 2(*W, X, y,2) *w,x,y¥,2,1

181178 |0,1,23,4,5,10, 15 4w, 2x, 5('2w, X, 1% 3y, z) ** 3y, 2,3
8179 10,1,2,3,4,5,14,15 2w, 3(w, 1 ¥’x, y) **x, y, 1
8(180(0,1,23,4,7,8,1 id ', : *
L, , 3,4, 7, 8,11 2w, 2x **y, z, 2(w, X, y,2 *%2), 1
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CONCLUSIONS

On the assumption that there are no restrictions on
the total number of input turns to a magnetic core,
linear-input circuits for the production of n variahle
symmetric functions have been developed which require
no more than 1+ [(z+1)/2] cores. Logical design tech-
niques. for arbitrary switching functions have been de-
veloped which are based on primitive circuits. These
are easy to use but they do not necessarily lead to the
most economical circuits. A synthesis procedure based
on linear- programming plus inspection has been de-
veloped which leads to very economical circuits; but at
present it is difficult to use. A table of all linear-input cir-
cuits of four variables verifies by exhaustion that the
known bound on the number of cores required for n
variable symmetric functions is met for any switching
function for which #<4.

ACKNOWLEDGMENT

In addition to E. L. Glaser and E. F. Moore, whose
contributions. have been mentioned, the author is
greatly indebted to D. C. Condon, G. C. Arndt, Jr. and
K. M. Beilstein, This paper is based on work done while
the author was in the employ of the Burroughs Cor-
poration, ElectroData Division, Pasadena, Calif.; and
acknowledgment is madc for permission to publish this
work. Facilities and editorial assistance for the prepara-
tion of this paper were supplied by Stanford Research
Institute, Menlo Park, Calif.

BIBLIOGRAPHY

[1] M. Karnaugh, “Pulse-switching circunits using magnetic cores,”
Proc. IRE, vol. 43, pp. 570-584; May, 1955

[2] R. McNaughton, “Unate truth functions,” this issue, p. 1.

[3] “Project Lightning, Second Phase, First Quarterly Progress
Report,” Remington Rand UNIVAC, St. Paul, Minn., p. 57;
Fcbruary, 1959.

[4] R. L. Wigington, “A new concept in computing,” Proc. IRE,
vol. 47, pp. 516-523; April, 1959.

March,

[S] S. Muroga, “Logical Elements on Majority Decision Principle
and Complexity of Their Circuit,” presented at Internatl. Coyf
on Information Processing, Paris, France; June 15-20, 1959,
[6] R. C. Minnick, “Synthesis of Linear-Input Logic by the Simpiex
Method,” presented at the Sixth Annual Symp. on Computers
and Data Processing of the Denver Res. Inst., Denver, Colo.-
July 30, 1959. o
[7] R. Lindaman, “A new concept in computing,” Proc. IRE, v]
48, p. 257; February, 1960. ’
[8] M. C. Paulland E. J. McCluskey, Jr., “Boolean functions realjz.
able with single threshold devices,” Proc. IRE, vol. 48, pp
1335-1337; July, 1960. ’
[9] E. N. Gilbert, “Lattice theoretic properties of frontal switching
functions,” J. Math. Phys., vol. 33, pp. 57-67; April, 1954,

[10] W. L. Semon, “Notes on the theory of series-parallel circuijts ”
in “Theory of Switching,” Harvard Computation Lab., Btyll
Labs.” Rept. 10, Sect. V; March, 1955,

[11] W. L. Semon and R. Gould, “A chart of unage functions,” in
“Theory of Switching,” Harvard Computation Lab., Bell Labs.’
Rept. 13, Sect. IIT; November, 1955.

[12] E. T. Moore, “Counter-Example to a Conjectuse ol McCluskey
and-Paull”; 1957 (unpublished).

[13] R. L. Mattson, “A self-organizing binary system,” Proc. EJCC
pp. 212-220; December, 1959. !

[14] D. G. Willis, “Plastic neurons as memory elements,” 1959
IRE WESCON CONVENTION RECORD, pt. 4, pp. 55-65.

[15] W. D. Rowe, “The transistor NOR circuit,” 1957 IRE WESCON
CONVENTION REcorp, pt. 4, pp. 231-245.

[16] E. Goto, “The parametron, a digital computer element which
utilizes parametric oscillation,” Proc. IRE, vol. 47, pp. 1304~
1316; August, 1959.

[17] E. Goto, K. Murata, et al., “Esaki diode high-speed logic cir-
cuits,” IRE TraNs. oN ELEcTrONIC COMPUTERS, vol. EC-9,
pp. 25-29; March, 1960.

[18] R. Tevonian, “Dry reed logic and memory unit,” Western Elec- -
tric Engr., pp. 43-47; April, 1960.

[19] S. H. Caldwell, “Switching Circuits and Logical Design,” John
Wiley and Sons, Inc., New York, N. Y.; 1958.

[20] Staff of the Harvard Computation Laboratory, “Synthesis of
electronic computing and control circuits,” in “Annals of the
Harvard Computation Laboratory,” Harvard University Press,
Cambridge, Mass., vol. 27; 1951,

[21] S. Vajda, “The Theory of Games and Linear Programming,”
%gtﬁhuen and Co., Ltd.,, London, Eng., Monograph 4060/u; -

[22] R. A. Higonnet and R. A, Grea, “Logical Design of Electrical
Circuits,” McGraw-Hill Book Co., Inc., New York, N. Y.; 1958.
The table was produced by E. F. Moore.

[23] . L. Rosenfield, “Magnetic core pulse-switching circuits for
standard packages,” IRE TraNs. oN ELECTRONIC COMPUTERS,
vol. EC-7, pp. 223-228; September, 1958.

[24] R. E. Gomory, “Outline of an algorithm for integer solutions to
linear programs,” Bull. Amer. Math. Soc., vol, 64, pp. 275-278;
September, 1958. A

[25] M. H. Lewin, “Negative-resistance elements as digital computer
components,” Proc. EJCC, pp. 15-27; December 1-3, 1959.




