
CNS 188a Overview

• Boolean algebra as an axiomatic system

• Boolean functions and their representations using 
Boolean formulas and spectral methods

• Implementing Boolean functions with relay circuits, circuits of
AON (AND, OR, NOT) gates and LT (Linear Threshold) gates

• Analyzing the complexity (size and depth) of circuits

• Relations (as opposed to functions) and their implementation 
in circuits

• Feedback and convergence in LT circuits



Linear Threshold
New Ingredient

A memory nose

Remembers the last f(X)



Feedback Networks
Example
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The state of the network: the vector that corresponds 
to the states (noses…) of the gates 
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Example
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Stable states Q: 
why care about 
stable states?
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Feedback Networks
Hopfield Model (Caltech 1982)
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i = node i 

1 = state vi

0 = threshold ti

-1 = weight of edge (i,j)
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Feedback Networks
The Vector/Matrix Description

An n node feedback network can be specified by:
• W an nxn matrix of weights
• T an n vector of thresholds 
• V an n vector of states
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The Matrix Description
Example
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Computation in N= (W,T)

Q: when do the nodes compute?
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Modes of Operation

21
-1

-1

Q: when do the nodes compute?

Serial mode: one node at a time (arbitrary order)

Fully-Parallel mode: all nodes at the same time 
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Example 1
Serial Mode – Symmetric Weight Matrix

The state space:
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Example 2
Fully-Parallel Mode – Symmetric Weight Matrix

The state space:
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Example 3
Fully-Parallel Mode – Antisymmetric Weight Matrix

Q: how does the state space look?

cycle of length 4
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Example 3
Fully-Parallel Mode – Antisymmetric Weight Matrix

The state space:
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cycle of length 4
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The Three Cases

Cycle lengths
Wmode symmetric antisymmetric

serial

fully-parallel
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Example #

1 Hopfield 1982

2 Goles 1985
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Questions on Convergence

Cycle lengths Wmode symmetric antisymmetric

serial

fully-parallel
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?
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2 3

Example #

1 Hopfield 1982

2 Goles 1985

3 Goles 1986

Q1: Are the three cases “distinct”?

Q2: Elementary proof? (wo/energy) 

Q3: Other “interesting” cases? 
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Cuts in Graphs
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5

Partition the set of nodes to two set: V1 and V-1

CUT = The set of edges incident at one node in V1 and
one node in V-1

Weight of a cut:
sum of edge weights
in a cut

Minimal Cut (local):
a cut with minimal weight



Algorithm (called L) for finding a Locally 
Minimal Cut in a Graph

(1) Given a graph, start with a random cut (partition)
(2) Choose a node k at random

(3) Compare the sum of weights of the edges that:
(i)  belong to the cut and incident at node k
(ii) the other edges incident at node k 

k

(4) If the blue set is lighter or equal
to the black set: leave node k in 
its location 

Otherwise: move node k to the other 
side of the cut  
(5) Goto step (2)



Q: Does Algorithm L converge
to a locally minimal cut?

(1) Given a graph, start with a random cut (partition)
(2) Choose a node k at random

(3) Compare the sum of weights of the edges that:
(i)  belong to the cut and incident at node k
(ii) the other edges incident at node k 

k

(4) If the blue set is lighter or equal
to the black set: leave node k in 
its location 

Otherwise: move node k to the other 
side of the cut  
(5) Goto step (2)



Q: Does Algorithm L converge
to a locally minimal cut?

k

(4) If the blue set is lighter or equal
to the black set: leave node k in 
its location 

Otherwise: move node k to the other 
side of the cut  

Algorithm L converges to a cut
that cannot be improved by moving
a single node from V1 to V-1 



The Three Cases
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Prove that this
case follows from
convergence of
Algorithm L



k

(4) If the blue set lighter or equal
to the black set: leave node k in 
its location 

Otherwise: move node k to the other 
side of the cut  

V1V-1

Sgn (black – blue) = 1

Sgn (black – blue) = -1

Leave k in the set V1

Move k to the set V-1



k

(4) If the blue set lighter or equal
to the black set: leave node k in 
its location 

Otherwise: move node k to the other 
side of the cut  

V1V-1

Sgn (black – blue) = 1

Sgn (black – blue) = -1

Leave k in the set V1

Move k to the set V-1

Hence, if Algorithm L converges so does the network

This is exactly an LT gate operation in node k



Questions on Convergence
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Q1: Are the three cases “distinct”?

Q2: Elementary proof? (wo/energy) 

Q3: Other “interesting” cases? 
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Example 2
Fully-Parallel Mode – Symmetric Weight Matrix

The state space:

11 -11

-1-11-1

stable states

cycle of length 2
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The network on the 
right operates in serial mode??



21
-1

-1

Idea
Simulate a Fully-Parallel Mode with Serial Mode
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The key:
The network on the 
right operates in serial mode??

It converges to a stable state

The stable state represent either a cycle of length 2
or a stable state in the original network
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Idea
Simulate a Fully-Parallel Mode with Serial Mode

3-1

-1 42

-1

-1

1

1 -1

1

-1 -1

1

In a stable state in the original network
the states on the two sides
in the network on the right are equal



In General
Simulate a Fully-Parallel Mode with Serial Mode
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Questions on Convergence

Cycle lengths Wmode symmetric antisymmetric
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Q1: Are the three cases “distinct”?

Q2: Elementary proof? (wo/energy) 

Q3: Other “interesting” cases? 
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Answer to Q3
Serial Mode – Antisymmetric Weight Matrix

The state space:
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cycle of length 4
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Idea: We can build a counter
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Leibniz
1646-1716

Boole
1815-1864

Shannon
1916-2001

Huntington
1874-1952

Stone
1903-1989

Stibitz, 
1904-1995

Pitts
1923 - 1969

McCulloch
1899 - 1969

Post 
1897-1954

Fourier
1768-1830

Sylvester
1814-1897
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