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CNS 188a Overview

» Boolean algebra as an axiomatic system

* Boolean functions and their representations using
Boolean formulas and spectral methods

- Implementing Boolean functions with relay circuits, circuits of
AON (AND, OR, NOT) gates and LT (Linear Threshold) gates

* Analyzing the complexity (size and depth) of circuits

* Relations (as opposed to functions) and their implementation
In circuits

- Feedback and convergence in LT circuits




XOR of Three Variables with AON

adrbPrc=a-b-c+a-b-c+a-b-c+a-b-c

Depth = 2 g

C — ® |
Size = 5 is the complement

|
<

O SR

O SR




XOR of Four Variables with AON

Depth = 2 — Can we do better?

Size = 9 No Yes

7
i (

4 ANDs for |X]| =1

4 ANDs for |X| = 3

Size9l
optimal for
depth 2




Size 8 XOR AON Circuit of Four Variables

Z:E\ Size 9
A —— optimal for
g:y - depth 2
i Size 8 is
Size b Size 3 Optimall
a/ —
b — XOR(x,y,z) XOR(xy) —— XOR(a,b,c,d)

C =— S—




Neuron - Neural Gate

Linear Threshold (LT) gate

e {0?1} .




Can We Compute an AND Function
with an LT Gate?

AN D (21, 9)] F(X) = wo+ 3 wiz;
=1
o : L1 | F(X)| f(X)
-2 00 -2 0
L2 1 01 | 1 0
10 -1 0
11 0 1

F(Ihl‘g) — -2+ x1 + 29




Can We Compute an OR Function
with an LT Gate?

OR(x1,x2) F(X)=wo+ Y w;
=1
L1 1
| L1 | F(X)| f(X)
i 00 | -1 0
L9 1 01 0 1
10 0 1
11 1 1

‘F(&J"l?xg) = —14+ a1 +x9




Can We Compute a NOT
with an LT Gate?

INOT (1)

L1 = sgn(—2x1 + 1)

Can we compute NOT

without sgn? ‘fl = NOT (x1) =1 — fL‘l‘




More Variables for AND?

0 if | X|=n
<0 if|X|<n

Hence sgn(F'(X)) isan AND



More Variables for OR?

1 if|X]|=0
F(X) =
(X) {30 if |X]>1

Hence sgn(l'(X)) isan OR



AON vs. LT Circuits

Theorem (LT/AON):

LT circuits are at least as powerful as AON circuits:

(i) Size of an AON circuit for a Boolean function f is
greater/equal
size of an optimal LT circuit for the function f

(ii) Depth of an AON circuit for a Boolean function f is
greater/equal
depth of an optimal LT circuit for the function f

Proof:

By the previous reductions:
AND, OR and NOT can be implemented by a single LT gate




LT gates are MORE Powerful

XOR of three variables with AON =4

Depth = 2 %}

Size = 5

/\
/\
XOR of four variables with AON

Depth = 2

Size = 9

Size is optimal for depth 2

XOR of four variables with AON,
size 8 is optimal for any depth
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LT-1=LT layered, inputs go to | X
first layer only

LT gates are MORE Powerful

-

L1
T3

T
L3
T
L3

PUw

\A

vy

}—\}—\}—\OI}

OOP—‘P—‘UJ

C |a+B+c|-2+A+B+C
011 -1
0 2 0
011 -1
L] 2 0

@

NP4

XOR(xy,x2.23) |

Can take the sgn
or add 1



LT gates are EVEN MORE Powerful

LT-nl = LT non-layered,

1 L A inputs go to any layer
o

1 -2
g \ | XOR(xy, 9, 23) |

Can take the sgn
or add 1

L3
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XOR Function: Size of LT vs. AON in Depth 2

XOR(x1,x0,23) | XOR(x1,29,...,75)
AON| 5 ontpq* }
LT-| 4 n-+1*%*
n
LT-nl 2 L§J + 1+

* =it is optimal Exponential gap in size



XOR with a Single LT Gate

Is it possible to compute XOR(x,z9)
with a single LT element?

Answer : NO

Proof:

By contradiction
assume it is possible and reach a contradiction

XOR(x1,29) = sgn(wp + wixr) + woxs)

x1 =0
r1 =1
x1 =0
r1 =1

x9 =0 > wy < 0 =——>2w%, w1 + wos < 0
x9 = () > wg +wyp > 0 AOo;é

ro =1 > wp + wy > %

To =1 wo+ wi+we <0 |2w0—|—w1—|—41‘.{3220|

Q



History on LT

Warren McCulloch Walter Pitts
1899 - 1969 1923 - 1969

Neurophysiologist, MD Logician, Autodidact

Computing with LT (neural) gates: connection
between circuits and neural networks, 1943

Warren McCulloch arrived in early 1942 to the University of Chicago,
invited Pitts, who was still homeless, to live with his family.

In the evenings McCulloch and Pitts collaborated. Pitts was familiar with the work
of Gottfried Leibniz on computing and they considered the question of whether
the nervous system could be considered a kind of universal computing device

as described by Leibniz.

This led to their 1943 seminal neural networks paper:
A Logical Calculus of Ideas Immanent in Nervous Activity.




Symmetric Functions

Permuting the inputs does _ SYM —
not change the output

‘XOR(ZI?l,ZI?Q.} r3) = XOR(z2, 21, x3) = XOR(x2, 23, Il)‘

Definition: A Boolean function f is symmetric if
f(X) = [ (X))

for an arbitrary permutation 7




Questions on Symmetric Functions

Q1: How many symmetric Boolean functions of n variables?

Q2: What are the symmetric functions that can
be realized by a single LT gate?



Symmetric Functions

Definition: A Boolean function f is symmetric if
f(X) = f(7m(X))

for an arbitrary permutation 7

Theorem: A Boolean function f(X) is symmetric

if and only if it is a function of the number of 1's
in X, namely | X]



Symmetric Functions

Theorem: A Boolean function f(X) is symmetric

if and only if it is a function of the number of 1's
in X, namely | X]

Proof:
|/ a function of |X] | ~ | f symmetric |
Given:
X = (X - f(X1) = f(Xo)

Need to prove: f(X) = f(n(X)) Vm, VX
However, X| = |m(X) Vi, VX
P (X)) = f(n(X)) Vv, VX



Symmetric Functions

Theorem: A Boolean function f(X) is symmetric

if and only if it is a function of the number of 1's
in X, namely | X]

Proof:

‘f symme‘rr'ic‘ »| f a function of |X] ‘
Given: f(X)=f(x(X)) vV, VX
Need to prove:| X | = | Xo| - f(X1) = f(X9)
However, | X{| = |X3] »adm, Xo = w(Xq)

Hence, f(X1)= f(7(X1))= f(X2)



Questions on Symmetric Functions

Q1: How many symmetric Boolean functions of n variables?

Q2: What are the symmetric functions that can
be realized by a single LT gate?

Al:
Theorem: The number of symmetric functions of
1 variables is: on+1




Number of Symmetric Functions

Theorem: The number of symmetric functions of
n variables is:  9nt+1

Pr‘oof: ‘f Symme'l'r'ic‘ < > ‘f a fUHCTiOH Of ‘X‘ ‘
x|l f(X)
0 %
§ * can be O or 1
Symmetric 1
function — 2 *
table : °
. . 2"+l functions
n %




Questions on Symmetric Functions

Q1: How many symmetric Boolean functions of n variables?

Q2: What are the symmetric functions that can
be realized by a single LT gate?

Definitions:

‘ (1) SYM = the class of Boolean symmetric functions ‘

(2) LT1 = the class of Boolean functions that can be
realized by a single LT gate.

Q2: How is SYM related to LT1 ??



Questions on Symmetric Functions

Q2: How is SYM related to LT1 2?
Q3: Which class has more functions?

T L
Tt s >

C < SYM D LTH

& - >




SYM and LT1

Theorem: SY M m LTl —TH

LT1

OR f(xlﬁj?g&) = 1T

AND



LT: Function that is not Symmetric

flxry,x9) = 2179

ryzo | x| F(X)
00 | -1 0

-1 10 | 0 |1

o -1 11 | -1 0

‘F(&Chﬂfg) = 1421 — 29




SYM and LT1

Q: What is TH ?

LT1

orp Jlx1,12) = 1172

AND



SYM and LT1

Q: What is TH ?

Definition: A symmetric Boolean function is in TH
if it has at most a single transition in the symmetric
function table

\X] AND OR XOR
0 0 0 0
1 0 1 1
2 1 1 0
= a transition \

Not in TH



The Class TH

Definition: A symmetric Boolean function is in TH
if it has at most a single transition in the symmetric
function table

4

| i IX] >
TH(z1. 29, 2) = ! =
(T3, 22,- ) = g ey <

\

|AND(X) = TH,, |
IOR(X) =TH |
MAJ(X) = THpu

2




The Class TH

1 if | X| >
TH?;(;El,:EQ,...,:En):{ X =

0 if | X]| <

IX| | THo | TH: | TH2 | THs

— | | e [

HHH/:
-
r—\/OOO

Wl N = O




The Class TH

TH(xy.79.. ... In):{é i:i:iz ‘THi:{f‘f:THi}
TH={TH;,TH; | 0<i<n}
IX| | THo| TH: | TH2 | THs| THo | TH1

W N = O

— | | e |

0
1
1
1

= = O] O
= O O O
o O O O
o O Of =




The Class TH

Q: what is |TH| ? A 2n+2
IX| | THo | TH: | TH2 | THs| THo | TH: | TH2 | THs
0 1 0 0 0 0 1 1 1
1 1 1 0 0 0 0 1 1
2 1 1 1 0 0 0 0 1
3 1 1 1 1 0 0 0 0




Back to the Theorem

LT1

XOR _
AND op Jflri,m2) = 2172

SYM(\LTy 2 TH

We know that: TH cCSYM }

First, prove that: 1'H C L1}
Second, prove that: ‘SY]L{ ﬂ L'y =1TH ‘




Easy Part of the Proof

We know that:  T'H C SY M
First, prove that: ‘ I'H C L1 ‘

}

SYM(\LTy 2 TH

THi($17$27 . '?mﬂ) — {

1
0

if | X| >4
if | X| <1

TH;(x1,29,...,0,) = sgn(—t +x1 + a0+ -+ + 2p)

i X >
10 X <

TH; =sgn((z—1) — (xr1 + 220+ -+ - + x5,))




Harder Part of the Proof

We proved that: | SY M (\LTy D TH

Need to prove that: ‘SYM ﬂ Ll =TH

Idea??

TH

fé¢ LT




Harder Part of the Proof

f¢& LT

o= D

Idea: proof by contradiction, assume f © L[ exists
The function f is in SYM and not TH, wlog:

X] |0

f(X) 10

11111 (1 10

without loss of generality




Harder Part of the Proof

f¢& LT

o= D

Idea: proof by contradiction, assume f © L[ exists
The function f is in SYM and not TH, wlog:

X] |0

f(X) 10

L1 (11 1 |1 (1 |0

without loss of generality




Why WLOG?

Idea: proof by contradiction, assume f < L[ exists
The function [ is in SYM and not TH, wlog:

x| Jo[1]2 ]34 |5
f(X) lolo]1 [o]1

F(X) = wo + wizy + wows + wars + wyry + wsws

Ir3 — 1 Ty — 0 Iy — 0

F(X) = wy+ wix) + woxg + w3+ 040

1§‘X‘:;I?1—I—;I?2—I—1§3




Why WLOG?

Idea: proof by contradiction, assume f < L[ exists

The function [ is in SYM and not TH, wlog:
| X| |0]1]2 |34 |5

f(X) 10]0(1 |01 |1 X] [ f(X)
010

1§‘X‘:;I?1—I—;I?2—I—1§3 1 |1
2 10




assume € L[] exists

/

Harder Part of the Proof

Idea: proof by contradiction

1
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We Proved the Theorem

Theorem: gy \f(\ LTy = TH

LT1

XOR

AND OR  flx1,22) = 2179

2n+2 functions of SYM are inLT1,
what about the rest of SYM?



More Layers

2n+2 functions of SYM are inLT1,
what about the rest of SYM?

Definition:

LTz = the class of Boolean functions that can be
realized by a two layer circuit of LT gates,

size is bounded by poly(n),

for example n, n*,n°, ..., n"

where k is a constant independent of n

Q: How is SYM related to LT2 ?2?




How is SYM related to LT2?

L1

L2

L2

-

e

+ - | XOR)|

H 1 ﬁg THi+TH2-1
0 0 1 0
1 1 1 1
2 1 0 0




