CNS 188a Overview

» Boolean algebra as an axiomatic system

* Boolean functions and their representations using
Boolean formulas and spectral methods

 Implementing Boolean functions with relay circuits, circuits of
AON (AND, OR, NOT) gates and LT (Linear Threshold) gates

* Analyzing the complexity (size and depth) of circuits

* Relations (as opposed to functions) and their implementation
In circuits

- Feedback and convergence in LT circuits




XOR Function: Size of LT vs. AON in Depth 2
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Symmetric functions ‘




How is SYM related to LT2?
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Generalization to EQ

1

EQ(5, k) = { 0

if < |X| <k
else




Generalization to EQ
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What is the generalization to arbitrary symmetric functions?



Generalization to SYM

Q:

What is the generalization to arbitrary symmetric functions?

A:
Consider the symmetric function table, it is a sum of
non-overlapping 1-intervals

0

! fX)= > EQUK
(7,k) l-intervals

0

1 ‘ Sum of two TH functions




LT-| Circuit Design Algorithm for SYM
Muroga 1959
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LT-| Circuit Design Algorithm for SYM

Q: using the design algorithm,
how many TH gates are used the first layer?

Definition:
1 Let T'(f) be the number of transitions
in the symmetric function table

7 A: T(f) TH gates are used
T'(f) =1 is the single gate case

Can we do better?



The Layered Construction for SYM Is OPTIMAL
Summary of the Proof

Theorem (SYM with LT):
A layered LT circuit for a symmetric function f, with the first layer being TH

gates, has at least T'(f)+1 gates for T(f) greater than 1.

Proof: | A circuit for a symmetric function (not in TH) has
at least 3 gates
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The Layered Construction for SYM Is OPTIMAL

Proof: ‘Idea: start with T'(f) = 2 ‘

‘Need to prove: the LT circuit for f has at least 3 ga'res‘

‘ fis not in TH, hence we need at least 2 LT gates ‘

\ Need at least
X 3 gates!

‘ Layered construction I/' J\ Q

Single input: identity or complement,
hence this gate is redundant




The Layered Construction for SYM Is OPTIMAL

Then it follows that £ > T(f) +1

‘ Why? ‘ T(f) k (circuit size)
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The Layered Construction for SYM Is OPTIMAL

Assume wlog that this is 0

: : -
Ilgglzyorr%rrj\:e’rrlc function 1 ‘ first fransition

0

1



The Layered Construction for SYM Is OPTIMAL

1
Assume wlog that this is 0 <
the symmetric function i 47 | first transition
0

1

Claim: There must be an TH gate in the first layer that
detects the change from | X| =i to | X|= i+1

Proof:

Note that it is a layered circuit, namely, inputs are
connected only to the first layer!!




The Layered Construction for SYM Is OPTIMAL

Claim: There must be an TH gate in the first layer that

detects the change from | X| =i to | X|= i+1 0

C—
Proof: A
It is a layered circuit, namely, inputs are connected only
to the first layer!! 0

If all TH gates in the first layer output the same | 1
for |X| =iand |X|= i+1 then the circuit will not

compute f: f((X| =1 =f(|X|=i+1)

Call this "sensitive" gate S R

- v
Can we eliminate S ?? S |




The Layered Construction for SYM Is OPTIMAL

Can we eliminate S ?? '\

Easy: |LI?1 =T9 =+ =T;41 = 1|

The output of S will be a constant 1 (or O)

Setting the variables to =1 =29 = =x;41 =1
results in a new circuit and a new function

Q: are we done?



The Layered Construction for SYM Is OPTIMAL

O e o
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Setting the variables to z1 =22 =---=x;41 =1
results in a new circuit and a new function

- g is a symmetric function

- T(g) = T(f) -1 7

-We removed the gate S (or more), hence,
the circuit for gis layered and has at most k-1 gates



The Layered Construction for SYM Is OPTIMAL
Remarks

Theorem (SYM with LT):
A layered LT circuit for a symmetric function f, with the first layer being TH

gates, has at least T'(f)+1 gates for T'(f) greater than 1.

R1: circuit's depth
- Our proof works for arbitrary depth
- Depth-2 has optimal size

- Depth does not help in reducing the size (layered, TH)

R2: Open problems
- A lower bound for arbitrary LT gates (beyond TH)

- Or, a better layered construction using LT gates



XOR Function: Size of LT vs. AON in Depth 2

XOR(x1,x0,23) | XOR(x1,29,...,75)

AON 5 PR |
LT-nl 9 LEJ + 1
2
. optimal

Symmetric functions; T(f) TH gates ‘




XOR Function: Size of LT vs. AON in Depth 2

XOR(a1, 20, 23) | XOR(z1.29,....20)
_ AON 5 PR |
LT-I 4 n+1
N | LTeni 9 —|+1
-
!

: : optimal
‘ Symmetric functions ‘ P




LT-nl Construction

T(f)+1 = 4 LT-nl = LT non-layered,

- ﬁ N inputs go to any layer
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LT -nl Construction

Given a symmetric function fwith X[ f(X)
k 1s in the symmetric function table

0 0
At locations: q1,492,43, - - -, qf 1 1
Construct an LT-nl circuit with k+1 gates 2 0
k=5 q =1 . !
q3 = 4 5 0
== 0 0 1




LT-nl Construction
Minnick 1961




The Gate M
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LT-nl Construction - Example

Given a symmetric function fwith X[ f(X)
k 1s in the symmetric function table

0 0
At locations: q1,492,43, - - -, qf 1 1
Construct an LT-nl circuit with k+1 gates 2 0
k=3 1 — 1 : 0
4 1
g2 = 4 5 1

q:}') — 15'



LT -nl Construction - First Layer

X | TH(qHL}— n=1"x
g2 =4
X TH(qev}* q3 =D _
X
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The Gate M
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The Gate M
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The Circuit
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q1 =1
The Circuit
q2 =4 L .
lga =5 AT ) .
| a2z
X
X | X |
f(X) ] a:r | a2 |-3ai-az-1 ...+ X] sqn(:)
0 0 0]l o -1 -1 0
1 1 0] o0 -1 0 1
9 0 1 | 0 4 2 0
3 0 1 0 -4 -1 0
4 1 1 0 4 0 1
5 1 1| 1 5 0 1



The Minnick Construction
Why Does it work?




k-1
F(X) =~ (fh + ) ai(gip1 — @) + a(n K1 — Qk)) + | X
i—1

X _
X _

X




k—1
F(X)=— (Ql + Z a;(Giy1 — ¢i) +ag(n+1 — Qk)) + [ X]|
i—1

Q: how do the ai's look?
_— (1
X TH(qD -(q=-q1)

— az
Xt (4-0:) .

- (¢=gr1)
‘|X|§Ql‘ ‘X‘_TH(qQ v -(n+1- Qk)/

(a1 <|X] < ¢ — N
‘92<|X|§QS‘ X ‘O if qp=n
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-(¢:-q:)
-(¢+-¢:)

k—1
F(X) = — (Ql + > ai(qiv1 — @) Far(n+1— Qk)) + | X
i=1
a:=0 ai=1 as=1 as=1 ai=1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
S S S S 1
0 0 Q 0 1
I
‘|X| < Q1‘
la1 < |1X| < @] |q:3<\X|SQ4H%<|X|‘

‘(12 < X[ < QB‘




k—1
F(X)=- (Ql + Z@@(Q@H —q;) +ag(n+1 _Qk)) + [ X]|

i=1
:l ??7? \
What was Minnick's key idea?

qd1
0 1 1 1 1 q2 — (41
0 0 1 1 1 d3 — g2
0 0 0 1 1 d4 — (43
* * * 0 1 d5 — 44
% % % % 1
0 0 0 1 dik — dk—1
]
‘|X| < fh‘

[ < 1X] < o] |los<IX|<aa| |a < IX]]
le2 < |1X] < g3




The Key: Telescopic Sum

g4 < | X| < g5
=1 1 %
gng 1 N ‘F(X):—qs)Jr\X\‘
§= 1

;=1 1 g5 — /

as=0 0 We are always
0 left with the last
* element in the sum
0

k—1
F(X)=- (Ql + Z@@(Q@H —q;) tag(n+1— Qk)) + [ X]|
i=1




The Key: Telescopic Sum

g1 < | X| < gs ‘5\ \F(X):—%HX\\

ar=1 1 %

a1 1 ~

as=1 1 45—

a;=1 1 : _ = =

ai:O : ‘lf X|=gs then F(X)=0 = f(ﬂs)—l‘
2 ‘if qe < |X| < g5 then F(X)<0 = f(x):()‘
0

F(X)= (1+Z@z qit1 — +@k(ﬂ+1—%))+|X|




The Minnick Construction

Claim: The Minnick construction is correct

Proof:

F(X)= (1+Zaz qit1 — +ah(n‘|‘1_Qk))+|X|
Consider | X]| in each 0<X[<qn FX)=—-q+|X
possible range: g1 < |X| < e F(X) = —qo +|X

F(X)isOforallThe @ <|X|[<qg  F(X)=—q¢g+|X
upper bou.nds of ‘rhe.r'anges o < |X| <aql F(X) = —qu+|X
and negative otherwise .

Q qk1<\X\SQkI F(X) = —qr + | X]|

‘ Telescopic_ sum ‘




The Example Circuit

q2 =4 L .
lga =5 AT ) .
| a2z
NI e
X | X
f(X)] ar | a2 |-3ai-az-1 ...+ X] sgn(:)
0 0 0] 0 -1 -1 0
1 1 0] o0 -1 0 1
2 0 1 | 0 4 -2 0
3 0 1 0 -4 -1 0
4 1 1 0 4 0 1
5 1 1 | 1 5 0 1



The Example Circuit

Note that the
second TH gate

IS redundant

X f(X) | a
0 0 0
1 1 0
2 0 1
3 0 1
4 1 1
D 1 1

A

A
-Sai- -1 |...+| X]||597(:)
-1 -1 0
-1 0 1
-4 -2 0
-4 -1 0
-4 0 1
-4 1 1




The Minnick Construction
Remarks

R1: The Minnick construction is more general than what
we described, it works on intervals; we recommend
that you read his paper (it is on the class web site)

R2: The Minnick construction is optimal for LT-nl of depth 2
We will not prove it in the lectures



XOR Function: Size of LT vs. AON in Depth 2

transitions ‘
XOR(x1,x0,23) | XOR(x1,29,...,75)
_ AON 5 on—1 41
LT-I 4 n-+1
A LT—nl‘ 9 ‘ LEJ + 1
2
-
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: : optimal
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Questions on LT Constructions

Q1: we understand how to implement a single symmetric
function, what if we need to implement a circuit
that computes a number of symmetric functions?
Can we save in circuit size?

Q2: Why do we care about symmetric functions?
What about general Boolean functions?

Q3: For LT-| we proved that depth does not help in
reducing the circuit size, does it help in the
case of LT-nl?



Questions on LT Constructions

Q1: We understand how to implement a single symmetric function, what if we
need fto implement a circuit that computes a number of symmetric
functions? Can we save in circuit size?

Al: YES - we can ‘reuse’ the first layer! By putting all
required TH gates.




Questions on LT Constructions

Q1: we understand how to implement a single symmetric
function, what if we need to implement a circuit
that computes a number of symmetric functions?
Can we save in circuit size?

Q2: Why do we care about symmetric functions?
What about general Boolean functions?

Q3: For LT-| we proved that depth does not help in
reducing the circuit size, does it help in the
case of LT-nl?



Questions on LT Constructions

Q2: Why do we care about symmetric functions?

What about general Boolean functions?

A2: A general Boolean function can be treated as a
symmetric function by introducing linear ordering

L1223 | f(xy, x9,23)] 421
000 1 0
001 0 1
010 0 2
011 1 3

100 1 4
101 1 5
110 0 6
111 0 7

10

‘ 5 gates with DNF ‘

‘ 4 gates with LT-I ‘

‘ 3 gates with LT-nl ‘

4
> |
1

11
100
101
110

111
1000
1001
1010
1011
1100
1101
1110
1111
10000
10001
10010
10011
10100
10101
10110
10111
11000
11001
11010
11011
11100
11101
11110
11111

100000
elc.

Lo ~IT R O -
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16
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19
20
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22
23
24
25
26
27
28
29
30
31
32
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Questions on LT Constructions

Q1: We understand how to implement a single symmeftric
function, what if we need to implement a circuit
that computes a number of symmetric functions?
Can we save in circuit size?

Q2: Why do we care about symmetric functions?
What about general Boolean functions?

Q3: For LT-| we proved that depth does not help in
reducing the circuit size, does it help in the
case of LT-nl?




Questions on LT Constructions

Q3: of for LT-| we proved that depth does not help in reducing the circuit 1(1)0

size, does it help in the case of LT-nl? 2

111
A3: Yes! 1000

1001
1010
1011

Idea: compute the base-2 representation of |X]| 1100

1101
1110

1111

X1 | 8421 o
10011

0000 o
0001 ot
11000

0101 XOR(X)| b
0111 o
1000 e
1011 =

— oo~ ol — O

Lo~ b LN =0
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Idea: compute the base-2 representation of |X]|

Input: an integer m

7—1
. , L __ 9] _
Assume: 21 <m < 2 ; 2 2 I

Need to compute: j bits of the binary representation

Algorithm: A «— m
For:=7—1 to 0 do:

{if A > 2% then a; = 1
else a; = 0

A — A—a@-Qi}



Idea: compute the base-2 representation of |X]|

Algorithm for computing the binary representation:

Input: an integer m j—1 |
Assume: 2771 <m < 2 ; =21
Need to compute: j bits of the binary representation
Algorithm: A «— 6 Need 3 bits
Fori=42 1 to 0 do:
{ if 6> 4 then a; =1 ar = 1
else a; = 0

A A6-4 2}



Idea: compute the base-2 representation of |X]|

Algorithm for computing the binary representation:
Input: an integer m |

7—1
; 20 =92 1
Assume: 2771 < m < 2 ZO
e

Need to compute: j bits of the binary representation

Algorithm: A« 2 Need 3 bits
Fori=411to 0 do:

{ if 2> 2 thena; =1
else a; = 0 ar = 1

A A2-2 2}

a2 = 1



Idea: compute the base-2 representation of |X]|

Algorithm for computing the binary representation:

Input: an integer m j—1 |
Assume: 2771 <m < 2 ; =21
Need to compute: j bits of the binary representation
Algorithm: A < ( Need 3 bits
Fori=40 1to 0 do:
{ if 0> 1 then a; =1 az =1
else a; = 0 a; = 1

A« A0-0 2} —



Idea: compute the base-2 representation of |X]|

Input: an integer m

7—1
. , L __ 9] _
Assume: 21 <m < 2 ; 2 2 I

Need to compute: j bits of the binary representation

Algorithm: A «— m
For:=7—1 to 0 do:

{if A > 2% then a; = 1
else a; = 0

A — A—a@-Qi}

|
p—t

a2 ar =1 a0 =0



The Kautz Construction
1961

Algorithm: A «— m

Fori=75—1 to 0 do:
{if A > 2" then a; = 1
else a; = 0

a2 = 1

ar =1 a0
X

|
-




LT Constructions for Symmetric Functions

circuit kind size

LT-I n—+1

LT-nl, d-2 EJ 1

LT-nl -XOR| [loga(n + 1)]

optimal



LT-nl Construction
Minnick 1961

Linear-lnput Logic*
ROBERT C. MINNICK{T, MEMBER, IRE

Summary—Techniques are developed for the logical design of
magnetic core circuits to produce arbitrary single-output combina-
tional switching functions. The approach is based on the relationship
of a single magnetic core circuit to a linearly separable switching
function. A synthesis procedure is developed which uses a pair of
logical primitives, AND with NOT and OR with NOT, which are
similar to the STROKE primitive and its inverse. Procedures are
developed for the synthesis of symmetric functions which require no
more than the intcgral part of (n-3)/2 coree, approximately balf
the number used in previously published procedures. The synthesis
of arbitrary switching circuits is treated as a linear programming
problem, and a table of all four-variable circuits is presented in which
no circuit requires more than three cores.

. . [5] S. Muroga, “Logical Elements on Majority Decision Prine
First construction and Complexity of Their Circuit,” presented at Iﬂt&rﬂati.l IE‘.::JTF

on Information Processing, Paris, IFrance; June 15-20, 1959

[6] R, C. Minnick, “Synthesis of Linear-Input Logic by the Si
Method,” presented at the Sixth Annual Symp. en Cmuﬁiﬁ

Minnick's Consfrucfion ?nii}r]ggtﬂigjgﬂcessing of the Denver Res. Inst., Denver, Colg, .
u . . .




LT-nl Construction
Minnick 1961

IRE TRANSACTIONS ON ELECTRONIC COMPUTERS

Linear-lnput Logic*
ROBERT C. MINNICK{T, MEMBER, IRE

* Received by the PGEC, August 17, 1960; revised manuscript
received, October 3, 1960. This paper is the result of work done while

e author was employved by Burroughs Corp., ElectroData Div,,
Pasadena, Calif| Portions of this é)a er were delivered at the Sixth

nnual Symp. on Co puters an ata Processing of the Denver
I

t Stanford Res. Inst., Menln Park, Calif. |




The Kautz Construction
1961

1961 IRE TRANSACTIONS ON ELECTRONIC COMPUTERS

The Realization of Symmetric Switching Functiohs
with Linear-Input Logical Elements*

WILLIAM H. KAUTZT, MEMBER, IRE

FPreviouslv published solutions for

‘parity function have required from 14 [n/2] to 1+#

elements.** lhe 1mproved solution presented below

makes possible simple parity-checking and error-correc-

tion circuits for applications to the recording and trans-

mission of digital data. A 7-input parity gate, for ex-
‘ ample, requires onlv 3 linear-input elements (Fig. 2): a

gate with up to 15 inputs requires 4 elements, etc.




The Kautz Construction
1961

93: fptxl....xr]

Fig. 2—>Minimal linear-input network for the 7-
variable paritv function.
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